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TO  :  Recipients  of  Fluid  Amplification  Symposium,  Volume  I, 

October  19f5 

FROM  :  Technical  Reports  Group 

SUBJECT:  Errata  in  'New  Comprehensive  Studies  on  Sudden  Enlargements," 
by  K.  P.  H.  Frey,  N.  C.  Vasuki,  and  P.  Trask,  University 
of  Delaware  (pages  119-137  of  Volume  I) 


Fifth  page ,  line  10  should  read  • 

"This  behavioi  -.rentes  three-dimensional  flow,  3.  A  high  degree  of 
turbulence  is  associated  with  that  flow  type.  The  Coanda  effect  1b.,.. 

Seven  th  page  .  1  ine  2  should  read: 

"...the  cross  section  is  at  the  minimum  static  pressure  Until  the 
final  analysis  is  conducted,  the  approximate  assumption  may  be  used 
that  a  velocity  distribution  similar  to  that  at  the  inlet  prevails  at 
that  cross  section.  This  means  that  the  change  of  static  pressure  is 
assumed  to  be  due  to  vortex  generation  and  turbulence.  If  one  uses 
this  location  as...." 
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TO  :  Recipients  of  Fluid  Amplification  Symposium  Proceedings 
Volume  I,  October  1965 

FROM  :  Chief,  Fluid  Systems  Branch,  HDL 

SUBJECT:  Errata  in  "A  Definition  of  the  Mechanical  Potential  Necessary 
to  a  Fluid  Circuit  Theory,"  by  Joseph  M.  Ki rshner,  HDL, 

(page  248) 


Page  248,  I i nes  fo I  lowing  equat i on  (6)  should  read : 

"...where  dsf  and  ds  j  are  the  reversible  and  irreversible  portions  of  the 
entropy  change  associated  with  heat  and  viscous  effects,  respectively; 
since  the  reversible  portion  of  the  entropy  is  due  to  the  heat  flux, 

I.  (T/ds  5pv*ndA  =  a 
d  z  A  .  r 


and  therefore  equation  5  becomes 


ir  /.  [T/ds.  +  +  A  pvndA  =  0 

dz  A .  I  2  p 


(7)  ..  .  . 
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THEORETICAL  STUDY  OF  A  CONVERGENT  NOZZLE 


AND  FREE  JET  FLOW 


by 


J.  C.  Williams,  III 
and 

F.  0.  Smetana 
of 

North  Carolina  State  University 


Theoretical  Study  of  a  Convergent  Nozzle 
and  Free  Jet  Flow 


Introduction 


In  order  to  improve  the  effectiveness  of  a  fluid  control  device, 
it  is  helpful  to  understand  the  fluid  dynamic  phenomena  which  occur 
therein.  In  many  cases  these  phenomena  are  extremely  complicated  in¬ 
volving  as  they  do  the  interaction  of  the  fluid  with  solid  boundaries 
and  Imposed  pressure  gradients.  Fortunately, however ,  there  is  an  ex¬ 
tensive  legacy  in  fluid  dynamics  from  which  one  may  draw  information 
and  methods  of  analysis.  The  flow  field  within  the  power  jet  nozzle 
does  not  seem  appreciably  different  from  the  flow  in  many  fluid  meter¬ 
ing  devices;  the  free  jet  issuing  from  a  control  nozzle  does  not  seem 
to  be  extensively  different  from  the  free  jet  issuing  from  a  wind  tunnel 
or  propulsion  nozzle;  etc.  The  primary  difference  between  the  fluid 
flows  found  in  fluid  control  devices  and  the  "conventional"  fluid  flows 
seems  to  be  that  of  scale.  Also,  there  is  the  additional  difference 
that  geometries  often  found  in  fluid  control  devices  for  reasons  of  man¬ 
ufacturing  simplicity  are  seldom  seen  in  larger  scale  devices  because  of 
poor  performance. 

In  view  of  the  similarity  between  the  flow  fields  found  in  fluid 
control  devices  and  those  studied  extensively  in  larger  devices  some 
qualitative  statements  can  immediately  be  made  regarding  the  design  of 
fluid  control  devices.  One  would  expect  long  boundary  layer  runs  or 
severe  adverse  pressure  gradients  to  affect  performance  adversely.  Quan¬ 
titative  improvements  must,  however,  come  from  analysis  (or  experiment) 
which  properly  accounts  for  geometry  and  scale. 

The  present  paper  is  an  outgrowth  of  a  study,  for  the  Corning  Glass 
Works,  to  determine  the  extent  to  which  the  flow  fields  in  a  small  con¬ 
trol  device  could  be  predicted  analytically,  and  to  determine  the  ex¬ 
tent  of  the  losses  in  the  power  jet  nozzle  of  such  a  device.  An  analy¬ 
sis  was  made  of  the  flow  field  in  an  essentially  two-dimensional  (width 
to  nozzle  height  ratio  of  50)  power  jet  nozzle  consisting  of  a  plenum 
chamber,  contraction  region  and  constant  area  nozzle.  The  analysis  in¬ 
cludes  the  calculation  of  the  boundary  layer  growth  in  trie  throat,  the 
discharge  coefficient,  the  velocity  profiles  in  the  jet,  the  spreading 
of  the  jet  and  the  pressure  recovery  in  a  receiver  placed  in  the  jet. 

The  results  of  this  analysis  are  compared,  in  a  companion  paper,  with 
an  experimental  investigation  of  the  flow  fields  in  an  identical  power 
jet  nozzle  and  jet.  This  comparison  indicates  that  the  analysis  pre¬ 
dicts,  with  reasonable  accuracy,  both  the  flow  field  and  the  losses 
in  a  small  power  jet  nozzle. 
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The  Power  Nozzle  and  Free  Jet 


In  order  to  make  a  valid  comparison  between  the  analytical  and 
the  experimental  investigations  it  was  necessary,  at  the  outset,  to 
decide  on  a  configuration  which  was  both  amenable  to  analysis  and  rep 
resemtatove  of  current  fluid  amplifier  design.  The  configuration 
chosen  is  shown  in  Figure  1.*  In  order  to  simplify  the  analysis,  a 
high  aspect  ratio  (width  to  height)  configuration  was  chosen  so  that 
end  effects  would  be  small  and  one  could  logically  assume  that  the 
flow  was  essentially  two-dimensional. 

The  power  jet  nozzle  consists  of  a  parallel  wall  plenum  chamber, 
a  quarter  round  contraction  and  a  long  parallel  wall  throat.  It  was 
necessary  to  have  plenum  chamber  large  enough  to  insure  low  velocity 
at  all  pressures  and  to  damp  out  all  entrance  disturbances.  Thus,  the 
plenum  chamber  height  was  taken  to  be  5  times  the  throat  height.  The 
quarter  round  contraction  was  chosen  so  that  the  flow  would  remain  at¬ 
tached  Lc-  the  wall  at  the  entrance  to  the  throat,  i.e.  there  will  be 
no  vena  contracts  in  the  throat.  The  throat  length  was  taken  to  be  10 
times  the  throat  height.  Thus,  the  throat  length  can  be  systematically 
cut  back  to  study  the  effect  of  throat  length  on  the  velocity  distribu¬ 
tion  and  on  the  losses  in  the  throat  (although  this  was  not  done  in  the 
experimental  study).  The  area  downstream  on  the  throat  is  free  of  chan 
nel  walls  so  that  the  analysis  considers  only  a  free  jet  devoid  of  any 
attachment  effects. 

In  the  analysis  of  the  fluid  flow  in  the  power  jet  nozzle,  the 
actual  nozzle  scale  does  not  appear  explicitly  but  is  reflected  in  the 
flow  Reynolds  number.  A  typical  Reynolds  number  for  the  present  analy¬ 
sis  was  taken  to  be  2000  which  corresponds  to  a  throat  height  of  0.010 
inches  and  a  stagnation  pressure  of  about  two  atmospheres  in  air.  If 
the  free  jet  is  laminar,  the  scale  is  again  reflected  implicitly  in  the 
Reynolds  number;  the  Reynolds  numbers  were  taken  consistent  with  that 
used  in  the  power  jet  nozzle.  In  the  turbulent  jet  the  Reynolds  number 
is  not  important  since  the  viscous  effects  are  small  compared  with  the 
turbulent  mixing  phenomenon.  The  scale  is  given  implicitly  in  a  scal¬ 
ing  factor  related  to  the  turbulent  mixing.  Values  of  this  scaling 
factor  were  again  taken  consistent  with  the  Reynolds  number  range  as¬ 
sumed  for  the  power  jet  nozzle. 


Velocity  Distribution,  Pressure  Distribution 
and  Mass  Flow  in  the  Nozzle 


(a)  Velocity  Distribution.  For  simplicity  one  usually  assumes  that 
the  flow  in  a  nozzle  is  one-dimensional,  that  is,  the  velocity  is 


"“Figures  appear  on  pages  25  through  28 


uniform  across  the  channel.  Two-dimensional  effects  and  viscous  effect 
are  then  lumped  together  in  an  experimentally  -  determined  "discharge 
coefficient"  wh^ch  is  a  measure  of  the  difference  between  the  actual 
flow  and  that  calculated  from  the  measured  pressures,  areas,  and  tem¬ 
po  ratureassuming  one-dimensional  flow.  However,  since  the  exact  velo¬ 
city  distribution  across  the  nozzle  at  its  exit  is  very  influential  in 
determining  the  characteristics  of  the  free  jet,  it  is  instructive  to 
study  the  effect  of  the  nozzle  geometry  on  the  velocity  distribution 
throughout  the  nozzle. 

In  the  plenum  chamber,  that  is  the  region  upstream  of  the  con¬ 
traction,  the  average  flow  velocity  is  limited  to  about  130  feet  per 
second  by  the  five  to  one  contraction  ratio.  With  a  larger  contraction 
ratio,  the  average  plenum  chamber  velocity  would  be  even  lower.  This 
value  (5)  is  sufficiently  large  that  the  density  variations  across  the 
plenum  channel  are  less  than  1%.  The  low  velocity  and  the  5  to  one  con¬ 
traction  also  serve  to  damp  out  most  of  the  velocity  variations  present 
in  the  flow  injected  into  the  plenum,  provided  the  plenum  channel  is 
longer  than  about  10  channel  heights.  As  a  result  of  this  choice  of 
geometry,  it  is  reasonable  to  assume  that  the  flow  approaching  the  con¬ 
traction  is  uniform. 

The  effect  of  the  contraction  on  the  velocity  distribution  across 
the  channel  is  twofold:  first,  a  boundary  layer  of  reduced  flow  velo¬ 
city  builds  up  along  the  walls  because  of  the  retarding  action  of  the 
wall  friction;  and  second,  the  flow  near  the  walls  is  accelerated  by 
centrifugal  forces  associated  with  the  curved  walls.  As  a  result  of 
the  second  phenomenon,  the  flow  velocity  near  the  wall  tends  to  be 
greater  than  at  the  center  of  the  channel;  the  first  phenomenon  leads 
to  the  opposite  effect.  In  general,  the  smaller  the  radius  of  the  con¬ 
traction,  the  smaller  the  boundary  layer  growth  and  the  larger  the  cen¬ 
trifugal  effect.  When  the  contraction  radius  is  less  than  about  0.25 
throat  heights,  the  flow  separates  from  the  wall.  It  then  requires  a 
run  of  several  throat  heights  in  order  for  the  flow  to  reattach  to  the 
wall.  If  the  throat  is  too  short,  reattachment  will  not  occur  and  the 
flow  velocity  at  the  exit  of  the  nozzle  will  be  very  non-uniform. 

To  facilitate  the  analysis,  a  geometry  was  chosen  which  would  pro¬ 
duce  the  most  uniform  profile  possible  at  Reynolds  numbers  within  the 
range  of  present  interest.  This  entails  selection  of  an  inlet  radius 
which  leads  -  in  so  far  as  possible  -  to  a  cancellation  of  the  boundary 
layer  effect  by  the  centrifugal  effect.  To  determine  the  centrifugal 
effect  a  simplified  form  of  the  inviscid,  compressible  analysis  of 
Oswatitsch  and  Rothstein  (Reference  1)  was  employed.  The  results  of 
the  simplified  analysis  were  found  to  agree  with  wind  tunnel  measure¬ 
ments  to  within  1%,  the  actual  variation  being  somewhat  greater  than 
that  predicted  by  the  simple  theory.  In  the  theory  of  Oswatitsch  and 
Rothstein,  power  series  are  used  to  represent  the  velocity  components. 

In  the  simplified  analysis  only  terms  through  second  order  are  retained 
and  only  the  flow  at  the  throat  is  considered.  The  mass  flow  is  con- 
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sidered  to  be  the 
as  the  expression 
ation 


same  as  the  one-dimensional  value.  One  then  obtains 
for  the  velocity  distribution  at  the  throat  the  equ- 


U 


(1) 


where  u  is 
cl 


the  centerline  velocity  for  one-dimensional  flow 


h  is  the  channel  height 
R  is  the  radius  of  curvature  of  the  wall 
Y  is  the  distance  measured  from  the  centerline 

In  this  case  R  was  chosen  as  2  h.  Thus 
%  ■  °  ’5'83 

A  table  of  values  of  this  equation  is  given  below: 


JA_ 

2> 

Uci 

h 

0.9583 

0 

0.9595 

.1 

0.9631 

.2 

0.9691 

.3 

0.9775 

.4 

0.9883 

.5 

1.0014 

.6 

1.0170 

.7 

1.0350 

.  8 

1.0553 

.9 

1.0782 

1.0 

To  determine  the  effect  on  the  velocity  distribution  caused  by  wall 
friction,  the  following  approach  was  employed:  Since  the  Mach  number  at 
the  throat  can  never  exceed  unity  and  since  the  boundary  layer  for  s  M  =1 
flow  is  not  measurably  different  from  that  for  a  M  -  0  flow  at  the  same 
Reynolds  number,  the  nozzle  flow  was  assumed  to  be  incompressible. 

From  the  fact  that  the  throat  area  in  this  particular  case  is  1/5 
the  upstream  area,  it  was  assumed  that  the  velocity  just  outside  the 
boundary  layer,  u  ,  was  given  by 


U 


S 


-  5  u co  5/n  2  0 
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where  0  is  Che  angle  of  the  normal  to  the  surface  measured  from  the  up¬ 
stream  flow  direction.  The  throat  begins  at  t>  =  9(f  . 

•  • 

According  to  the  von  Karman  momentum  integral  method,  as  modified 
by  Waltz,  for  this  geometry, 


nv 


5  m 


z4>)  d<fi 


R  is  the  radius  of  curvature  of  the  contraction,  0  is  the  momentum  thick¬ 
ness  and  the  kinematic  viscosity. 

Since  0  for  the  throat  and  beyond,  it  was  as¬ 

sumed  that  S  *  ~  2.554  0  in  this  region.  Now  R  =  2 h ;  the  displacement 
thickness  g*  is  therefore 


/.  6/S  h 


h 

V 

the  boundary  thickness  a  can  be  derived  from  this  and  can  be  shown  to  be 
J  i  i 


£.4  h 


y 


u g  h 
V 


Since  the  momentum  integral  method  assumes  a  velocity  profile  given 


by 


f  =  ^  - 

d 


-  2 


(h)  +  (h) 
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where  Re  =  ^S^and  y  is  measured  from  the  wall  outward,  one  can 
arrive  at  an  expression  for  the  velocity  profile  at  0  =  90"  in  the 
ary  layer  of  the  channel  under  study: 


easily 

bound- 


2 


a  =  0. 3  7  Pe  *  /  +  -  X  )  -  O.olZl  Re 

h  I 


(  1- Y 


+  0.001(3  J3e  (  -  -  X. 

h 


(3) 


10 


Some  typical  values  for  a  Reynolds  number  of  10 

2y 

h 

0  1.0 

.  543  .9 

.888  .8 


are 


1.0 


.  7 


By  multiplying  these  results  with  those  obtained  previously  for  two- 
dimensional  flow  at  the  threat  one  has  a  good  indication  of  the  actual 
velocity  profile  at  Re  =  10  : 


u 

zY 

Uci 

h 

0 

1.0 

0.572 

.9 

0.919 

.  8 

1.017 

.  7 

1.0014 

.6 

.9883 

.5 

.9775 

.4 

.9691 

.3 

.9631 

• 

.9583 

0 

As  the  flow  moves  into  the  constant  area  section,  the  centrifugal 
effect  disappears  and  only  the  viscous  effect  is  present.  An  analysis 
was  carried  out  -  again  using  the  momentum  integral  method  -  to  deter¬ 
mine  the  boundary  layer  growth  in  the  constant  area  section.  From  con” 
tinuity  considerations  and  the  assumption  of  incompressible  flow,  the 
velocity  outside  of  the  boundary  layer  is 


h  -  £  S, 

h  -  Z  i 


where  the  subscript  (1)  refers  to  conditions  at  the  beginning  of  the  con¬ 
stant  area  section. 

Since  the  boundary  layer  grows  as  x  increases,  continuity  requires 
that  the  pressure  fall  with  increasing  x.  With  such  a  pressure  gradient, 
^*/0  is  approximately  constant.  It  is  taken  here  as  2.4.  The  momentum 
integral  equation  can  then  be  integrated  to  give 
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these  results,  figures  2  and  3  have  been  prepared.  A  Reynolds  number 
of  2000  is  assumed.  Since  §  =  3 . 33  one  can  readily  determine  6 

from  these  figures;  and  from  §  *,  u/  using  the  relationship  given 

& 

previously.  It  will  be  seen  that  for  a  throat  15h  long  and  a  Reynolds 
number  of  2000,  the  boundary  layer  will  completely  fill  the  downstream 
end  of  the  throat  and  the  velocity  profile  is  virtually  parabolic. 

(b)  Pressure  Distribution.  From  the  distribution  of  velocity  and  a 
knowledge  of  the  dissipation  one  can,  of  course,  always  calculate  the 
pressure  distribution.  There  are,  however,  some  general  observations 
which  may  be  made  from  which  one  may  obtain  quite  a  reliable  indication 
of  the  pressure  distribution.  First,  for  Reynolds  numbers  above  2000, 
the  flow  consists  of  a  isentropic  core  and  a  boundary  layer.  Thus,  ex¬ 
cept  for  perturbations  caused  by  the  boundary  layer  and  the  centrifugal 
effects  near  the  contraction,  the  flow  can  be  treated  by  isentropic  one¬ 
dimensional  theory.  The  existence  of  a  boundary  layer  does  not  affect 
the  pressure  distribution  except  to  the  extent  that  the  increasing  dis¬ 
placement  thickness  as  the  flow  moves  downstream  tends  to  delay  the  at¬ 
tainment  of  the  maximum  velocity  (minimum  pressure)  until  the  downstream 
end  of  the  nozzle.  Second,  two-dimensional  effects  -  at  least  in  the 
nozzle  under  discussion  -  are  relatively  small.  At  the  beginning  of 
the  throat  where  the  effect  is  greatest,  the  pressure  varies  from  about 
10%  over  the  one-dimensional  value  at  the  centerline  to  about  10%  under 
at  the  wall. 

A  good  estimate  of  the  pressure  distribution  can,  therefore,  be 
arrived  at  by  first  calculating  the  centerline  Mach  number  at  the  throat 
exit  corresponding  to  the  overall  pressure  ratio.  Then,  from  a  knowledge 
of  §  *  vs  x  and  working  upstream  from  the  exit,  calculate  the  pressure 
corresponding  to  the  area  (h-2§*)  b  where  b  is  the  width  of  the  throat 
(in  this  case  50h).  For  example,  if  the  overall  pressure  ratio  is  1.896 
the  exit  centerline  Mach  number  should  be  approximately  1.0.  Assuming  a 
Reynolds  number  of  about  2000,  §  ~'c  at  x/h  =  10  is  0.124.  1-2  §*/h  is 


h 

0.752.  At  x/h  =  8,  1-2  ^*/h  is  0.776.  The  ratio  of  areas  is  1.032.  The 
corresponding  ratio  of  pressures  is  1.225.  At  x/h  =  0,  the  ratio  of 
areas  is  1.  236  and  the  corresponding  pressure  ratio  (Px/pexit)  is  1  -  53. 

Compared  with  the  upstream  pressure,  the  pressure  at  the  beginning  of  the 


) 


of  the  throat  is  0.806  while  at  x/h  =  8  it  is  0.646.  The  authors  have 
found  that  simple  calculations  of  this  type  give  reasonably  good  agree¬ 
ment  with  the  measurements  made  on  axisymmetric  channels  at  comparable 
Reynolds  numbers. 

(c)  Mass  Flow.  As  indicated  previously,  one  usually  expresses  the  mass 
flow  by  the  one-dimensional  mass  flow  times  a  discharge  coefficient.  It 
is  convenient  to  consider  that,  in  the  absence  of  significant  centrifugal 
effects,  the  flow  consists  of  a  central  core  of  uniform  velocity  ontain- 
ing  all  the  mass  of  the  system.  The  dimensions  of  the  core  are  therefore 
h-2  £  *  and  the  mass  flow  is  U.  g  (  h  —  2  The  ideal  mass  flow  for 

the  same  pressures  is  jD  U.  n  so  that 
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It  was  also  found  that  this  expression  would  agree  with  measurement 
over  a  wider  range  of  conditions  if  it  is  written  in  the  form 
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It  was  shown  previously  that  at  x/h  =  10 
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one  can  solve  for  m  readily 


in  terms  of  m.- 
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where 


is  the  upstream  pressure 
?2  is  the  exit  pressure 

=  5bh  (for  the  present  nozzle) 

A2  =  bh 

=  ratio  of  specific  heats 
R  =  gas  constant 
Ts  =  stagnation  temperature 

One  would  expect  these  relationships  to  be  valid  for  Reynolds 
numbers  above  that  for  which  the  boundary  layers  merge  and  below  that 
for  which  the  flow  becomes  turbulent  i.e.  generally  over  the  range 
from  2x10'  to  2x10  . 


The  Free  Jet 


The  free  jet  may  be  completely  laminar,  completely  turbulent  or 
transitional  (transition  from  laminar  to  turbulent  flow  in  the  jet). 

In  each  of  these  types  of  flow  the  jet  may  be  divided  into  three  separate 
regions  (see  Figure  4).  Region  I  is  characterized  by  a  more  or  less  un¬ 
iform  core  bounded  by  a  mixing  region.  As  the  flow  proceeds  downstream, 
the  core  is  dissipated  by  viscous  (or  turbulent)  mixing  until  at  the  end 
of  region  I  the  uniform  core  has  completely  disappeared.  In  region  III, 
"far"  downstream,  the  jet  is  fully  developed  and  the  velocity  profiles 
are  self  similar,  i.e.  the  velocity  depends  upon  a  single  similarity  co¬ 
ordinate.  Region  II  is  a  transitional  region  in  which  the  velocity  pro¬ 
files  adjust  from  the  non  self-similar  profiles  at  the  end  of  region  I 
to  be  the  self-similar  profiles  in  region  III.  Experimental  evidence 
indicates  that  the  extent  of  region  II  is  very  small,  hence  no  further 
consideration  will  be  given  to  region  II  in  this  work. 

The  maximum  velocity  within  the  jet  occurs  at  the  exit  of  the  noz¬ 
zle.  If  this  maximum  velocity  is  less  than  the  local  sonic  velocity 
then  the  jet  is  subsonic  throughout  and  the  static  pressure  is  constant 
within  the  jet  structure.  Since  there  is  neither  pressure  gradient  nor 
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wall  shear  is  the  subsonic  tree  jet,  there  is  no  mechanism  by  which  the 
momentum  content  of  the  jet  can  be  reduced  and  one  is  led  to  the  impor¬ 
tant  conclusion  that  the  total  momentum  content  within  the  jet  is  constant. 
The  jet  then  only  spreads  the  momentum  by  means  of  viscous  or  turbulent 
mixing.  It  is  this  spreading  of  the  momentum  within  the  jet  which  is  of 
primary  interest  here. 


Laminar  Free  Jet 


Region  I.  The  interest  he^e  is  in  determining  the  rate  at  which  the 
jet  spreads  and  the  rate  at  which  the  uniform  core  is  dissipated  as  a  re¬ 
sult  of  mixing.  Thus  for  simplicity,  we  consider  only  half  of  the  sym¬ 
metrical  jet  as  shown  in  Figure  4. 

The  analysis  of  the  spreading  of  a  free  jet  should  originate  with 
the  full  Navier  Stokes  Equations.  Solutions  to  the  full  equations  are, 
however,  extremely  rare.  Fortunately,  experience  has  shown  that  an  ad¬ 
equate  description  of  jet-like  phenomenon  can  be  obtained  using  the  bound¬ 
ary  layer  equations.  In  the  case  of  steady  two-dimensional  incompressible 
flow  with  no  pressure  gradients  these  equations  are: 


U. 
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The  classical  solution  to  these  equations  for  the  case  of  a  free  jet 
boundary  may  be  found  in  standard  texts  (e.g.  References 2  &  3).  It 
will  be  only  briefly  reviewed  here.  In  introducing  the  non-dimensional 
stream  function,  f  (  79  ),  defined  by 
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and  the  similarity  variable,  ,  defined  by 
is  the  center  line  velocity  in  the  inviscid  core,  the  continui 
is  satisfied  identically  and  the  momentum  equation  becomes: 


where  U 
ty  equation 
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Here  primes  denote  differentiation  with  respect  to  ?7  *  Since  we  are 
considering  only  one  side  of  the  jet,  we  apply  the  boundary  conditions 
at  Lj  =  t.  cxD  .  These  conditions  are 
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(*°°)  , 
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or 
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The  above  third  order  differential  equation  requires  three  boundary 
conditions  for  a  complete  solution.  For  the  third  boundary  condition,  we 
take  f(o)  =  o  which  is  equivalent  to  taking  a  new  origin  for  the  y  axis 
at  each  x.  The  solution  to  equation  (7)  with  the  boundary  conditions 
f*  (+00)  =  2,  f'  (-00)  =  f  (o)  =  o  has  been  solved  by  a  number  of  inves¬ 
tigators.  We  use  here  that  solution  given  by  Christian  (Reference  4). 

In  the  present  application,  we  are  interested  in  the  characteristic 
spreading  and  scale  of  the  jet.  These  characteristics  are  given  by  d,  the 
width  of  the  uniform  core,  &  ,  the  width  of  the  mixing  region  and  L  the 

length  of  the  uniform  core.  Fortunately,  even  though  the  boundary  conditions 
are  applied  at  +00,  it  turns  out  that  the  solution  extends  only  over  the 
range  —  ^  7\  £  +  t  •  The  fact  that  we  have  shifted  the  axis  to  obtain 

a  solution  (see  above)  leads  to  some  difficulty  but  this  is  overcome  by 
taking  advantage  of  conservation  of  momentum  within  the  jet.  Thus 


Since  the  fluid  is  incompressible  this  yields 
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Employing  the  solution  given  in  Reference  4  this  becomes  simply 


<± 

h 
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Thus,  the  width  of  the  uniform  core  decreases  as  the  square  root  of  the 
distance  from  the  nozzle  exit  plane.  The  length  of  region  Lis  determined 
by  the  value  of  x  at  which  d  =  o.  Thus 


J±.  ■»  o  oo  4 5  1 Lh  (9) 

h  V 


so  that  the  length  of  the  inviscid  core  increases  directly  with  Reynolds 
number. 

The  width  of  the  mixing  region,  ^  ,  can  be  obtained  directly  from  the 
solution.  Hence, 
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The  width  of  the  mixing  region  increases  as  the  square  root  of  the  distance 
from  the  nozzle  exit  plane. 

It  is  clear  from  the  above  solution  that  to  recover  a  large  percent¬ 
age  of  the  momentum  (or  total  pressure)  in  the  jet  one  should  operate  at 
the  highest  possible  Reynolds  number  .  The  receiver  should  be 

placed  as  close  as  possible  to  the  nozzle  exit. 

Region  III.  Unless  the  Reynolds  number  for  the  flow  is  moderately 
large,  regions  I  and  II  in  the  jet  will  be  fairly  small  and  any  receiver 
placed  downstream  in  the  jet  will  see  a  region  III  type  flow.  Thus,  it 
is  necessary  to  determine  the  characteristics  of  this  type  flow.  The 
flow  in  this  region  has  also  been  analyzed  previously  and  the  results 
are  presented  in  standard  texts  (e.g.  Reference  2).  The  standard  t**eat- 
ment  yields  for  the  velocity  profiles  in  this  region 
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The  edge  of  the  jet  is  defined  by  the  condition  u  =  o  which  occurs  when 
tanh  £*  =.  /  or  =T  Co  .S  .  Thus,  if  &  is  the  half  span  of  the  jet 

obtains  from  equation  (13). 
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Wh»re  * -y  .  Thus  in  region  III,  the  jet  expands  as  x 

,1/2  y- 


2/3 


instead 

i/2  >"  ~ 

of  x  '  as  found  in  region  I. 

More  important  for  fluid  amplifier  application,  however,  is  the 
pressure  recovery  in  the  jet.  Tfe  use  the  volume  average  total  pressure 
defined  by  ^ 
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where  ^  is  the  height  of  the  receiver  (or  the  height  over  which  the 
total  pressure  is  averaged).  Employing  the  above  velocity  profile  we 
obtain 
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where 
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For  the  special  case  in  which  ^  =  A  (receiver  height  equal  to  nozzle 
height),  x/h  =  10  (receiver  located  10  nozzle  heights  from  the  nozzle  exit) 
and  an  exit  pressure  of  one  atmosphere  the  ratio  (po  -  pe)/(po  -  pe)  is  pre¬ 
sented  in  figure  (6)  as  a  function  of  Reynolds  number.  It  is  seen  that  un¬ 
less  the  Reynolds  number  is  extremely  small  (po  -  pe  very  small)  a  very 
large  portion  of  the  upstream  total  pressure  in  recovered  in  the  receiver. 
This  is  verified  by  equation  (14)  which  indicates  that  unless  the  Reynolds 
number  is  very  low  the  jet  spreads  very  little.  Thus,  any  reasonable  size 
receiver  placed  near  the  nozzle  will  recover  almost  all  of  the  momentum  in 
the  jet. 


The  Turbulent  Jet 

While  the  analysis  of  the  laminar  jet  is  extremely  enlightening  and 
important  for  low  or  moderate  Reynolds  numbers,  the  Reynolds  numbers  which 
occur  in  practice  are  generally  high  enough  to  insure  turbulent  flow.  The 
analysis  of  the  turbulent  jet  is,  however,  more  complex  since  the  phenomenon 
of  turbulence  is,  as  yet,  not  completely  understood.  Thus,  analysis  of  the 
turbulent  jet  is  semi-empirical. 

Region  I.  The  free  jet  boundary  problem  has  been  studied  by  several 
investigations.  We  chose  to  employ  the  analysis  of  Goertler  as  presented 
in  Reference  2.  This  analysis  yields  the  velocity  distribution. 


where  £[  r  ^ $/%  and  CT  is  empirically  determined  constant  which  has 
been  found  to  be  (T  =  13.5.  In  this  case,  the  origin  of  the  y  axis 
has  not  been  shifted.  Nevertheless,  some  difficulty  occurs  in  that  both 
the  upper  and  lower  edges  of  the  jet  extend,  in  theory  at  least,  to  infinity. 
Thus,  the  solution  given  above  literally  applies  only  to  half  a  jet  bound¬ 
ary.  If  we  chose  the  upper  edge  of  the  jet  as  the  point  where  u/U  =  0.999, 
then  at  this  point  £*  =  3.09.  Referring  to  Figure  (5),  we  can  write 
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Similarly  i f  we  define  the  outer  edge  of  the  jet  as  the  point  where 
u/U  =  0.001  we  can  obtain 
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In  this  region  the  core  of  the  jet  decreases  linearly  with  distance  from 
the  nozzle  exit  and  the  jet  mixing  region  increases  linearly  with  distance 
from  the  nozzle  exit.  It  should  be  noted  that  the  turb  llent  mixing  tends 
to  spread  the  momentum  much  more  rapidly  than  the  laminar  mixing  and  that 
the  characteristic  lengths  in  the  turbulent  jet  are  independent  of  Reynolds 
number.  The  length  of  the  core  can  be  found  directly  from  equation  (17)  to 
be 
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Region  III 

In  general  it  is  not  reasonable  to  expect  the  receiver  to  be  placed 
in  region  I  since  this  region  extends  only  slightly  more  than  two  nozzle 
heights  from  the  nozzle  exit.  It  is  more  likely  that  the  receiver  will 
be  placed  in  region  III  of  the  jet.  In  this  region  the  velocities  are 
given  by  (References  2  6c  3). 


where  A  i s  an  empirical  constant  which  has  been  found  to  be  ^  =  7.67. 
The  outer  edge  of  the  jet  is  defined  by  u  =  o,  which  occurs  at  V  =  6.5, 
thus  if  %  /2  is  the  half  width  of  the  jet  ^ 
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or 
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and  again  the  jet  spreads  linearly  with  x.  More  important,  however,  is 
the  momentum  (total  pressure)  recovered  in  a  receiver  placed  in  the  jet. 
Using  the  velocity  distribution  given  above  the  volume  average  total 
pressure  becomes 
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where 

Since 


and  ^  is  again  Che  height 
we  may  write  this 


of  the 


receiver* 


In  the  turbulent  case,  the  pressure  recovery  in,  independent  of  the 
Reynolds  number  and  _depends  only  on  the  size  and  location  of  the  re¬ 
ceiver.  The  ratio  -j0{ '0/j£>  is  presented  in  figure  (6)  as  a  function  of 

Pocfor  an  air  jet  issuing  into  atmospheric  pressure  for  receiver  widths  of 
one  and  two  nozzle  widths  at  x/h  =  10.  For  fixed  pressures,  if  the  re¬ 
ceiver  size  is  increasedj  the  volume  average  total  pressure  is  decreased, 
not  because  more  total  pressure  is  not  recovered,  but  because  this  total 
pressure  is  averaged  over  a  larger  volume. 

If  pressure  recovery  were  the  only  consideration^ one  would  (1)  place 
the  receiver  as  close  as  possible  to  the  nozzle  exit  and  (2)  operate  with 
as  small  a  receiver  as  possible. 


Losses  in  the  Free  Jet  Due  to  Shock  Waves 

If  the  ratio  of  the  upstream  plenum  chamber  pressure  to  the  receiver 
pressure  exceeds  about  1.5,  there  is  the  strong  possibility  of  local  re¬ 
gions  of  supersonic  flow  in  the  free  jet  terminated  by  shock  waves.  As  the 
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overall  pressure  ratio  increases,  the  probability  for  such  shock  waves 
increases.  In  contrast  to  the  subsonic  jet  where  dissipation  is  minimal, 
the  supersonic  jet  terminated  by  a  shock  wave  is  a  high  loss  (in  terms  of 
pressure  recovery)  system.  For  example,  if  the  jet  should  expand  to  a 
Mach  number  of  3  and  then  decelerates  through  a  normal  shock,  two  thirds 
of  the  stagnation  pressure  is  lost.  Oblique  shocks,  of  course,  result  in 
somewhat  lower  losses  but  in  general  one  should  avoid,  in  so  far  as  possible, 
production  of  any  shock  waves  since  they  constitute  the  largest  loss  in  the 
type  of  system  studied  here. 


Conclusions  and  Implications  in 
Fluid  Amplifier  Power  Jet  Design 

An  analytical  study  has  been  made  of  the  flow  fields  in  a  simple 
two-dimensional  power  jet  nozzle  and  in  the  free  jet  downstream  of  such 
a  nozzle.  A  number  of  important  conclusions,  related  to  power  jet  nozzle 
design,  may  be  drawn  from  this  study. 

In  the  power  jet  nozzle,  it  is  important  to  design  as  large  a  con¬ 
traction,  from  the  plenum  chamber  to  the  throat,  as  possible.  This  in¬ 
sures  low  flow  velocities  in  the  plenum  chamber  so  that  disturbances  are 
damped  out  before  they  reach  the  throat.  The  radius  of  curvature  in  the 
contraction  should  be  large  to  minimize  velocity  non-uniformities  due  to 
centrifugal  effects.  On  the  other  hand,  the  length  along  the  surface 
should  be  minimized,  as  much  as  possible  to  reduce  the  size  of  the  bound¬ 
ary  layer  entering  the  throat.  Sharp  corners  in  the  contraction  region 
must  be  avoided  to  prevent  boundary  layer  separation. 

If  the  centrifugal  effects  are  not  significant,  the  non-uniformity 
of  che  velocity  profile  at  the  exit  of  the  throat,  as  well  as  the  total 
pressure  loss  in  the  throat  are  directly  related  to  the  throat  length. 

The  longer  the  throat,  the  more  non-uniform  the  velocity  profile  and  the 
greater  the  loss  in  momentum  (or  total  pressure).  At  a  Reynolds  number  of 
2000,  the  velocity  profile  is  almost  fully  developed  15  throat  heights 
from  the  throat  entrance. 

The  actual  mats  flow  passed  through  the  nozzle  is  also  reduced  by 
the  growth  of  the  boundary  layer  in  the  nozzle.  it  is  imperative  there¬ 
fore  that  the  throat  length  be  made  as  short  as  possible,  consistont 
with  manufacturing  considerations. 

In  the  subsonic  free  jet  there  is  no  large  mechanism  for  dissipation 
of  momentum  so  that  the  effect  of  viscosity  or  turbulent  mixing  is  to 
spread  the  momentum.  The  spreading  of  the  free  jet  and  the  velocity  pro¬ 
files  in  the  jet  have  been  calculated  for  both  laminar  and  turbulent  jets. 
The  average  pressure  in  the  jet  is  also  calculated.  These  calculations 
lead  to  the  conclusion,  which  is  intuitively  obvious,  that  a  receiver  for 
the  jet  should  be  placed  as  close  to  the  jet  exit  as  possible. 

The  validity  of  these  analytical  predictions  is  borneout  in  the  follow¬ 
ing  paper  which  reports  on  an  experimental  investigation  on  a  configura¬ 
tion  identical  to  that  analyzed  here. 
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span  of  the  nozzle 
discharge  coefficient 

half  height  of  the  uniform  core  in  the  jet 

non-dimensional  stream  function 

height  of  the  nozzle  throat 

momentum  per  unit  mass 

length  of  the  uniform  core  in  the  jet 

mass  flow 

static  pressure 

stagnation  (total)  pressure 

volume  average  stagnation  pressure 
gas  constant 
Reynolds  number 
temperature 

x  component  of  velocity 
velocity  in  plenum 

x  component  of  velocity  in  the  jet  core 
y  component  of  velocity 
geometric  coordinate 
geometric  coordinate 

distance  measured  from  the  wall  in  the  contraction 
ratio  of  specific  heats 

height  of  the  receiver  (or  width  over  which  total  pressure  is 
averaged) 

transformed  y  coordinate 
empirical  constant 
coefficient  of  viscosity 
kinematic  viscosity 
transformed  y  coordinate 
density 

empirical  constant 

angle  in  contraction  measured  from  upstream  direction 
stream  function 


Subscripts 


upstream  conditions 
at  edge  of  bounday  layer 
stagnation  conditions 
ideal 
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Figure  3.-  CENTERLINE  VELOCITY  IN  THE  THROAT, 


Figure  4.-  THE  FREE  JET 
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Figure  5.-  THE  FREE  JET  BOUND  A.  a’  '  N  REGION  I 
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ABSTRACT 


An  experimental  study  is  made  of  the  two-dimensional 
convergent  nozzle  which  was  theoretically  analyzed  in  a 
companion  paper.  Experimental  results  are  compared  with 
the  theoretical  analysis.  Velocity  profiles,  jet  core 
lengths,  pressure  loss  due  to  mixing  downstream  of  the 
nozzle  exit,  mass  flows,  and  discharge  coefficient  are 
presented  for  jet  supply  pressures  of  approximately  16  to 
31  psia.  In  most  cases  the  experimental  and  theoretical 
results  compared  very  favorably  and  demonstrated  the  use¬ 
fulness  of  theory  in  predicting  jet  behavior. 


INTRODUCTION 


The  operating  characteristics  and  efficiency  of  a 
fluid  amplifier  are  greatly  dependent  upon  the  power  jet 
and  the  nature  of  the  flow  through  the  power  jet.  Very 
little  experimental  work  has  been  done  in  the  area  of  small 
jets  (order  of  0.010  inch) ;  therefore,  it  is  important  to 
study  small  jet  characteristics  so  as  to  be  able  to  design 
fluid  amplifiers  with  the  highest  possible  efficiency  and 
consistent  operating  behavior. 

In  the  companion  paper,  Dr.  F.  O.  Smetana  and  Dr.  J.  C 
Williams,  III  have  performed  a  theoretical  analysis  of  a 
two-dimensional  convergent  jet.  The  analysis  included  the 
calculation  of  jet  velocity  profiles,  core  lengths,  profile 
spreading  with  distance  from  the  jet,  pressure  recovery  10 
jet  widths  from  the  nozzle  exit,  mass  flows  for  given  input 
pressures  and  discharge  coefficients.  An  experimental 
investigation  of  the  jet  has  been  performed.  The  supply 
pressure  to  the  jet  ranged  from  approximately  16  to  31  psia 


which  corresponded  to  a  Reynolds  1  number  range  of  approxi¬ 
mately  1500  to  6200  based  on  the  width  of  the  nozzle  exit. 
Velocity  surveys  were  taken  at  1,  2,  3,  5,  10,  20,  50,  75, 
100,  150,  and  200  jet  widths  from  the  nozzle  exit.  Total 
pressure  surveys  were  taken  at  1,  10,  and  20  jet  widths 

from  the  exit.  The  experimental  data  obtained  from  the 
investigation  were  reduced  to  a  form  which  could  be  com¬ 
pared  with  the  theoretical  analysis. 

Although  the  physical  phenomena  involved  in  a  free  jet 
are  not  the  same  as  in  the  bounded  jet,  I  have,  in  some 
instances,  discussed  the  results  from  the  point  of  view  that 
the  jet  being  tested  is  the  power  jet  or  nozzle  of  a  fluid 
amplifier.  This  method  of  discussing  the  results  is  used 
so  as  to  view  the  results  in  terms  of  fluid  amplifier  appli¬ 
cation  . 


SYMBOLS 


total  profile  width 
discharge  coefficient 
nozzle  width 

theoretically  calculated  actual  mass  flow=  CdMca^ 
calculated  mass  flow 
ambient  pressure 
nozzle  exit  total  pressure 
supply  total  pressure 
average  total  pressure 

integrated  total  pressure  ten  jet  widths  from  the 
nozzle  exit 

Re  Reynolds'  number  based  on  width  of  nozzle,  p Uh 

M 

U  velocity 

UQ  centerline  velocity  of  any  given  velocity  profile 

U  exit  centerline  velocity 

oo  2 
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SYMBOLS 

(continued) 

x  distance  from  jet  exit  measured  along  a  line 

drawn  through  the  center  of  the  nozzle 

x1  length  of  core  region 

y  perpendicular  distance  from  a  line  drawn  through 

the  center  of  the  nozzle 

6  boundary  layer  thickness 

6*  displacement  thickness 

tj  correlating  parameter,  -rj  =  ay 

IT 

li  absolute  viscosity 

p  mass  density 

2 

o  experimentally  determined  constant  by  Reichardt 

=  7.67 


APPARATUS 

Model 


The  jet  design  used  in  the  investigation  was  a  two- 
dimensional  convergent  nozzle.  A  sketch  of  the  nozzle  with 
dimensions  is  shown  in  figure  1(a) .*  The  model  was  very 
accurately  fabricated  from  brass,  the  nozzle  area  being  with¬ 
in  2  percent  of  design.  The  area  of  the  jet  chamber  was  5 
times  the  nozzle  area.  The  aspect  ratio  of  the  model  was 
50.  A  0.0136  inch  static  pressure  tap  was  placed  in  the  uppe 
wall  of  the  jet  chamber  0.30  inch  from  the  jet  exit. 


Instrumentation  and  Procedure 


A  schematic  diagram  of  the  test  setup  is  shown  in 
figure  1(b) .  An  accurate  pressure  gage  and  regulator  were 
used  to  control  the  supply  pressure.  Immediately  downstream 
of  the  pressure  regulator  was  a  rotameter-tvpe  flowmeter. 


*Figures  appear  on  pages  41  throenh  57. 
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The  mass  flow  through  the  nozzle  was  obtained  from  the 
volume  flow,  UA,  measured  by  the  rotameter  and  the  density, 
p,  obtained  from  the  measured  static  supply  pressure.  The 
static  pressure  in  the  jet  chamber  was  measured  by  the 
static  pressure  tap  drilled  through  the  upper  surface  of 
the  jet. 

Total  pressure,  static  pressure,  and  total  temperature 
probes  were  used  to  calibrate  the  hot  wire  probes.  These 
calibrating  probes  are  shown  in  figure  1(c) .  The  hot  wire 
probes  were  used  to  measure  the  velocity  profiles.  The 
tungsten  sensing  wire  was  0.0002  inch  in  diameter.  Total 
pressure  surveys  were  made  to  determine  the  total  pressure 
recovery  at  location  downstream  of  the  jet  exit.  The  probes 
were  mounted  in  a  stationary  position  in  front  of  an  X-Y 
table.  The  jet  model  was  mounted  on  the  X-Y  table.  Using 
this  X-Y  table,  the  location  of  the  nozzle  exit  with  respect 
to  the  probe  could  be  measured  to  an  accuracy  better  than 
0.0001  inch. 


RESULTS  AND  DISCUSSION 


As  indicated  in  the  theoretical  study,  a  free  jet  can 
be  divided  into  three  regions.  Region  I  is  a  potential  core 
region,  which  has  a  uniform  core  velocity  bounded  by  a  mixing 
region.  Region  II  is  a  fully  developed  mixing  region  where 
the  velocity  profiles  adjust  to  a  similiar  profile  region. 
Region  III  is  the  fully  developed  mixing  region  where  the 
velocity  profiles  are  similar. 

The  velocity  profiles  at  different  stations  downstream 
of  the  nozzle  exit  are  shown  in  figure  2.  The  velocity  ratio 
U/Uqo  is  plotted  against  the  distance  from  the  centerline  of 
the  jet,  y.  The  change  in  shape  of  the  velocity  profiles, 
the  decay  of  the  centerline  velocity,  and  the  spread  of  the 
jet  with  increasing  distance  from  the  jet  exit  can  easily  be 
seen  from  these  figures. 

The  decay  m  centerline  velocity  with  increasing  distance 
from  the  nozzle  exit  is  shown  in  figure  3.  Since  the  center- 
line  velocities  for  the  different  supply  pressures  get  closer 
together  as  the  distance  from  the  jet  exit  increases,  there 
is  a  greater  incremental  loss  in  centerline  velocity  for 
higher  exit  velocities  than  for  lower  exit  velocities.  This 
slower  decay  of  the  lower  velocity  profiles  could  be  attri¬ 
buted  to  two  effects.  The  jets  at  the  lower  supply  p. assure 
are  probably  laminar  jets.  As  a  result,  the  mixing  wjth  the 
quiescent  air  is  not  as  rapid;  therefore,  the  jet  does  not 
break  up  as  rapidly.  The  higher  the  supply  pressure,  the  more 
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turbulent  the  mixing,  the  greater  the  shear  between  the  air 
in  motion  and  the  air  at  rest,  and  consequently,  the  greater 
the  loss  in  centerline  velocity. 

In  the  potential  core  region  of  the  jet,  there  is  a  con¬ 
stant  velocity  area  called  the  jet  core.  The  experimentally 
measured  length  of  the  core  region  is  corr.pared  with  both  the 
laminar  and  the  turbulent  theoretically  calculated  core  lengths 
in  figure  4.  The  ratio  of  core  length  to  jet  width  is  plotted 
against  Reynolds'  number.  The  laminar  theoretical  curve  pre¬ 
dicts  a  longer  core  length  than  was  measured,  since  it  is  be¬ 
lieved  that  the  data  points  at  R  =  1560  and  2440  are  laminar 
data  points.  The  data  points  at  R  =  3630  and  4360  appear  to 
be  intermediate  points  (the  jet  not  being  completely  laminar 
or  turbulent  but  in  a  transition  state)  and  those  at  5350  and 
6200  fall  very  close  to  the  theoretical  turbulent  line. 

The  theoretically  calculated  growth  of  a  laminar  jet  in 
Region  I  for  a  Reynolds'  number  of  2000  is  shown  in  figure  5. 
Experimental  points  are  shown  for  comparison.  The  data  pre¬ 
sented  were  obtained  by  interpolating  between  the  experimen¬ 
tal  points  taken  at  Reynolds'  numbers  of  1560  and  2440.  The 
theoretical  shape  predicted  a  greater  spread  than  was  obtained 
experimentally  for  distances  less  than  5  jet  widths  and  less 
spread  for  distances  greater  than  5  jet  widths.  The  theoreti¬ 
cally  calculated  core  length  was  approximately  twice  as  long 
as  the  experimentally  measured  core  length.  This  difference 
in  core  length  could  be  explained  by  the  fact  that  the  jet  is 
not  completely  free  of  large  scale  vorticxty  which  causes  the 
jet  core  to  deteriorate  at  a  faster  rate  than  would  be  the 
case  for  a  completely  turbulent-free  laminar  jet. 

The  theoretically  calculated  spread  of  a  turbulent  jet 
in  Region  I  (potential  core  region)  is  s^own  in  figure  6. 

The  experimental  data  for  the  differed  supply  pressures  are 
also  shown.  There  is  good  agreement  between  the  experimen¬ 
tal  width  and  the  theoretically  calculated  width  for  turbu¬ 
lent  jets. 

The  discussion  of  the  results  will  now  proceed  to 
Regions  II  and  III  of  the  jet  profile.  The  width  of  the  jet 
profile  is  plotted  against  distance  from  the  nozzle  exit  in 
figure  7  at  U/UQ  =  .5.  The  width  at  U/UQ  =  .5  is  the  width 
of  profile  where  there  exists  a  velocity  equal  to  or  greater 
than  one-half  the  centerline  velocity.  The  jet  width  at 
U/UQ  =  .5  is  almost  constant  for  the  first  five  jet  widths 
downstream  and  then  varies  approximately  linearly  as  the 
distance  increases.  For  Regions  II  and  III,  the  equation 
b  h  =  0.215  (x  h)  is  a  good  approximation  of  the  experimental 
data  and  would  predict  accurately  the  width  of  the  jet  at 
U /U  =  .  5  . 
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When  applying  information  from  a  jet  study  to  fluid 
amplifiers,  it  is  important  to  lock  closely  at  the  jet  char¬ 
acteristics  at  10  jet  widths  from  the  nozzle  exit.  This  is 
due  to  the  fact  that  the  splitter  of  the  output  ports  is 
usually  located  at  or  near  this  location.  The  width  of  the 
jet  for  U/UQO  =  .1  for  distances  from  the  nozzle  is  shown 
in  figure  8.  U/UQO  ~  was  c^osen  as  t^e  1 lmlt  for  the 
profile  width  because  of  the  scatter  in  the  measured  veloc¬ 
ity  at  velocities  lower  than  U  =  0.1UOQ. 

This  scatter  at  lower  velocities  was  due  to  room  air 
currents,  slight  changes  in  room  temperature,  and  the  high 
sensitivity  of  the  hot  wire.  The  width  of  the  jet  at  lOh 
is  approximately  3  jet  widths  wide  for  the  supply  pressure 
of  15.88  psia  and  approximately  4  jet  widths  wide  for  higher 
supply  pressures.  From  this  information,  a  receiver  of  4  jet 
widths  or  0.040  inch  would  be  required  to  receive  all  the 
flow  with  velocity  U/U00  > .  1  .  Again  it  is  realized  that  the 
free  jet  phenomenon  is  not  the  same  as  that  found  in  a  fluid 
amplifier,  but  comparisons  are  oi  value. 

Region  III  of  the  jet  is  a  fully  developed  mixing 
region  where  velocity  profiles  are  similar.  The  theoreti¬ 
cal  profile  shape  for  this  region  was  calculated  using  the 
method  presented  in  chapter  XXIII  of  Boundary  Layer  Theory 
by  Hermann  Schlichting1  and  presented  in  the  companion  paper. 
The  equation  obtained  for  the  velocity  was 


U  =  UQ  [_2 g  (1  -  tanhaT|)  -  tanh  r  j 

o/>T 

where  g  =  o y/x  where  o  is  an  experimentally  determined  con¬ 
stant  found  by  H.  Reichardt1^  to  be  7.67. 

The  comparison  of  the  theoretically  calculated  non- 
dimensional  profiles  and  the  experimental  non-dimensional 
profiles  for  Region  III  are  shown  in  figures  9(a),  9(b), 
and  9(c) .  In  these  figures,  the  ratio  of  velocity  at  a 
given  point  of  the  profile  to  the  centerline  velocity  is 
plotted  against  g.  In  general,  there  is  good  agreement 
between  the  theoretical  curves  and  the  experimentally 
measured  value.  The  experimental  data  agree  more  closely 
for  the  profiles  at  higher  supply  pressures  (higher 
velocities  or  Reynolds'  numbers)  than  for  the  lower  supply 
pressures.  The  theoretical  curve  indicates  a  faster  decay 
of  velocity  to  zero  with  distance  from  the  jet  centerline 
than  was  measured  experimentally.  However,  an  accurate 
prediction  of  velocity  profile  shape  in  Region  III  for 
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Reynolds'  numbers  of  approximately  2400  to  6200  can  be  made 
using  the  theoretical  equation. 
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panson.  The  maximum  pressure  loss  through  the  nozzle  was 
0.75  pound.  Therefore,  at  a  total  supply  pressure  of  approxi¬ 
mately  15.4  psi  above  ambient,  there  is  only  a  5  percent  loss 
in  pressure.  The  loss  of  total  pressure  due  to  the  nozzle 
ranged  from  approximately  4  percent  at  1  psig  supply  to  5  per¬ 
cent  at  15  psig  supply.  Although  the  theoretically  analyzed 
and  experimentally  tested  nozzle  is  not  an  efficiently  de¬ 
signed  jet,  the  losses  through  the  nozzle  are  small.  The 
pressure  loss  can  be  seen  more  clearly  from  figure  10(b) . 

The  total  supply  pressure  is  plotted  against  the  difference 
in  the  total  supply  pressure  and  the  total  exit  pressure 

(*P  =  ptc  -  Pte>  • 

The  total  pressure  loss  of  a  jet  is  an  important  param¬ 
eter  when  one  is  interested  in  the  pressure  available  at  a 
downstream  location.  The  total  pressures  recovered  at  various 
jet  widths  from  the  nozzle  exit  are  shown  in  figure  11.  Total 
pressure  surveys  were  taken  at  0,  1,  10,  and  20  jet  widths 

from  the  exit.  The  curves  connecting  the  data  points,  espe¬ 
cially  at  distances  close  to  the  exit,  are  probably  not  the 
true  total  pressures.  The  data  points,  however,  are  actual 
measured  values  and  the  curves  themselves  are  probably 
accurate  between  5  jet  widths  and  20  jet  widths  from  the 
nozzle.  The  two  different  curves,  solid  and  broken,  represent 
the  integrated  pressures  over  a  0.010  inch  width  (x/h  =  1) 
and  a  0.020  inch  width  (x/h  =  2),  respectively. 

For  fluid  amplifier  application,  the  receiver  inlet  is 
usually  located  at  approximately  x 7h  =  10.  The  pressure  re¬ 
covered  at  x/h  =  10  is  plotted  against  total  supply  pressure 
in  figure  12(a) .  Also  shown  m  the  figure  is  the  100  percent 
pressure  recovery  curve  and  the  theoretically  calculated  pres¬ 
sure  recovery  curve  for  a  turbulent  jet.  The  turbulent  theo¬ 
retical  curve  was  calculated  from  the  equation 

pt,10h  -  pe  =  0 . 54 3 (P tc  -  Pe) 

which  was  theoretically  determined  in  the  companion  paper. 

The  theoretical  curve  predicted  a  straight  line  recovery 
value.  However,  the  experimental  data  showed  a  curved  line 


which  crossed  the  theoretical  line  at  two  different  values. 
The  first  two  data  points  were  higher  than  'he  theoretical 
curve.  This  is  believed  to  be  due  to  the  fact  that  the  jet 
was  not  fully  turbulent  and  the  losses  from  mixing  were  not 
as  great  as  predicted  by  turbulent  theory.  The  theoretical 
curve  predicted  the  experimental  data  within  an  accuracy  of 
+  5  percent  in  the  worst  case  and  in  most  cases  better  than 
.5  percent.  The  ratio  of  total  pressure  recovery  in  psia 
to  total  supply  pressure  in  psia  is  plotted  in  figure  12(b) 
against  supply  pressure  in  psia.  The  agreement  between  the 
theoretical  curves  and  the  data  is  within  3  percent  for 
supply  pressure  less  than  27  psia  and  is  within  approxi¬ 
mately  5  percent  for  supply  pressures  between  27  and  31  psia. 
Again  it  can  be  vividly  seen  that  the  theory  predicted  the 
pressure  recovery  to  an  accuracy  of  T 5  percent  for  both  the 
0.010"  and  0.020"  width  of  profile. 

Since  in  most  cases  the  fluid  amplifier  device  will  be 
operated  with  atmospheric  pressure  surrounding  it,  it  is 
more  meaningful  to  calculate  the  ratio  of  recovery  pressure 
10  nozzle  width  from  the  jet  exit  to  supply  total  pressure 
in  terms  of  gage  pressure,  that  is 


Pt , lOh  "  pe 


F  tc  pe 


These  values  are  shown  in  figure  13  and  give  a  more  accurate 
picture  of  the  percent  of  input  pressure  recovered  with  atmos¬ 
pheric  pressure  as  a  reference  point.  The  recovery  pressure 
for  a  0.010  inch  width  of  proLile  is  highest  at  supply  pres¬ 
sures  less  than  3  psig  and  reaches  a  minimum,  of  approximately 
47  percent  at  supply  pressures  between  6  and  8  psia.  As  the 
supply  pressure  increases  above  8  psig,  the  percent  recovery 
increases  until,  at  a  supply  pressure  of  16.28  psig,  the  re¬ 
covery  pressure  is  60  percent. 

The  conclusion  that  can  be  drawn  from  this,  as  far  as 
application  to  fluid  amplifiers,  is  that  for  operating  pres¬ 
sures  greater  than  3  psig,  the  maximum  recovered  pressure 
at  the  receiver  inlet  will  be  of  the  order  of  50  to  60  per¬ 
cent  of  the  supply  pressure  for  a  0.010  inch  width.  Tf  a 
0.020  inch  width  of  jet  profile  is  received  at  x /h  of  10, 
the  pressure  recovery  at  the  receiver  inlet  of  40  to  50  per¬ 
cent  will  be  obtained  for  supply  pressures  greater  than  3 
psia. 


The  discussion  has,  of  course,  teen  concerned  with  the 
:eometrical  design  of  i  iaure  1.  It  is  hoped  that  by  choosing 


a  more  efficient  jet  design,  the  pressure  loss  through  the 
jet  and  to  10  jet  widths  downstream  will  be  decreased .  Since 
the  greatest  loss  in  pressure  is  due  to  the  mixirg  with  the 
quiescent  air  rather  than  through  the  nozzle  itself,  the 
problem  should  be  considered  from  the  standpoint  of  obtaining 
reduced  loss  in  the  mixing  region. 

The  last  parameter  to  be  considered  is  the  mass  flow 
through  the  nozzle  and  the  discharge  coefficient  of  the  nozzle 
at  various  Reynolds'  numbers.  Figure  14(a)  presents  the 
measured  mass  flow  as  a  function  of  supply  pressure.  Also 
shown  is  the  experimentally  calculated  mass  flow.  The 
equation  used  to  calculate  the  theoretical  mass  flow  was  the 
inviscid  one-dimensional  equation  given  in  the  companion 
paper.  Using  the  equation  for  discharge  coefficient 


Cd  =  _ 1 _ 

1  +  2A* 

h 


where  26*  is  the  ratio  of  decrease  in  nozzle  width  to  total 

rT 

jet  width  due  to  viscous  effects,  a  discharge  coefficient  of 
.897  was  calculated.  Using  this  discharae  coefficient  and 
the  mass  flow  calculated  from  the  inviscid  one-dimensional 
flow  equation,  a  theoretical  actual  mass  flow,  Mactua^  was 
obtained  from  the  equation 


Mactual  cd  Mcal 

This  value  is  shown  in  figure  14(a).  The  difference  be¬ 
tween  the  experimentally  measured  mass  flow  and  the  true 
calculated  mass  flow,  using  a  discharge  coefficient  of  .897, 
is  only  2.5  percent.  Therefore,  there  is  excellent  agreement 
between  the  theoretically  calculated  ^actual  anc*  t^ie  measured 
Mmeas  for  a  supply  pressure  of  27.85  psia. 

The  discharge  coefficient  is  presented  in  figure  14(b) 
for  different  Reynolds'  numbers  based  on  nozzle  width  (Re  = 
oUh)  . 

The  variation  in  discharge  coefficient  for  Reynolds' 
numbers  ranging  from  approximately  1500  to  6200  is  from  .77 
to  .89.  With  discharge  coefficients  greater  than  .7,  the 
flow  in  the  nozzle  is  probably  of  the  inviscid  core  type, 
which  means  the  boundary  layer  doe^  lot  extend  across  the 
entire  nozzle. 
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The  diagram  below  shows  the  probable  shape  of  the  pro¬ 
file  in  the  nozzle. 


The  velocity  profile  just,  downstream  of  the  nozzle  exit 
verifies  this  shape  since  there  is  a  constant  velocity  in 
the  central  portion  of  the  measured  velocity  profile. 


CONCLUDING  REMARKS 


An  experimental  investigation  has  been  made  of  a  two- 
dimensional  convergent  jet.  The  experimental  results  were 
compared  to  a  theoretical  analysis  performed  by  Dr .  F.  0. 
Smetana  and  Dr.  J.  C.  Williams,  III  of  the  Mechanical  Engi¬ 
neering  Department,  North  Carolina  State  of  the  University 
of  North  Carolina  at  Raleigh  in  a  companion  paper.  The 
following  results  were  obtained: 

1.  The  higher  exit  velocity  profiles  lost  a  greater 
amount  of  velocity  with  increasing  distance  from  the 
jet  exit  than  did  the  profiles  with  the  lower  exit 
velocities  . 

2.  The  laminar  theory  predicted  a  greater  core  length 
than  was  measured.  The  turbulent  theory  accurately 
predicted  the  core  length  for  the  fully  turbulent 
jet . 

3.  The  theoretical  calculation  of  the  width  of  a  jet  in 
Region  I  for  a  Reynolds’  number  of  2000  (using  laminar 
theory)  overestimated  the  jet  width  for  x/h  *.’4  and 
underestimated  the  width  for  x/h  >  4.  Although  the 
turbulent  theory  predicts  the  same  jet  width  in  Region 
I  for  different  supply  pressures,  experimental  data 
show  a  variation  in  jet  width  for  different  supply 
pressures.  The  theoretical  curve  did  represent  a  jet 
width  which  agreed  with  the  avera  -e  width  for  all  the 
supply  pressures. 
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4.  For  Regions  II  and  III  the  width  of  the  jet  at  U/UQ  = 

.5  could  accurately  be  determined  from  the  relation 
b/h  =  0. 215 (x/h) . 

5.  In  Region  III  where  the  velocity  profiles  are  similar, 
the  theoretical  profile  accurately  predicted  the  shape 
of  the  velocity  profile  for  Reynolds'  numbers  of  2400 
to  6200.  The  only  variation  f rorr  the  theory  was  in 
the  outer  portions  of  the  profile  where  the  decay  of 
velocity  to  zero  was  not  as  rapid  as  theoretically 
determined . 

6.  The  pressure  drop  through  the  nozzle  due  to  separation 
and  shear  along  the  nozzle  surfaces  was  approximately 
5  percent  for  all  supply  pressures. 

7.  The  pressure  recovered  ten  jet  widths  downstream  from 
the  nozzle  exit  was  50  to  60  percent  (depending  on  the 
supply  pressure)  for  a  0.010  inch  width  (one  jet  width) 
of  profile  and  40  to  50  percent  for  0.020  inch  width  of 
profile  based  on  gage  pressures.  The  theory  predicted 
the  pressure  recovery  for  both  a  0.010  in  h  and  a  0.020 
inch  width  of  profile  at  ten  jet  widths  from  the  nozzle 
within  -5  percent  of  the  measured  value.  Since  most  of 
the  pressure  drop  is  downstream  of  the  nozzle  rather 
than  through  the  nozzle  itself,  an  efficient  design 
should  be  approached  from  the  stand}.  Dint  of  reducing 
mixing  losses  rather  than  reducing  losses  in  the  nozzle. 

8.  The  inviscid  one-dimensional  equation  was  used  to  calcu¬ 
late  the  mass  flow.  For  a  supply  pressure  of  27.85  psia 
and  for  a  theoretically  determined  discharge  coefficient 
of  .897,  the  calculated  mass  flow  differed  from  the 
measured  mass  flow  by  only  2.5  percent. 

9.  The  measured  discharge  coefficients  varied  from  0.77 
to  0.89  for  a  Reynolds'  number  range  of  approximately 
1500  to  6200. 
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Figure  1  (b) EXPERIMENTAL  TEST  SETUP 


Total  Pressure  Probe 


0.005“ 


0.015" 


0.020 


0.007” 

Figure  1  (c) .-  PROBES  USED  IN  THE  EXPERIMENTAL  INVESTIGATION 
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Figure  3.-  DECREASE  IN  CENTERLINE  VELOCITY  WITH  INCREASING 

DISTANCE  FROM  THE  NOZZLE  EXIT. 
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Figure  5  -  COMPARISON  OF  THEORETICALLY  CALCULATED  JET  PROFILE  SHAPE 
TO  EXPERIMENTALLY  MEASURED  SHAPE  FOR  A  Re-  2000. 


Figure  6.  -  COMPARISON  OF  THE  THEORETICAL  TURBULENT  JET  PROFILE 
WIDTH  WITH  THE  EXPERIMENTAL  VALUE  IN  REGION  I. 


o)  <n  tn  tn  tn  w 
n  l  O4  Cl.  a. 

00  CD  O'  m  m 
00  in  00  oo  O  O' 

in  r-  o  m  r*  o 

1— t  1— l  (N  IN  CN 

I  I  I  I  I  • 

O0O<3^£ 


CO 

w 

g 

CO 

CO 

Ui 

ac 

a. 

>« 

CL 

g 

CO 


O 

m 


O 

<N 


Figure  7.-  WIDTH  OF  THE  JET  PROFILE  WITH  DISTANCE  FROM 

NOZZLE  EXIT  FOR  U/U~  =  0.5. 


Figure  9.  -  COMPARISON  OF  THEORETICALLY  PREDICTED  VELOCITY  PROFILE  WITH  THE  MEASURED 
PROFILE  IN  THE  SIMILAR  PROFILE  REGION  OF  THE  JET  (REGION  3) . 
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TOTAL  PRESSURE  RECOVERY  FOR 
DISTANCES  FROM  THE  NOZZLE  EXIT. 
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ABSTRACT 


Results  of  an  experimental  investigation  of  the  pressure  recovery 
characteristics  of  subsonic,  compressible,  two-dimensional,  free  jet 
flows  are  presented  l  r  a  range  c*  diffuser  geometries.  The  weight  flow 
characteristics  of  the  diffusers  are  presented  together  with  velocity 
profiles  upstream  of  the  diffusers  and  at  various  stations  within  the 
diffusers  for  range  of  diffuser  back  pressures. 

An  analytical  procedure  is  developed  for  predicting  diffuser  perform¬ 
ance  for  a  range  of  jet  Mach  numbers,  diffuser  capture  heights  and  diffuser 
back  pressures.  Results  obtained  from  this  analytical  procedure  are  pre¬ 
sented  and  compared  with  the  experimental  results.  Good  agreement  is 
shown  between  the  analytical  and  experimental  results  for  the  range  of 
variables  investigated. 

These  studies  were  conducted  as  part  of  a  general  investigation  of 
jet  flows  in  fluid  amplifiers  for  Harry  Diamond  Laboratories  under 
Contract  DA-h9~l86-AMC-66(X) . 
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INTRODUCTION 


The  development  of  design  criteria  for  fluid-state  devices,  partic¬ 
ularly  momentum-exchange  proportional  amplifiers,  requires  knowledge  of 
the  pressure  recovery  characteristics  of  diffusers  capturing  nonuniform 
streams  having  velocity  profiles  characteristic  of  those  for  a  free  jet. 
Such  diffuser  pressure  recovery  characteristics  are  generally  required 
for  a  range  of  diffuser  output  resistances  including  the  limiting  case 
of  blocked  load. 

Although  previous  investigations  of  diffusers  for  wind  tunnels  and 
propulsion  systems  (e.g.,  Refs.  1,  2  and  3)  have  provided  information 
regarding  the  pressure  recovery  characteristics  of  diffusers  capturing 
uniform  streams,  or  streams  composed  mainly  of  boundary  layers,  the  re¬ 
sults  obtained  apply  only  qualitatively  to  diffusers  capturing  jet  flows. 
The  studies  which  have  been  conducted  regarding  the  pressure  recovery 
characteristics  of  jet  flows,  such  as  those  presented  in  Ref.  4,  have 
generally  been  limited  to  incompressible  jets. 

Consequently,  studies  were  conducted  to  determine  the  pressure  re¬ 
covery  characteristics  of  diffusers  capturing  compressible  jet  flows  for 
a  range  of  jet  Mach  numbers.  This  paper  presents  the  significant  re¬ 
sults  of  the  studies  for  subsonic  jet  Mach  numbers. 


DESCRIPTION  OF  DIFFUSER  FLOW  REGIMES 


In  general,  three  flow  regimes  (hereafter  termed  Case  I,  II  and 
III)  may  be  encountered  as  the  diffuser  is  operated  over  a  range  of  back 
pressures.  These  regimes  are  illustrated  in  the  upper  portion  of  Fig.  1. 
For  Case  I,  the  diffuser  captures  flow  from  outside  the  undisturbed 
streamline  (i.e.,  the  streamline  which  was  at  the  location  of  the  dif¬ 
fuser  lip  position  without  the  diffuser  installed);  for  Case  II,  the 
diffuser  captures  all  the  flow  bounded  by  the  undisturbed  streamline; 
for  Case  III  the  flow  is  spilled  around  the  lip  of  the  diffuser.  For 
subsonic  jet  Mach  numbers  the  Case  II  regime  is  encountered  only  for  a 
single  back  pressure  and  is  commonly  referred  to  as  the  design  condition. 
Hence,  Cases  I  and  III  may  be  considered  as  "off-design"  operating  con¬ 
ditions.  Progression  from  Case  I  to  Case  III  corresponds  to  an  increase 
in  the  diffuser  back  pressure.  In  the  Case  III  flow  regime,  the  stagna¬ 
tion  streamline  is  shown  to  be  located  at  the  diffuser  lip.  In  actuality 
for  high  diffuser  back  loading  the  stagnation  streamline  is  located 
within  the  diffuser.  Such  a  condition  results  in  a  reverse  flow  being 
established  along  the  outer  walls  of  the  diffuser  at  the  diffuser  inlet. 
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SHADED  PORTION  OF  VELOCITY  PROFILE 
CONTAINS  MASS  FLOW  ENTERING  DIFFUSER 


FINITE  OUTPUT  RESISTANCE 


INFINITE  OUTPUT  RESISTANCE 

(BLOCKED  LOAD) 


FIGURE  I  DIFFUSER  FLOW  REGIMES 


The  limiting  case  of  diffuser  "blocked-load"  operation  is  illustrat¬ 
ed  in  the  lower  portion  of  Fig.  1.  For  this  case,  a  portion  of  the  jet 
flow  enters  the  diffuser,  proceeds  toward  t^e  diffuser  exit  and  is  sub¬ 
sequently  reversed  in  direction,  flows  along  the  diffuser  walls,  and 
exhausts  at  the  diffuser  inlet. 


DIFFUSER  PRESSURE  RECOVERY  ANALYSIS  FOR  DESIGN  OPERATION 


Consider  the  diffuser  shown  in  Fig.  2  capturing  a  nonuniform  stream 
having  a  velocity  profile  shape  characteristic  of  that  for  a  free  jet  and 
operating  at  design.  The  diffuser  is  shown  to  consist  of  a  constant 
area  entrance  section  and  a  subsonic  diffuser.  For  lif fusers  capturing 
subsonic  jets  the  purpose  of  the  entrance  section  is  to  provide  a  length 
for  adjustment  of  the  poor  inlet  profiles,  if  required,  prior  to  dif¬ 
fusion. 


The  weighx  flow  entering  the  diffuser  referenced  to  the  weight  flow 
in  a  uniform  stream  having  a  velocity  equal  to  the  jet  centerline  veloc¬ 
ity  and  a  momentum  equivalent  to  the  jet  momentum  can  be  expressed  as 


w 

Wo 


*'-h/2w  A>u o 


d  ( y/  w) 


(1) 


where  w  is  the  width  of  the  equivalent  uniform  jet. 


For  constant  total  temperature  and  static  pressure 
inlet,  the  density  ratio  in  Eq.  (l),  for  a  perfect  gas, 


at  the  diffuser 
becomes 


(2) 


Substituting  Eq.  (2)  into  Eq.  (l)  yields 
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FIGURE  2  FLOW  MODEL  FOR  DESIGN  ANALYSIS 


Similarly,  the  stream  thrust  in  the  portion  of  the  jet  entering  the 
diffuser  referenced  to  the  stream  thrust  in  the  equivalent  uniform  jet 
can  be  expressed  as 


-h/2w 
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Employing  Eqs .  (3) 
fuser  inlet  (station  2) 


and  (4),  the  average  total  pressure  at  the  dif- 
can  be  determined  as  follows.  Letting 


4>(M)  is  a  Mach  number  function  tabulated  in  Ref.  5,  ^  M  2 )  for  constant 
total  temperature  can  be  written  as 


<!>  (M2)  :  <I>  (Mc) 


(6) 


where  M2  is  the  stream  thrust  average  Mach  number  at  the  diffuser  in¬ 
let.  From  continuity  for  constant  total  temperature 


where 
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From  Eqs.  (3)  and  (7)  the  average  total  pressure  at  the  diffuser 
inlet  referenced  to  the  jet  centerline  pressure  becomes 
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where  y*  is  the  distance  from  the  jet  centerline  to  L.\e  location  in  the 
jet  where  the  velocity  is  one  half  the  centerline  velocity. 

From  a  mass  and  momentum  balance  between  stations  2  and  3  (outlined 
in  the  appendix*),  the  average  total  pressure  ratio  between  stations  2 
and  3  can  be  expressed  as 


PT  m(M,) 
Pt2  m  (m3) 


(9) 


The  average  Mach  number  at  station  3,  M  3  ,  in  Eq.  (9)  can  be  evaluated 
from  the  stream  thrust  ratio  at  that  station.  From  Eq.  (32)  in  the  ap¬ 
pendix,  the  stream  thrust  ratio  becomes 
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where 
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rh  (M)  =  g 


(12) 


F  WALL  FRICTION 
Q2  Aw 


(13) 


^Appendix  on  pp.  90-92. 
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and  Aw  is  the  wetted  area  of  the  constant  area  passage.  Knowing  $  3 
from  Eq.  (10),  M  3  can  be  obtained  from  the  tables  of  Ref.  5. 

From  the  definition  of  subsonic  diffuser  efficiency  the  pressure 
ratio  between  stations  j  and  4  can  be  expressed  as 


V, 


( 


where  r]D  is  the  subsonic  diffuser  efficiency  and  P3  /  PT  can  be  deter¬ 
mined  as  a  function  of  Mj  from  the  Ref.  5  tables. 

Computed  values  of  overall  diffuser  pressure  recovery  obtained  from 
Eqs .  (8),  (9)  and  (lA)  are  presented  in  Fig.  3  for  a  range  of  jet  Mach 
numbers  and  diffuser  inlet  heights  relative  to  the  nondimensionalizing 
jet  width,  y*  .  For  these  computations,  the  skin  friction  coefficient 
for  the  constant  area  passage  was  assumed  to  be  0.0015 .  This  skin  fric¬ 
tion  coefficient,  which  is  somewhat  below  a  typical  flat  plate  value, 
was  chosen  to  reflect  the  lower  skin  friction  associated  with  profile 
adjustment  in  the  constant  area  entrance  section.  Since  the  pressure 
loss  due  to  skin  friction  in  the  constant  area  passage  is  normally  small, 
errors  in  skin  friction  coefficiert  will  not  seriously  affect  the  calcu¬ 
lated  diffuser  pressure  recovery.  The  wetted  area  for  the  constant  area 
passage  was  computed  assuming  the  profile  adjustment  length  was  two  dif¬ 
fuser  inlet  heights.  The  subsonic  diffuser  efficiency  was  taken  to  be 
0.80. 


DIFFUSER  PRESSURE  RECOVERY  ANALYSIS  FOR 
"BLOCKED -LOAD"  OPERATION 

Consider  the  diffuser  shown  in  Fig.  A  for  which  a  portion  of  the 
jet  flow  enters,  proceeds  toward  the  diffuse r  exit  and  is  subsequently 
reversed  in  direction,  flows  along  the  diffuser  walls  and  exhausts  at 
the  diffuser  inlet. 

Assuming  that  (l)  the  width  of  the  streamtube  in  the  undisturbed 
flow'  containing  the  mass  flow  which  enters  the  diffuser  is  one-naif  the 
diffuser  capture  width,  (2)  the  velocity  profile  of  the  reversed  flow  at 
station  2  is  identical  to  that  of  th°  jet  flow  entering  the  diffuser, 
and  (3)  wall  friction  is  negligible,  hie  momentum  equation  for  the 


68 


DIFFUSER 

INLET 

HEIGHT  t  h/y 

FIGURE  3  VARIATION  OF 

DESIGN 

PRESSURE  RECOVERY 

WITH  DIFFUSER 

INLET 

HEIGHT 

X 


70 


control  volume  shown  in  dashed  lines  in  Fig.  4  becomes 


Pn  +  p  u  (  u 


n ) ]  ds  =  0 


(15) 


where  S  is  the  surface  area  per  unit  width  of  the  control  volume  and  n 
is  the  unit  vector  normal  to  the  surface  s  .  For  the  control  volume 
being  considered  Eq.  (15)  reduces  to 
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If  the  approaching  stream  is  uniform  and  incompressible  and  ha  s  a 
velocity  equal  to  the  jet  centerline  velocity,  Eq.  (l?)  reduces  to 


P,  + 


(18) 


Similarly  Eq.  (17)  must  reduce,  for  a  compressible  uniform  flow,  to 
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(19) 


Therefore  Eq. 


(17)  for  a  nonuniform  stream  can  be  written  as 
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(20 ) 


Nondimens ionalizing  with  respect  to  the  jet  centerline  velocity  and  the 
jet  width,  v*  ,  as  in  Eq.  (8),  Eq.  (20)  becomes 
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and  finally 
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where  for  isentropic  flow 
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Computed  values  of  "blocked-load"  pressure  recovery  obtained  from 
Eq.  (22)  are  presented  in  Fig.  5  lor  a  range  of  jet  Mach  numbers  and 
diffuser  inlet  heights  relative  to  the  nondimens ionalizing  jet  width,  y*. 


EXPERIMENTAL  STUDIES 


Test  Equipment  and  Procedure 

A  schematic  diagram  and  photograph  illustrating  the  test  rig  con¬ 
figuration  employed  for  the  experimental  studies  are  presented  in  Figs. 

6  and  73  respectively.  The  diffuser  mod^l  shown  in  Fig.  6  was  supported 
by  struts  fastened  to  the  top  and  bottom  walls  of  the  test  rig.  These 
struts  wore  adjustable  to  vary  both  the  capture  height  of  the  diffuser 
and  the  location  of  the  diffuser  relative  to  the  nozzle  exit.  Removable 
diffuser  entrance  sections  uere  provided  which  attached  at  the  subsonic 
diffuser  inlet  station.  Aft  of  this  attachment  position  the  diffuser 
assembly  was  the  same  for  all  tests.  The  nozzle  blocks  and  the  forward 
portion  of  the  diffuser  were  enclosed  by  side  plates  sufficient  to  pro¬ 
vide  a  two-dimensional  flow  passage.  The  area  between  the  side  plates 
was  open  to  the  atmosphere  to  allow  entrainment  along  the  free  jet 
boundaries  and  eliminate  resonant  cavities  which  would  contribute  to  jet 
instabilities.  Fairings  were  provided  at  the  base  of  the  nozzle  blocks 
to  minimize  jet  edge  oscillations  at  the  diffuser  entrance.  The  aft 
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FIGURE  7  PHOTOGRAPH  OF  TEST  RIG 


portion  of  the  diffuser  assembly  was  enclosed  by  the  hinged  side  walls  of 
the  test  rig  over  its  entire  height.  The  ends  of  this  portion  of  the 
test  rig,  however,  were  (pen  to  atmosphere. 

For  all  tests,  static  pressure  taps  were  provided  along  the  length 
of  the  entrance  sections  midway  between  the  side  plates  to  measure  wall 
static  pressure  distribution  and  in  the  constant  area  passage  downstream 
of  the  subsonic  diffuser  to  measure  the  diffuser  pressure  recovery.  The 
pitot  pressure  probe  shown  in  Fig.  7  was  employed  to  obtain  profiles  a'c 
both  the  upstream  and  downstream  ends  of  the  entrance  section  and  sta¬ 
tions  upstream  of  the  diffuser.  All  pressures  were  read  on  an  electronic 
readout  system  having  a  resolution  of  0.001  in. 

A  detailed  description  of  the  diffuser  models  employed  for  the 
studies  is  presented  in  Fig.  8.  The  diffuser  models  consisted  of  a  con¬ 
stant  area  entrance  section  (tyT  =0)  followed  by  a  diffuser  having  a 
divergence  angle  of  11.0  deg  (  \p  -  11.0  deg).  The  purpose  of  the  en¬ 
trance  section  was  to  allow  the  nonuniform  profile  at  the  diffuser  inlet 
to  adjust  to  a  more  stable  profile  before  diffusing.  It  was  believed 
that  by  providing  this  profile  adjustment  length  the  tendency  to  separate 
in  the  subsonic  diffuser  is  reduced  and  the  subsonic  diffuser  efficiency 
is  thereby  increased. 

Tests  on  these  diffuser  models  were  performed  by  throttling  the  exit 
of  the  diffuser  passage  while  the  jet  total  pressure  and  the  pressure  on 
the  free  boundary  of  the  jet  were  held  constant.  Pressure  on  the  free 
boundary  of  the  jet  was  atmospheric,  and  the  jet  total  pressure  for  a 
given  Mach  number  was  therefore  a  function  of  the  barometric  pressure. 
Tests  were  initiated  with  the  diffuser  throttle  valve  in  the  full-open 
position  and  continued  until  the  throttle  was  closed  or  until  the  jet 
became  unstable.  For  each  throttle  pos'tion,  measurements  of  the  dif¬ 
fuser  weight  flow  and  diffuser  exhaust  static  press jre  were  obtained. 

From  these  measurements  the  continuity-average  total  pressure  at  the 
diffuser  exit  was  calculated. 

For  selected  throttle  settings,  pitot  pressure  profiles  were  ob¬ 
tained  upstream  of  the  diffuser  inlet  and  at  both  the  upstream  and  down¬ 
stream  ends  of  the  constant  area  entrance  section.  Velocity  profiles 
were  obtained  from  the  measured  pitot  pressures  and  assumed  static  pres¬ 
sure  profiles  throughout  the  jet  for  constant  total  temperature.  For 
the  stations  upstream  of  the  diffuser  the  static  pressure  was  taken  to 
be  constant  and  equal  to  the  pressure  on  the  free  boundary  of  the  jet. 

For  stations  within  the  diffuser,  the  static  pressure  was  taken  to  be 
constant  across  the  diffuser  and  equal  to  the  wall  static  pressure  at 
that  station. 
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FIGURE  8  SKETCH  OF  MODELS 


Measurements  of  the  pitot  pressure  profiles  inside  the  diffuser 
could  not  be  obtained  at  distances  less  than  approximately  0.060  in. 
from  the  bottom  diffuser  wall  because  of  probe  interference.  Conse¬ 
quently,  the  velocity  profiles  for  this  portion  of  the  stream  were  esti¬ 
mated  by  assuming  profile  similarity  about  the  diffuser  centerline  and 
using  the  velocity  profile  determined  at  the  upper  wall. 


Discussion  of  Experimental  Results 

Considerable  trouble  was  experienced  with  jet  instabilities  caused 
by  jet-edge  oscillations  which  excited  resonant  frequencies  of  the  test 
rig.  These  instabilities  were  eliminated  by  providing  only  partial  side 
plates  in  the  forward  portion  of  the  test  rig  as  shown  in  Fig.  6  with 
the  remaining  area  open  to  atmosphere,  and  also  by  providing  fairings  at 
the  base  of  the  nozzle  blocks.  By  proper  positioning  of  these  fairings, 
also  shown  in  Fig.  6,  the  jet  oscillations  could  be  essentially  eliminat¬ 
ed.  Typical  velocity  profiles  obtained  at  the  diffuser  entrance  with 
and  without  jet-edge  oscillations  are  presented  in  Fig.  9  for  the  same 
diffuser  back  pressure  and  initial  jet  Mach  number.  The  velocity  pro¬ 
file  with  jet-edge  oscillations  was  obtained  with  the  fairings  at  the 
base  of  the  nozzle  blocks  removed.  The  comparison  presented  in  Fig.  9 
shows  the  maximum  velocity  and  hence  the  maximum  total  pressure  is  de¬ 
creased  by  the  presence  of  oscillations  but  that  the  profjle  shape  is 
somewhat  improved.  The  improved  profile  shape  with  jet  oscillation  is 
believed  to  be  a  result  of  increased  mixing  which  is  promoted  by  the 
oscillation  in  the  vicinity  of  the  diffuser  entrance.  All  the  subsequent 
results  presented  were  obtained  with  the  fairings  positioned  to  minimize 
jet-edge  oscillations. 

Velocity  profiles  obtained  upstream  of  the  diffuser  inlet  and  im¬ 
mediately  downstream  of  the  inlet  for  an  initial  jet  Mach  number  0.66 
are  presented  in  Fig.  10  for  the  three  flow  regimes  encountered.  At 
upstream  stations  of  0.9  and  0.4  diffuser  inlet  heights,  the  velocity 
profiles  are  shown  to  be  relatively  unaffected  by  diffuser  back  pressure. 
These  results  suggest  that  diffuser  "over-ingestion"  or  "spillage"  is  a 
relatively  local  effect  for  the  range  of  conditions  shown.  Within  the 
diffuser,  however,  as  would  be  expected,  the  velocities  decrease  as  the 
back  pressure  is  increased.  Corresponding  velocity  profiles  at  the  end 
of  the  constant  area  profile  adjustment  lengths  are  presented  in  Fig.  11. 
For  each  flow  regime  the  velocity  profiles  presented  in  Fig.  11  for  the 
three  profile  adjustment  lengths  were  obtained  at  the  same  value  of  dif¬ 
fuser  inlet  static  pressure  relative  to  the  jet  total  pressure.  It  is 
shown  in  this  figure  that  symmetrical  well -developed  velocity  profiles 
are  not  obtained  for  the  two  shorter  profile  adjustment  lengths  tested 


78 


DISTANCE  FROM  DIFFUSER  CENTERLINE,  y  /  W 


Mq  =  0.66 

•  WITH  JET -EDGE  OSCILLATIONS 
O  WITHOUT  JET-EDGE  OSCILLATIONS 


VELOCITY  RATIO  ,  u/u0 

FIGURE  9  TYPICAL  VELOCITY  PROFILES  AT  DIFFUSER  INLET 
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FIGURE  10  VELOCITY  PROFILES  AT  INLET  OF  DIFFUSER 


although  such  a  profile  is  approached  for  the  model  having  the  longest 
entrance  section  length.  Static  pressure  distributions  along  the  wall 
of  the  profile  adjustment  section  for  the  three  lengths  tested  are  pre¬ 
sented  in  Fig.  12.  The  static  pressure  distributions  for  the  three  pro¬ 
file  adjustment  lengths  are  shown  to  be  comparable  ir  the  region  of 
overlap  for  the  Case  II  and  III  flow  regimes.  For  the  Case  I  flow  re¬ 
gime,  however,  these  static  pressure  distributions  are  slightly  differ¬ 
ent.  For  all  flow  regimes  the  static  pressure  rise  is  only  slightly 
greater  for  the  profile  adjustment  length  of  3-7  diffuser  heights  than 
for  the  length  of  2.2  diffuser  heights,  whereas  the  static  pressure  rise 
for  the  shorter  length  is  considerably  less.  These  results  suggest  that 
the  major  portion  of  the  profile  adjustment  occurs  within  2.0  diffuser 
heights.  This  result  is  also  evident  by  comparing  the  velocity  profiles 
in  Fig.  11. 


COMPARISON  OF  ANALYTICAL  ANT)  EXPERIMENTAL  RESULTS 


Diffuser  pressure  recovery  characteristics  are  presented  ic  Fig.  13 
In  this  figure  the  diffuser  exit  total  pressure,  PT  ,  relative  to  the 
ambient  static  pressure,  PQ  ,  divided  by  the  initial  jet  total  pressure, 
Pjq  ,  also  relative  to  ambient  pressure,  is  plotted  as  a  function  of  the 
weight  flow  captured  by  the  diffuser,  w  ,  divided  by  the  initial  jet 
weight  flow,  w0  .  The  three  flow  regimes  are  designated  in  order  that 
this  figure  might  be  related  to  the  previous  figures.  The  conditions  at 
which  the  velocity  profiles  presented  previously  were  obtained  are  also 
indicated  on  the  figure.  The  results  presented  show  that  extremely 
small  differences  in  diffuser  performance  exist  for  the  various  profile 
adjustment  lengths  investigated,  suggesting  that  the  loss  in  diffuser 
efficiency  attributable  to  poor  inlet  profiles  is  small  for  low-angle 
subsonic  diffusers.  The  design  diffuser  pressure  recovery  and  the 
"blocked-load"  pressure  recovery  obtained  from  Figs.  3  and  respec¬ 
tively,  for  the  inlet  conditions  existing  for  the  test,  are  indicated. 
Good  agreement  is  shown  between  the  analytical  and  experimental  results 
for  the  design  condition.  Tiie"  blocked -load"  pressure  recovery  also  ap¬ 
pears  to  be  in  good  agreement  with  the  extrapolated  experimental  results 

The  theoretical  variation  of  pressure  recovery  with  diffuser  weight 
flow  shown  in  dashed  lines  in  Fig.  13  was  obtained  by  fairing  a  parabola 
through  the  analytical  results  at  design  and  "blocked-load"  utilizing  a 
specified  slope  at  design.  The  slope  at  design  was  obtained  by  assuming 
that  the  ’variation  in  diffuser  pressure  recovery  with  diffuser  weight 
flow,  near  design,  could  be  simulated  by  changes  in  diffuser  capture 
height.  Such  an  approximate  approach  appears  to  yield  reasonable  agree- 
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A  Passage  cross  section  area 
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F  Stream  thrust 

ft 

g  Acceleration  due  to  gravity,  __ 

sec2 

h  Diffuser  entrance  height 

K  Constant  in  expression  for  stream  thrust  ratio,  Eq.  (5) 

L  Length  of  diffuser  section 

Ld  Distance  between  jet  nozzle  and  diffuser  inlet  lip 
measured  parallel  to  jet  centerline 

m  Mass  flow  function  defined  in  Eq.  (26) 

rin  Mass  flow  function  defined  in  Eq.  (27 ) 

M  Mach  number 

h  Unit  vector  normal  to  control  surface  in  Fig.  4 
P  Static  pressure 

1^-  Total  pressure 

q  Dynamic  pressure 

rD  Diffuser  inlet  lip  radius  of  curvature 

R  Gas  constant,  ft-lbf/Slug-°R 

S  Surface  area  of  control  volume  in  Fig.  4 

Tt  Total  temperature 

u  Velocity 
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y  Distance  perpendicular  to  jet  centerline 
y*  Value  of  y  at  which  u/uc  =0.5 

P  External  diffuser  lip  angle 

Y  Ratio  of  Specific  heats 

^  Included  angle  of  diffuser  section 

PD  Subsonic  diffuser  efficiency  defined  in  Eq.  (3M 

p  Density 

$  Stream  thrust  ratio 

Subscripts 

0  Denotes  conditions  in  the  equivalent  uniform  jet 

1  Denotes  conditions  upstream  of  the  diffuser  inlet  lip 

2  Denotes  conditions  at  the  diffuser  inlet  lip 

3  Denotes  conditions  at  the  end  of  the  constant  area  passage 

4  Denotes  conditions  at  the  diffuser  exit 

C  Denotes  power  jet  centerline 

f  Denotes  final  subsonic  diffuser  section 
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s  Denotes  initial  subsonic  diffuser  section 
r  Denotes  entrance  section  of  diffuser 

00  Denotes  conditions  at  infinity 

Superscripts 

Average  conditions 
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APPENDIX 


Development  of  Procedure  for  Computing 
Diffuser  Pressure  Recovery  for  Design  Operation 

Consider  the  diffuser  shown  in  Fig.  2  capturing  a  nonuniform  stream 
having  a  velocity  profile  characteristic  of  that  for  a  free  jet. 

From  a  mass  balance  between  stations  2  and  3;  assuming  that  ^i2~ 
it  follows  that 

PT^  m  (  M  3)  a3  =  PT2  m2  (M2)  A2  (2U) 

and 

P3  P2m2(M2)  A2  (25) 

where 

Y 

m  (M)  =  g  m[  i  +  M  2j 2(7  0  (26) 

and 

f~ y~  r  Y - 1  o  i 1  /2 

m(M)  =  g  -p-  Mp  +  — g-  fvr  I  (27) 

From  a  momentum  balance  between  stations  2  and  3; 

F3  A  3  ( 1  +  ^M32)  :  F2  A2  ( 1  +  FWALL  FRICTION  (28) 
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Let 


_  _  2 

—  -  a  ^  P? m2  _ 

F  wall  friction  r  Q2  cf  A  :  2  ’  Cf  Aw 


(2':0 


where 


Aw  =  wetted  area  of  wall 


(30) 


Substituting  Eqs .  (29)  and  (30)  into  Eq.  (28)  yields 


P  3  A  3  ( 1  +  XM32)  =  P  2  A  2  ^  /M22 


C  f  A  w 


2  A 


2  J 


Dividing  Eq.  (31)  by  Eq .  (27)  yields  upon  substitution  into  Eq 


1  +  y  m 


<&•*  -  K 


I  - 


C  f  A 


w 


2  A; 


m 


n(M2) 


(3D 

(5) 

(32) 


which  can  be  employed  together  with  the  tables  of  Ref.  9  to  obtain  Mj. 
Rearranging  Eq.  (2k),  the  average  total  pressure  ratio  between  stations  2 
and  3  can  be  expressed  as 


m  (  Mz)  A2 

m  (  M3)a3 


(33) 


From  the  definition  of  subsonic  diffuser  efficiency,  namely, 


or  rearranging, 


(3M 


Mb) 
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and 


it  can  be  seen  that  if  M4  is  small,  P4  ~Py 


% 


^ ^ 
,  -  h- 

pT 


(36) 


Therefore,  the  total  pressure  ratio  between  stations  j  and  b  becomes 


Vr 


(37) 


where  p3/Pt  may  be  determined  from 
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THE  FLOW  OF  TURBULENT  INCOMPRESSIBLE 


TWO-DIMENSIONAL 


JETS  OVER  VENTILATED  CAVITIES 


JOHN  R.C.  PEDERSEN  * 

BRITISH  AIRCRAFT  CORPORATION, 
UNITED  KINGDOM 


ABSTRACT 


A  flow  model  is  presented  .vhich  leads  to  a  simple  analysis  for  the  shape 
of  a  curved  two  dimensional  jet  reattaching  to  an  offset  inclined  wall,  when 
the  cavity  beneath  the  jet  is  ventilated.  Experimental  results  which  support 
the  analysis  are  also  presented,  good  agreement  is  shown  for  ventilation  flow 
rates  up  to  some  fifteen  per  cent  of  the  main  jet  flow  .  For  larger  relative 
ventilation  the  momentum  of  the  ventilating  flow  becomes  significant  but  due 
allowance  can  be  made  for  tins. 

The  results  are  significant  in  forming  one  step  towards  ability  to  calculate 
the  performance  of  fluid  logic  devices . 


*  The  Author  acknowledges  with  gratitude  the  help  of  Mr.  Colin  Brown  who 
undertook  all  the  experimental  work  involved. 


1 .  INTRODUCTION 


Before  it  is  possible  to  proceed  with  the  numerical  design  of  turbulent 
re  attachment  elements  it  is  necessary  to  know  the  effect  of  geometry  on  the 
flow  and  pressure  required  to  cause  switching.  This  problem  can  be  divided 
into  two  parts.  The  first  is  to  determine  the  effect  of  wall  geometry  and 
"control  or  secondary  flow  on  the  characteristics  of  the  jet,  and  the  second 
part  is  to  determine  the  jet  characteristics,  in  particular  the  geometry  relative 
to  the  splitter  geometry,  required  for  the  jet  to  have  neutral  position  stability 
(that  is,  to  be  on  the  point  of  switching).  This  paper  describes  some  work  done 
towards  a  solution  to  the  first  part  of  the  problem . 

I  have  made  two  simple  generalizations  to  a  flow  model,  which  is  reported 
by  Sawyer,  (ref.l),  who  ackowledges  its  origin  to  be  a  thesis  by  Dodds  (ref. 2). 
These  modifications  are,  firstly  to  introduce  the  effect  of  ventilation  into  the 
cavity  and  secondly  to  generalise  the  geometry  sufficiently  for  fluid  logic 
element  work . 

By  ventilation,  above,  I  mean  the  addition  or  removal  of  fluid  to  or  from  a 
cavity  without  altering  the  flow  momentum.  By  cavity  I  mean  the  space  bounded 
on  the  one  side  by  the  jet  between  separation  and  re  attachment,  and  on  the 
other  sides  by  the  solid  walls. 

The  model  flow  considers  only  two  dimensional  jets  and  does  not  take  into 
account  any  effect  of  end  plates .  However  a  free  empirical  constant  (the 
spreading  parameter  o  )  is  available  whose  value  is  controlled  in  part  by  the 
effect  of  end  walls  and  aspect  ratio  of  the  flow. 

Our  extension  of  the  model,  and  experimental  tests,  are  only  concerned 
with  incompressible  flow.  However,  Olson  in  a  seiies  of  papers  (ref. 3)  has 
shown  good  agreement  for  a  similar  model  by  making  the  spreading  parameter 
sensitive  to  Mach,  number  of  the  jet.  Olson  has  not,  to  date,  published  enough 
test  data  using  ventilation  to  establish  unequivocally  the  extension  to  compress¬ 
ible  flow  with  ventilation  but  there  seems  little  reason  why  such  an  extension 
should  not  be  valid.  Except  in  the  case  of  power  amplifiers  it  is  probable  that 
supersonic  jets  will  not  be  used  in  re  attachment  devices  because  of  difficulty 
in  manufacturing  accurate  convergent  -  divergent  nozzles  in  appropriate  sizes, 
and  because  a  large  part  of  the  applications  field  covers  power  supplies  at  low 
pressures,  and  therefore,  we  feel  that  an  incompressible  model  has  extensive 
applications . 
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The  model  considered  includes  "ventilation  '  but  specifically  excludes  the 
momentum  of  the  control  flow.  This  is  not  embarrassing  because  in  the  case 
of  the  usual  arrangement  the  control  flow  would  be  appreciably  smaller  than 
the  main  flow,  and  the  Control  Port  larger  than  the  main  jet  slot.  These  factors 
both  reduce  control  flow  momentum  relative  to  main  flow  momentum.  More¬ 
over,  if  necessary  the  control  jet  momentum  can  be  added  to  the  main  jet  to 
produce  a  new  main  jet  Momentum  and  direction,  the  vector  sum  of  the  original 
main  jet  and  the  control  jet  momenta.  The  analysis  presented  can  then  be 
applied  to  this  new  flow. 

Thus,  although  we  are  concerned  here  only  with  the  ventilation  effect, 
the  model  can  accommodate  control  jet  momentum  in  the  cases  where  this  is 
important . 

In  view  of  comments  made  by  Keto  (ref. 4.)  in  which  he  establishes  that  it 
is  possible  for  the  jet  to  be  switched  on  momentum  alone,  we  have  calculated 
the  relative  effectiveness  of  momentum  and  ventilation  for  a  fairly  typical 
case.  We  assumed  a  setback  to  jet  height  ratio  of  10:  where  setback  is  the 
dimension  h  in  fig.  1 .,  the  distance  from  slot  centre  line  to  reattachment  point 
projected  in  a  plane  normal  to  the  initial  jet  direction  in  the  no  control  flow 
state.  Then  for  a  control  flow  of  1/10  main  jet  flow,  (a  flow  gain  of  10),  and 
control  port  width  equal  to  main  slot  width,  the  effect  of  momentum  alone  is 
to  produce  downstream  movement  of  reattachment  of  A1  _  , 

— j—  =  0.011 

momentum 

The  effect  of  the  ventilation  alone  is  to  produce  downstream  shift  of  re¬ 
attachment  of  £1  q 

^ventilation 

This  relative  magnitude  is  not  strongly  dependant  on  wall  angle  so  the 
result  is  fairly  typical.  It  seems  that  Keto’s  comments  are  probably  only 
applicable  to  quite  small  flow  gains. 

Since  Sawyers  I960  paper,  used  as  the  basis  for  our  extension,  Sawyer 
has  published  (ref. 5.)  an  improved  version.  In  this  he  gives  more  detailed 
attention  to  the  effect  of  the  original  boundary  layers  on  the  jet  walls,  as  well 
as  to  the  pressure  distribution  near  reattachment.  He  also  has  changed  the 
analysis  to  be  based  on  entrainment  rather  than  spreading  and  has  introduced 
an  analysis  for  the  effect  of  curvature  on  entrainment  rate. 

Sawyers  new-  analysis  is  more  complicated  and  we  considered  that  the 
original  was  adequate  in  view  of  the  modifications  which  we  had  to  make. 
Similar  modifications  can  be  made  to  the  new  theory  at  a  later  date  if  it  is 
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FIG.  I  NOTATION  USED  IN  ANALYSIS 


found  to  be  necessary  to  extend  die  theory  to  cover  extreme  cases  for  uhich 
an  arbitrary  choice  of  c,  such  as  we  have  made,  would  be  unrealistic. 

Some  results  have  been  calculated  from  the  theory  and  compared  with 
experimental  data  obtained  on  a  water  table  rig.  The  agreement  is  excellent 
within  the  range  of  parameters  likely  to  be  of  interest  in  the  design  of  fluid 
logic  devices. 

2.  THE  MODEL  FLOW 


To  reproduce  all  Sawyers  arguments  verbatim  would  be  tedious  and  is 
unnecessary  since  his  paper  is  easily  accessible.  I  therefore  will  briefly 
outline  the  analysis,  explaining  the  necessary  modifications  and  presenting 
the  complete  equations.  This  note  is  self  contained  in  that  the  line  of  argument 
is  started  at  the  beginning  and  is  continuous,  although  not  detailed. 


I 

2. 1  We  retain  Sawyers  nomenclature  and  analysis  introducing  two  new  param¬ 
eters.  These  are  (3,  the  angle  between  the  wall  at  reattachment,  and  the 
initial  jet  direction,  see  fig.  1 .  and  B  the  relative  ventilation  flow  . 


2  m  ventilation 
m  main  jet 


The  factor  of  2  arises  naturally  in  the  analysis. 


Sawyers  analysis  can  be  outlined  as  follows 


The  jet  velocity  profile  is: 


u 

Umax 


sech  T] 


where  r  =  q  u 

—  and  X  -  Y  are  co-ordinates  along  and  perpendicular  to 

X 

the  curved  jet.  X  =  0  is  an  effective  origin,  not  the  slot  position. 

a  is  larger  than  the  plan  jet  value  of  7.67  for  various  reasons 
1 .  The  effect  of  jet  curvature  increases  o  on  the  cavity  side. 


The  effect  of  end  plates  causing  extra  dissipation  of  turbulence,  and 
increasing  o  (ref.  6). 

The  effect  of  a  standing  vortex  in  the  cavity  increases  o  by  causing  a 
steamwise  flow  just  outside  the  jet  on  the  cavity  side. 


4.  Compressibility  (where  appropriate). 
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We  consider  j  to  be  a  free  empirical  constant  and  in  the  case  uf  our  cal¬ 
culations  we  have  taken  o  =  18.25.  This  somewhat  arbitrary  choice  is  made 
to  simplify  later  arithmetic.  Sawyer  finds  14  <o<20  for  his  unventilated 
experiments . 


Returning  to  the  main  argument 


The  jet  momentum  per  unit  span  is  given  by 


J 


=  i  pu2 


3  '  max  a' 

Volume  flow  per  unit  span  by 


Q  =  2U  max  — 

a 


hence 


Q  -  and  U 

v  o  r.  ma 


fm  a) 

o  p  ""  max  V  4  pX 
The  jet  arc  radius  is  R  so  that  the  pressure  difference  across  the  jet  is 


Ap  = 


_  J 


R 


(2) 


Xj  is  the  station  at  reattachment  and  is  assumed  to  be  the  point  at  which 
U 

U  max 

reattachment  effects. 


the  locus  of  ■—  -  0.1  would  strike  the  wall  in  the  absence  of  local 


If  6  is  the  jet  thickness  at  reattachment 


2X 


l  Unh 

a 


-I 


J(K9 


..825 


=  K  say 


(3) 


1 


18.25  makes  K  -  —  . 

I  u 


X,  -  X  =  R  0 
1  o 


hence  putting  a 
Geometrically 
Where  Xq  is  slot  position 

h  =  R ( 1  ~  Cos  8)  +  \  Cos  0 


(4) 


(3) 


9b 


for  simplicity  put  1 


R  sin  0 


(6) 


At  this  point  we  modify  Sawyers  argument  and  introduce  the  ventilation 
flow  mv. 

The  mass  flow  between  the  jet  centre  line  and  the  reattaching  streamline 
at  reattachment  is  equal  to 


2  /jtp  +  mv 


Sawyers  expression  for  the  reattaching  streamline  then  becomes 


+  "\  -  Tj  Ji 

where  T  =  tanh  r]  corresponds  to  the  value  of  n  on  the  reattaching 
1  K.l 

streamline  at  reattachment. 


:m 


JX 


T,  ft 


hence  jvJtp/1  +  2  v 

-  jwr1  ‘  '  0 

But  Jjt  p  is  the  mass  flow  leaving  the  slot  =  m 
2m 


2  J 

(1  +  B)  3X 


Putting 


m 


B  we  obtain 


J 


V 


at 


(7) 


3X 


'This  replaces  Sawyers  equation  7,  ~  9  =  — -  ,  and  is  simply  a  more 

I  ^  at  ,  „ 


But  also  X 


at 


o 


Xo  /  Tj  \2 

hence,  generally,  —  =^-+  B 

Combiiung  all  these  equations 

h  =  a  (  1  +  B  \2  1  / 1  -/  Tl  N  2 


general  form . 

(8) 

(9) 


Ti  6 


1  +  B  / 


1  -  cos  0  +  K0  cos  0 


1  -/  T 


1 


1  +  B 


\_  = 
h 


sin  0 


1  -  cos  0  +  K0  cos  0 


2  (10) 


(11) 


T 

1  -  1 


1  +  B 
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K8  cos  6 


(12) 


hAp  =  1  -  cos  0  + 

~  '"(rr 

It  is  now  simply  necessary  to  relate  to  0  to  complete  the  solution. 

Sawyer  concludes,  after  some  discussion  of  an  alternative  form,  that  the 
most  accurate  description  of  the  reattachment  momentum  division,  neglecting 
pressure  effects,  would  be 

cos  0=3  T  -  1  3  (Sawyers  equ.  14) 

2  1  2  T1 

But  this  is  for  the  case  where  the  wall  is  parallel  to  the  original  jet  direction. 
We  introduce  an  additional  inclination  so  that 


cos  (e-p)  =  J  T1  -  ~  r 

is  the  appropriate  general  form . 


(13) 


We  then  solve  equs .  10,  11  and  13  by  selecting  a  range  of  values  of  T^, 

solving  for  0,  substituting  these  and  0  into  equas  10  and  11  and  plotting  (13) 
the  results . 


3.  THE  EXPERIMENTS 

Our  rig  is  a  free  surface  water  table  fed  from  a  constant  head  supply.  The 
water  depth  is  slightly  more  than  1  inch.  For  these  tests  we  used  a  \  inch  wide 
slot  run  at  a  velocity  of  0.86  ft/sec .  as  measured  by  Rotameter  and  watej 
depth  at  the  slot.  The  slot  Reynolds  number  was  approximately  1.5  x  10  . 

This  is  considerably  higher  than  the  larger  Critical  Reynolds  number  found 
by  Glaettli  etal  ref .  6  for  the  aspect  ratio  which  was  4.8. 

A  few  check  tests  over  a  range  of  flow  rates  showed  that  the  results  were 
practically  independent  of  Reynolds  number. 

The  ventilation  flow  was  passed  into  the  cavity  across  the  largest  width 
available  for  each  test,  and  through  a  gauze  screen.  See  fig. 2. 

This  was  done  to  remove  as  much  mementum  from  the  ventilation  flow 
as  possible.  Because  of  the  rig  construction  this  process  was  successful  at 
larger  ^  and  smaller  3  . 
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FIG.  2  SKETCH  OF  TABLE  RIG  LAYOUT 


The  instrumentation  used  consisted  simply  of  Rotameter  flowmeters  for 
the  main  and  ventilation  flows.  Reattachment  location  was  indicated  by  means 
of  a  hypodermic  probe  carrying  dye.  When  positioned  very  close  to  the 
reattachment  wall,  direction  of  dye  drift  was  a  sensitive  indicator  of  the 
stagnation  point  position.  The  probe  was  mounted  on  a  traversing  carriage 
and  an  illuminated  graticule  was  available  immediately  below  the  tank  plate 
glass  floor.  The  Engineer  operating  the  rig  considered  that  he  could  locate 
reattachment,  and  position  the  walls  to  within  less  than  1/10  ins.  This  is 
about  3%  of  the  shortest  distances  involved.  The  limitation  is  largely  the 
effect  of  the  water  meniscus. 

Rig  components  were  simple  metal  blocks  with  well  finished  bases.  These 
sealed  to  the  glass  floor  under  their  own  weight.  Vertical  joints  were  sealed 
with  modelling  clay. 

Since  the  rig  geometry'  was  changed  some  fifteen  times  during  the 
investigation  it  is  possible  that  some  data  points  have  leakage.  One  point  in 
particular  B  =  0,tan  (3  =  ^/10,  h  -  26.  i  fig. 3  has  measured  1  large  compared 

t  h 

with  its  neighbour  points  and  with  theory.  This  discrepancy  can  be  "explained" 
by  assuming  a  leak  of  magnitude  B  -  0.1 .  Unfortunately,  because  of  work  load 
on  the  rig.,  it  has  been  impossible  to  repeat  any  runs. 

Tests  were  done  with  B  up  to  1.3  but  these  are  only  compared  with 
calculated  values  up  to  B  =  0.65  since  for  larger  B  an  increasing  difference  was 
found  between  experiment  and  theory.  A  large  part  of  this  is  undoubtedly  due 
to  momentum  effects  but  since  we  were  not  equipped  to  measure  velocities  no 
attempt  has  been  made  to  calculate  the  momentum  effect.  In  any  case,  real 
devices  would  have  different  geometry  (and  momentum  effects)  and  a  range  of 
B  only  up  to  about  0.2  (flow  gain  of  10). 

4.  COMPARISON  OF  THEORY  WITH  EXPERIMENT 

Experimental  results  are  plotted  for  B  <  0.65  in  figs. 3,  4,  and  5  for 
comparison  with  the  theory.  Fig. 3  shows  a  collection  of  results  from  other 
workers  for  B  =  3=0. 

The  convention  has  been  adopted  that  our  experimental  points  are  linked 
to  corresponding  points  on  the  theoretical  curves  since  otherwise  the  number 
of  figures  would  become  prohibitive . 

It  ic  seen  that  the  agreement  is  generally  good,  but  deteriorates  at  small 
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FIG. 3.  RESULTS  FOR 


2  65 


—  and  large  B.  However  we  believe  that  the  useful  range  is  adequate  to  cover 
most  fluid  logic  applications. 


5.  CONCLUSIONS 

A  simple  theoretical  model  has  been  shown  to  give  good  agreement  with 
experimental  results  over  a  wide  range  of  parameters. 

Extensions  of  the  theoretical  model  for  larger  control  flow  rates  is  easy, 
by  introducing  the  effect  of  an  initial  momentum  deflection  of  the  jet. 

Extension  for  greater  accuracy  at  more  extreme  geometrical  configurations 
has  already  been  provided  for  the  unventilated  case  and  this  work  can  be 
adapted  for  ventilated  cavities  using  modifications  precisely  analogous  to  these 
here  applied  to  the  more  simple  model. 
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POSTCRIPT 


Transient  Behaviour 


Lf  it  is  true  that  the  shape  of  the  jet  is  governed  by  ventilation  processes, 
change  of  ventilation  rate  will  cause  movement  of  the  jet  at  lateral  velocities 
comparable  with  the  entrainment  velocities.  These  can  be  determined  as 
follows : 


The  volume  flow  in  a  half  jet  =  —  =  — 

per  unit  span 

d  (Q/2)  _  l  fjT 
d  X  4  VapX 

but  this  is  equal  to  the  inflow  velocity  at  X  Vx 


P.  1 . 


P.2. 


/J 


u 


J 


where  Uj  is  the  slot  velocity 


then  Vx 

U] 


IJ 

n/  16 


aX 


now  if  t  is,  typically  about  1  for  X  ~  2,  h  ~  10. 
X  20  h  F 


we  have 


Vx  ~ 


U 


J 


J 

16 


__1  J_ 

18  *  20 


44 


P.3. 


P.4. 


Then  the  switching  time,  for  complete  instantaneous  shift  of  control  flow 
from  one  side  to  the  other  is  Y 

Vx 


where  Y  is  the  distance  the  jet  must  move  laterally,  this  is  typically  ^  h 
since  the  jet  width  is  approximately  h  at  the  splitter, 


Time  =  _h  44h  22X 

Vx  UJ  Uj 

It  seems  to  us  that  this  derivation  of  switching  times  is  fundamentally 
acceptable  being  based  on  only  one  independently  available  empirical  constant 
a,  and  realistic  mechanisms.  The  alternative  of  an  "  empirical  ’  Strouhal 
number  using  the  X  dimension,  rather  that  the  width, seems  less  direct. 


NOTATION 


D  ventilation  relative  mass  flow,  equ.7 

h  length  of  perpendicular  from  reattachment  point  to  slot  axis  plane 

J  Jet  momentum/unit  span 

K  a  constant:  equ  3 . 

1  distance  projected  onto  slot  axis  plane  irom  slot  to  reattachment 

nij  slot  mass  flow 

m  ventilation  mass  flow 

v 

P  static  pressure 

<^p  pressure  difference  across  the  jet 
Q  volume  flow  in  jet/unit  span 

R  Radius  of  curvature  of  jet 

t  slot  thickness 

T  Tanh  r\ 

K 

T^  value  of  T  at  X  ^ 

Umax  max  jet  velocity  of  X 

slot  exit  velocity 
V  jet  inflow  velocity 

X,  Y  co-ordinates  fixed  in  curved  jet 

Xj  X  at  reattachment 

0  angle  between  wall  and  slot  axis  plane  at  reattachment 

jet  thickness  at  X  ^ 

P  density  of  fluid  -  assumed  uniform 

o  jet  spreading  parameter 

G  angle  between  jet  centre  line  and  slot  axis  plane  at  reattachment 

r)  Y/X  non  dimensional  jet  profile  co-ordinate 

value  of  p  on  reattaching  streamline. 
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FLOW  STABILITY  FOR  TWO  DIMENSIONAL  CUSP  DEVICES.* 


K.P.H.  FREY*"*  AND  N.C.  VASl'KI*** 


In  a  previous  paper  the  authors  had  used  sequence  photography  ..o 
present  the  flow  starting  from  rest  to  steady  state  of  flow  for  various 
kinds  of  sudden  enlargements  (1).****  A  cusp  diffuser  was  included  in 
these  studies  to  clarify  the  behavior  of  cusp  diffuser  models  from  that 
of  other  sudden  enlargements  as  predicted  by  the  potential  vortex 
motion  theory  (2),  (3).  The  tests  were  conducted  in  a  new  facility, 

the  versatile  flume,  (4)  ,  in  order  to  get  the  first  comparable  results 
under  conditions  where  unnecessary  interactions  at  decisive  locations 
of  cusp  diffusers  could  be  avoided.  The  primary  interest  in  these 
studies  was  to  gain  more  information  on  transitions  of  varying  stabil¬ 
ity  of  flows . 

According  to  literature,  the  unique  cusp  diffuser  theory  was  not 
yet  ready  for  commercial  use  (5).  The  cusp  boundaries  were  calculated 
to  retain  a  permanent  vortex  such  that  the  relative  velocity  between 
the  vortex  and  the  main  jet  stream  is  zero.  The  previously  offered 
experimental  verification  (2),  (3)  admitted  to  interactions  at  decisive 
locations.  They  belonged  to  the  flow  system  of  concern. 

Our  recent  tests  (1)  failed  to  yield  predicted  results.  In  re¬ 
sponse,  a  refined  theory  was  introduced  incorporating  stability  crite¬ 
ria.  The  new  boundaries  derived  (6)  are  no  longer  diffusers.  Again, 
new  tests  were  conducted  to  verify  the  reviewed  theory  and  analyze  the 
physical  facts  for  basic  judgment. 

The  two  devices  tested  are  shown  in  Figures  1-6  and  7-10.  The 
boundaries  of  the  new  devices  have  a  common  asymptote  upstream  of  the 
cusp  zone.  Previously,  the  downstream  boundary  would  have  been  tangen¬ 
tial  at  0,  Figures  1  and  7.  The  physical  concept  underlying  the 
revised  theory  is  that  an  appropriate  choice  of  the  stagnation  point 
will  trap  the  initially  produced  vortex  permanently;  however,  this  con¬ 
cept  requires  verification.  The  flow  reattachment  is  at  the  stagnation 
point,  6 . 

The  figures  present  top  views.  All  boundaries  are  rectangular  to 
the  test  section  bottom.  The  opposite  boundary  (not  shown)  is  17 
inches  away  from  the  cusp  edge  and  is  parallel  to  the  asymptote  of  the 


*The  project  was  sponsored  by  the  Department  of  Civil  Engineering. 

**Professor,  Engineering  Mechanics,  Department  of  Civil  Engineering, 
Fluid  Mechanics  Laboratory,  University  of  Delaware. 

***Sanitary  Engineer,  Water  Pollution  Commission,  Dover,  Delaware. 

****NumberS  in  parenthesis  refer  to  similar  numbers  in  the  bibliogra- 
phy . 

NOTE;  Figures  appear  on  pages  1 16-1 10. 
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upstream  and  downstream  boundaries  of  the  cusp  devices.  In  Figures  1-6 
the  cusp  zone  is  approximately  6  inches  in  diameter.  In  Figures  4-7 
the  cusp  depth  (parallel  to  the  water  surface,  indicated  by  a  dotted 
line  at  0  in  Figure  7)  is  6  inches.  The  water  is  16.5  inches  deep. 

The  main  stream  steady  state  velocity  is  2.25  in. /sec.  in  Figures  1-5 
and  7-8.  It  is  5.56  in.  /see.  in  Figures  6  and  10. 


The  clock  is  photographed  with  the  visualized  flow  for 
coordination  of  the  individual  flow  occurrences.  The  clock 
counterclockwise.  A  battery  driven  sequence  camera  is  used 
pictures  approximately  every  two  seconds. 


better 
hands  tarn 
t  ( >  take 


Lycopodium  powder  is  sifted  on  the  water  surface.  The  individual 
particles  are  20  to  32  microns  in  diameter.  They  are  water  repelling 
and  light  yellow  in  color.  Subsurface  tests  are  not  recorded  because 
they  did  not  disclose  additional  significant  findings 


Discussion  of  the  Photographs 

Figures  1-5  show  5  phases  of  the  flow  development  starting  from 
rest  in  one  model  type  at  the  low  velocity  rangi  The  time  elapsed  is 
6  minutes  and  10  seconds  during  observations.  In  Figure  1  where  the 
exposure  time  is  approximately  3  seconds,  the  center  of  the  initially 
produced  starting  vortex  travels  along  1-1.  During  this  period  of 
growth  of  the  vortex,  the  stagnation  point,  6,  where  flow  divides  into 
two  opposite  directions  (arrows),  moves  considerably  at  the  beginning 
only.  It  then  remains  stationary  in  all  figures.  Small  fluctuations 
of  the  stagnat  on  point,  6,  are  immaterial.  The  center  of  the  vortex, 
1,  in  Figures  1-4,  moves  eccentrically  in  the  cusp  zone  for  approxi¬ 
mately  4  minutes.  In  Figure  4,  the  cusp  vortex  shows  a  wide  and  broad 
zone  of  greatly  reduced  velocity  from  7  to  8.  On  the  opposite  side 
near  the  stagnation  poinL,  6,  there  is  a  stretched  section  at  the  end 
of  which  a  nucleus  of  a  vortex  is  forming,  3.  This  tendency  was  previ¬ 
ously  encountered,  Figures  2,  3.  Produced  in  conjunction  with  the  main 
flow  and  the  eccentric  motion  of  the  vortex,  1,  the  phenomenon  vanished 
for  the  same  reason,  Figure  3a. 

Figures  4  and  5  demonstrate  that  the  vortex  arrangement  1-3 
switches  to  that  of  2-3  within  approximately  2  minutes.  The  transition 
from  1  to  2  comprises  a  change  of  the  velocity  distribution  from  poten¬ 
tial  vortex  type  to  that  of  enforced  vortex.  At  the  same  time  the 
rotary  motion  of  3  is  greatly  increased.  The  connecting  line  2-3  marks 
a  zone  where  tangential  velocities  prevail  rather  than  the  rotary 
motion  of  the  starting  vortex,  1,  along  the  connecting  line  1-3,  Figure 
3.  The  fluid  boundary,  9,  is  of  special  interest.  There  is  a  substan¬ 
tial  velocity  gradiant  normal  to  the  fluid  boundary.  The  boundary 
layer  generated  in  the  preceding  nozzle  section  and  swept  downstream  of 
the  cusp  edge  is  now  sandwiched  between  the  main  flow  and  the  vortex 


flow.  Viscosity  effects  are  gradually  felt  at  this  boundary  also. 

Figure  6,  at  higher  velocities,  shows  that  the  phenomena  along  2-3, 
Figuie  3,  develop  into  a  fluid  boundary  4-5  consisting  of  a  row  of  small 
vortices  having  vertical  axes.  Their  effect  on  the  flow  is  equivalent 
to  that  of  the  configuration  2-3. 

The  flow  characteristics  of  Figures  7-9  are  equivalent  to  Miose 
shown  in  Figures  1-5.  Also  characteristics  of  Figure  10  resemble 
basically  those  of  Figure  6.  A  special  comment  may  be  made  on  Figure 
9.  The  figure  shows  that  the  transition  from  the  initial  starting  vor¬ 
tex  to  the  enforced  vortex  motion  can  be  quite  violent.  The  large  dis¬ 
turbance,  10,  shows  that  a  starting  vortex  escaped  and  collapsed  under 
the  impact  of  the  main  flow.  In  Figure  9,  the  black  zone  indicates 
three  dimensional  flow.  This  violent  action  has  affected  the  fluid 
boundary,  9,  between  main  stream  and  vortex  flow  also.  The  layer  of 
discontinuity  becomes  wavy  easily.  In  approximately  one  minute  the 
eddied  jet  boundary  and  the  steady  state  of  flow  are  established,  Fig¬ 
ure  10.  The  line,  4-5,  which  separates  tw  regions  of  opposite  flow 
directions  exists  again  as  shown. 

The  cusp  devie  shown  in  Figures  7-10  was  put  into  the  test  section 
of  the  wind  tunnel  also  and  tested  in  velocities  up  to  approximately 
130  ft. /sec.  The  agreement  with  the  flow  shown  in  Figure  i0  was  excel¬ 
lent.  The  stagnation  point,  6,  was  at  the  same  location,  the  sharp 
separation  line  of  the  flow  direction  along  4,  5  as  well  as  the  eddied 
fluid  boundary,  9,  were  located  again. 

The  applicability  of  the  potential  vortex  motion  theory  still  did 
not  overcome  inherent  difficulties,  even  though  great  changes  in  bound¬ 
aries  were  made,  and  the  stagnation  point,  6,  soon  became  si  able.  There 
were  speculations  that  the  theory  was  not  successful  because  the  axis 
of  the  initial  vortex  had  a  finite  length  (test  bottom,  free  surface  - 
air).  Open  end  cusp  devices  were  used  to  overcome  this  objection.  For 
these  tests,  the  axis  of  the  cusp  zone  was  turned  90  degree  (horizontal) 
and  normal  to  the  main  flow  and  the  cusp  lengtli  normal  to  flow  was 
increased  by  1007o.  Large  end  plates,  30  inches  long,  were  placed  on 
each  end  of  the  cusp  zone.  They  were  gradually  displaced  in  parallel. 
Finally  they  were  removed.  The  distance  from  model  edge  to  flume 
boundary  at  each  side  was,  then,  15  inches  on  each  side.  The  open  end 
cusp  resulted  in  a  complex  flow.  The  analysis  was  possible  by  starting 
the  flow  from  rest.  The  open  ends  generate  a  special  starting  vortex 
each,  which  penetrate  deep  into  the  cusp  zone  from  either  side.  A  p< 
manent  disturbance  remains.  Turning  the  model  around  a  vertical  axis 
to  apply  rwcptback  positions  for  the  cusp  edge  creates  a  special  flow 
configuration.  This  is  beyond  the  scope  of  interest  here. 
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Cone lusions 


The  potential  vortex  motion  theory  applied  to  models  of  two  dimen¬ 
sions  can  be  verified  during  an  initial  period  only,  too  short  in  time 
to  be  disclosed  in  air  flow  tests  of  appreciable  velocities.  What  is 
missing  in  theory  is  the  transition  to  that  other  vortex  system  which  is 
known  from  the  concepts  of  layers  of  discontinuity.  The  latter  concept 
is  that  which  describes  the  phenomena  relatively  best  for  steady  state  of 
flow.  This  concept  admits  that  the  solid  boundary  upstream  of  the  inlet 
releases  a  boundary  layer  which  is  entrained  in  the  starting  vortex. 

The  instability  of  such  surfaces  or  layers  of  discontinuity  is  known. 

Eddy  formation  and  reverse  flow  are  produced. 

The  potential  vortex  motion  theory  and  the  concept  of  layers  of 
discontinuity  actually  are  not  contradictory.  They  are  merely  valid 
for  different  phases  of  the  whole  problem,  The  transition  phase  shown 
is  missing  in  the  two  concepts. 

The  stationary  stagnation  point  is  encountered  in  various  phases  of 
the  cusp  flow  and,  therefore,  that  position  is  not  conclusive  regarding 
the  specific  status  of  flow  within  the  cusp.  Because  of  the  signifi¬ 
cance  of  transition  phases  of  flow,  it  is  hoped  that  further  experimen¬ 
tal  and  theoretical  studies  will  be  pursued. 
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Figs. 1-3, 3a  Groove  Like  Cusp  Design  Showing  the  Initial 

Period  of  a  Starting  Vortex,  Eccentric  Motion. 


1 16 


Figs. 4- 5.  Continuation  Showing  Transition  From  One 
Vortex  System  to  Another  One. 


6.  Continuation  of  Observation;  Increased  Velocity;  A 
Row  of  Small  Vortices  is  Formed  Allowing  Tangential 
Velocities  Only.  The  Row  is  Oblique  Resembling 
Guiding  Raffle. 
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Fig. 7 -9.  More  Opened  Cusp  Device;  Formation  and  Decay  of 
Starting  Vortex. 


fig. 10  Continuation  at  Increased  Velocity;  Steady  State 
of  Flow  Resembles  Concept  of  Flow  Through 
f  n 1  arguments . 


Ii*'W  'omprenensi v<_  Studies  on  Sudden  Enlargements  * 
K.T.ii.  Fr*  "f ' ,  II.  C.  Vacuki3,  ana  P.  Tran/.4 


Introduction 

Recent  stuuies  on  sudden  enlargements  (i)-’  nave  confirmee  :y 
classifying  types  of  flow  tiiat  large  ratius  of  length  over  wid*  are 
significant  in  flow  redistribution  and  performance.  The  study  ^f  ;tart- 
ing  vortices  clarified  physical  aspects(.  ).  The  applicability  of  the 
potential  vortex  motion  theory  to  flow  control  by  cusp  diffusers  was 
reconsidered  (j)-(6).  Finally,  it  was  experimentally  shown  that  the 
various  concepts  used  for  sudden  enlargements  are  not  contradictory. 
They  merely  present  different  r  hases  of  the  flow  with  a  transition  be¬ 
tween  the  two  phases.  This  was  clearly  demonstrated  i_n  the  study  of 
some  special  cusp  devices  (  ). 

The  significance  of  transition  flow  phenomena  from  one  kind  of 
stabilj ty  to  another  one,  suggested  more  studies  of  the  previous  and 
related  kind.  In  addition,  the  inter  -st  in  making  use  of  the  theory 
of  potential  vortex  motion,  and  of  comparing  results  with  those  of  the 
impulse  momentum  theorem,  (6),  led  to  this  paper  on  "Hew  Comprehensive 
Studies  on  Sudden  Enlargements"  . 

Models 

-  p. 

Foul’  models  were  chosen,  Figs.  1-3.  Figure  1  shows  a  plexiglass 
cusp  diffuser  model  of  circular  cross  section.  Two  tubes  were  added 
at  the  downstream  side  to  have  a  ratio  of  length  over  inlet  width  of 
20.  The  ratio  of  expansion  is  1 .  .  The  model  is  interchangeable  from 
the  test  section  of  the  versatile  flume  to  that  of  the  newly  redesigned 
wind  tunnel  (9).  This  is  an  open  loop  type  low-turbulence  wind  tunnel, 
nozzle  contraction  ratio  nominal  10.8,  test  section  1.3  ft.  wide,  1.3 
ft.  high,  12  ft.  long,  maximum  velocity  13 0  to  140  ft. /sec.  The  contour 
of  the  cusp  boundary  shown  in  Fig.  1,  was  also  used  as  a  templet  for  a 
two-dimensional  model,  expansion  ratio  1:1.9,  for  studies  in  water, 
Figs.  4-8,  and  in  air,  Figs.  11-14.  The  airflow  studies  were  made  in 
the  old  closed  loop  type  high  turbulence  wind  tunnel.  The  test  cross 
section  was  the  same,  however,  the  length  was  only  4  ft.  long  instead 
of  12  ft.  long  now. 

In  the  case  of  the  two-dimensional  model,  cylinders  were  also 


1 )  Laboratory  project  of  the  Civil  Engineering  Department;  sponsored  by 
the  University  of  Delaware  Research  Foundation;  also  part  of  Contract 
of  the  U.S.  Army's  Harry  Diamond  Laboratory,  Fluid  System  Branch. 

)  Professor  of  Engineering  Mechanics,  Civil  Engineering  Department, 

University  of  Delaware. 

3 )  Sanitary  Engineer,  Water  Pollution  Commission,  Dover,  Delaware. 

4)  Senior  student,  Mechanical  Engineering  Department,  University  of 
Delaware . 

)  Numbers  in  parenthesis  refer  to  similar  numbers  listed  in  the 
Bibliography. 

° )  Figures  1  through  20  appear  on  pages  120-137. 
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placed  Into  the  cusp  zones,  Figs .  L.  and  iz .  In  the  case  of  the  three- 
dimensional  model,  an  annular  plate  could  be  inserted  into  the  cusj 
zone  as  shown  by  the  dotted  lines  with  a  star  in  Fig.  1. 

Figure  {.res-  :.ts  a  nozzle,  inlet  1'  by  i  inches,  exit  1’  .ip  by 
1  j.l  inches,  contraction  ratio  \:I>.  The  nozzle  was  placed  into  the 
new  wind  tunnel's  test  section.  Using  the  wind  tunnel  boundaries  as 
model  boundaries  of  the  extended  part,  the  expansion  ratio  is  1:3.  The 
maximum  value  of  length  over  inlet  width  was  chosen. 

Figure  3  presents  half  of  the  model  of  a  symmetrical  nozzle  in 
two  dimensions.  The  jet  streams  from  wall  to  wall  through  a  cross  section 
of  l8  by  6  inches  into  a  sudden  enlargement  of  the  ratio  of  1:3,  measured 
in  the  new  wind  tunnel.  Again,  the  maximum  value  of  length  over  inlet 
width  was  chosen. 

Test  Concepts 

It  was  of  interest  to  verify  whether  the  various  concepts  apply 
to  different  phases  of  flow  development  in  two  or  three-dimensional 
cusp  diffusers  and  other  abrupt  enlargements.  This  Includes  a  check 
on  the  effect  of  flow  and  performance  with  'ind  without  cusp  zones 
(cylinder,  or  plate  placed  into  the  cusp  zone).  There  should  be  no 
appreciable  effect  for  steady  state  of  flow  in  the  present  line  of 
physical  understanding,  while  the  flow  control  theory  based  on  the 
potential  vortex  theory  expects  a  decisive  difference  in  results. 

Consequently,  the  steady  state  of  flow  of  the  two-dimensional 
version  of  Fig.l  model  and  the  results  of  the  two-dimensional  model  of 
Fig. 3  should  basically  agree  with  each  other.  Primarily,  this  refers  to 
the  occurrence  of  the  Coanda  effect.  In  these  tests,  water  to  air 
velocity  ratios  ranged  from  1:30  to  1:300.  Without  high  speed  photo¬ 
graphy  for  air  it  is  impossible  to  compare  starting  conditions  in  air 
and  water  (ll) . 

On  the  other  band,  the  tests  of  the  three-dimensional  version  of 
Fig.l"  and  those  of  Fig. 2  should  basically  agree  with  each  other.  Pri¬ 
marily,  this  refers  to  the  absence  of  the  Coanda  effect  and  to  the  as¬ 
sumption  that  the  potential  vortex  motion  theory  cannot  be  satisfied  in 
viscous  fluid  flow.  The  jet  should  expand  having  a  straight  center  line. 

The  three  dimensional  models  are  supposed  to  produce  starting 
vortices  around  the  whole  jet  boundary.  After  decaying  they  generate  a 
jet  fully  surrounded  by  detached  flow.  In  this  zone,  any  potential  change 
of  static  pressure  must  quickly  equalize.  This  should  control  the  direc- 
t ' ons  of  the  jets  of  the  three-dimensional  models,  Figs.  1  and  2,  to 
stream  straight  while  expanding. 

There  should  be  still  an  appreciable  difference  in  the  results 

6  \ 

)  The  model  was  made  of  Plexiglass  by  Mr. Richard  Bullock,  a  graduate 
student  of  the  Mechanical  Engineering  Department;  the  drawing  was 
made  by  Siavash  Zand-Yazdani,  a  graduate  student  of  the  Civil  Engi¬ 
neering  Department,  who  also  participated  in  the  preliminary  studies 
in  the  newly  reconstructed  wind  tunnel  including  tuft  observations, 
Pitot  tube  and  hot  wire  measurements . 


L  -cause  ol‘  tne  varied  inlet  contours .  I  :.e  Irc^lur  cross  S'C.  ion 

creates  an  infinitely  ion,-'  (closed)  vortex  1  in*  .  ’.’.is  is  i  r<l.'i'  iv>  .y 

stall  vort' •••  for "n t ion .  The  square  mom  1  must  also  ’rent  •  an  infi¬ 
nitely  ]  on*'  vortex  formation,  noweu  r,  nuvinp  •  simian:  tranches  -u.  :  • 
corners,  llenc  ,  this  infinite  vort «  >.  fine  ns  n<  r>  ,r,u’r  i  ns  a  •  n- 

f iteration  of  .  pairs  of  vortices  of  finit  <  It  u'ti.s .  ham  pair  von- 

sists  of  parallel,  count err stating  vortices.  The  lour  v  rti  vs  inter¬ 
sect  each  other  at  j  decrees  and  mutually  int<  ract .  The  interaction 
is  particularly  strong  at  eaci:  intersection.  This  conf  Lgur  it  i  on 
appears  to  be  less  stable,  supporting  a  quick  redistribution  of  flow. 

The  vortices  of  two-dimensional  models  are-  of  finite  lengths.  In 
the  range  of  the  occurrence  ol  the'  von  Karman  vorte  x  trail,  mutual 
interactions  produce  stable  zig-zag  positions  of  the  vortices.  Kxper- 
iiaentation  verified  that  the  ra:  -e  of  stable  zip-zap  arrangements  is 
substantially  broade  r  than  theoretically  predicted  (  1  .) .  The  transition 
to  instability  is  inherent  due  to  viscosity.  Iloweve.  the  raecnanics  ray 
differ(b).  On  the  other  hand,  tl.e  wall  to  wall  jet  of  two-dimensional 
sudden  enlargements  cuts  off  the  self-controlled  equalization  of  static 
pressures  of  tierce -dimensional  models.  The  straight  jet  direction 
becomes  unstable.  The  jet  approaches  the  other  stable  flow  development, 
the  diverted  jet,  reattachinp  on  one  side  first,  later  on  the  opposite 
side . 


Test  Methods 

Flow  visualization  in  water  flow  of  to  L_  incnes/sec.  is  used 
in  two  'and  tliree  dimensions.  Only  surface  patterns  are  recorded,  Tips. 
4-8.  In  air  flow,  tuft  observations  were  made  up  to  the  maximum  veloc¬ 
ity,  Fips.  11-14  and  lf-JO. 

Static  head  and  also  dynamic  head  measurements  were  done  with 
Pitot  static  tubes  of  various  sizes  in  the  wind  tunnel  at  various 
locations  of  interest,  Fips.  11-14  and  lf-16 . 

In  addition,  the  degree  of  turbulence  was  evaluated,  (Fips.  lj’-l  ) 
using  hot  wire  techniques  ;  .  In  parallel  to  these  measurements,  an 
oscilloscope8  was  connected  with  the  electronic  constant  tesroerature 
anemometer7  for  the  visual  presentation  of  voltage  oscillations 
created  by  the  turbul  nt  flow.  Such  oscillations  were  photographed1^  , 
Figs.  y-10. 


T)  Disa  Constant  Temperature  Anemometer,  j.ype  TTA01,  probes  (single 
wire)  Type  ppAn  . 

8)  Disa  Constant  Temperature  Anemometer,  Instruction  Manual  pg.  11, 
enuat ion  L . 

3)  Cathode-Ray  Os  lograph,  Type  A , b .  DuMont  Laboratory. 

1  )  Oscillograph-Re  ~  ■  unera,  Type  <_  y  ' ,  A.B.  DuMont  Laboratory,  Polar¬ 
oid  Film  Type  4/,  poOO  ALA. 
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Test  Results 


LIST  OF  FIGURES  OR  TEST  RESULTS 


FIGURES  DESCRIPTION 

4-  Formation  and  Decay  of  Starting  Vortices  in  Cusp  Diffuser;  ex¬ 

pansion  ratio  1:1.1,  free  surface  flov  patterns,  two-dimensional 
model . 

9-10  Oscillations  at  ISO  ft. /sec.  Air-Flow  Through  Cusp  Diffusers  of 
Circular  Cross  Section.  See  locations  in  Fig.l;  annular  plate 
installed . 

11-14  Continuation  of  Figs.  4-8  in  Airflow  (old  wind  tunnel). 

11-12  Cusp  Diffuser  Without  and  With  Cylinder  Placed  in  the  Cusp  Zore. 

Tufts  show  the  jet  boundaries;  Pitot-static  tube  placed  just 
outside  the  jet  boundary. 

13-14  Same  Arrangement  as  in  Figs.  11-12,  however,  Pitot-static  tube 
just  inside  the  jet  boundary,  l/2"  displaced. 

13  Static  Head  Recovery,  Three-Dimensional  Models,  Figs.  1  and  2; 

Reattachment  Zones;  Classification  of  Static  Head  Zones. 

16  Static  Head  Recovery,  Two-Dimensional  Model,  Fig.  3;  Coanda 
Effect;  Reattachment  Zones.. 

17  Formation  and  Decay  of  Turbulence  (Shown  in  Percent),  Circular 
Cross  Sections,  Fig.l;  Reattachment  region;  Classification  of 
Zones . 

18  Formation  and  Decay  of  Turbulence  (Shown  in  Percent),  Two- 
Dimensional  Nozzle,  Fig. 2,  Reattachment  Regions,  Classification 
of  Zones . 

19,20  Tuft  observation  in  First  Extension  Tube,  Circular  Cusp  Diffuser 
Fig.  1;  Representing  near  maximum  velocity  tests. 

Discussion  of  Results 

Figures  4-H  show  (in  capsule  presentation)  that  for  free  surface 
flow  of  water  at  low  velocity,  a  recent  finding  on  two-dimensional  cusp 
devices  (  )  applies  to  flow  through  cusp  diffusers  (3)-(6)  also.  The 
common  steady  state  of  flow  consideration  based  on  the  phenomenon  of 
layers  of  discontinuity  and  their  instability  is  correct.  However,  it 
cannot  be  traced  to  the  beginning.  The  starting  phase  can  be  predicted 
by  the  potential  motion  theory.  But,  it  cannot  be  extended  to  the  de¬ 
scription  of  the  steady  state  of  flow.  The  two  concepts  are  not  in  con¬ 
tradiction  because  experimentation  shows  that  they  are  connected  with 
each  other  by  a  transition  phenomenon.  The  potential  vortex  type  ar¬ 
rangement  is  transformed  into  an  enforced  vortex  system. 

Figures  4-6  demonstrate  that  downstream  of  the  inlet  edge (dotted 
line  0-0  in  Fig.4),  the  boundary  layer  of  the  inlet  nozzle  is  sustained, 
but  scon  becomes  unstable,  1.  Eddies  'ire  formed.  The  stagnation  points 
are  sliding  approximately  symmetrically,  6.  They  present  the  instan¬ 
taneous  reattachment.  The  transition  of  vortex  formations  may  take  a 
while  at  low  water  velocities  and  depend  on  test  conditions.  However, 
the  transition  will  be  encountered  as  the  acceleration  vanishes.  The 


Figs.  -  present  this  transitioi  from  urn ■  kind  of  vortex  system.  t 
another  on-  .  The  stagnation  point,  o,  becomes  stationary  fend  may  b< 
referred  to  as  a  region.  This  behavior  of  the  r<-attacliment  flow  oin- 
not  be  regarded  as  a  general  criterion  for  the  prevailing  tyj -  o! 
vortex.  Tin  transition  phase  is  not iceat  le  al ong  th<  'et  boundary  and 
by  the  behavior  of  the  ri  verse  flow.  Tin-  lat  ter  separates  fr  >m  tin 
boundary,  .  ,  and  forms  a  counter  rotational  flow  at  the  not  tor:,  of  the 
vusp  zone  while  streaming  toward  the  jet  fluid  boundary  win  r>  fluid 
entrained  into  vortices  needs  to  be  replaced.  At  increased  .elooity, 
this  behavior  is  associated  with  that  flow  type.  Tin  Coanda  effect  is 
encountered.  It  is  characterized  by  the  diverted  jet  stream  forming 
a  short  detached  zone,  4,  and  a  large  detached  zone,  y ,  at  the  opposite 
side.  The  potential  flow  type  does  not  exist  at  steady  statt  of  flow. 

The  high  degree  of  turbulence  expected  by  the  tests  discussed  is  veri¬ 
fied  in  Fig. 10  as  compared  to  Fig.  t.  The  oscillations  of  voltages  are 
photographed  nnd  are  the  basis  of  the  calculation  of  the  degree  of 
turbulf  rice8-  11  . 

The  decree  of  turbulence  at,  the  inle  t  cross  section  is  0.'  per¬ 
cent.  The  diagrams  are  taken  at  locations  shown  in  Fig.  1  for  circular 
cross  section,  with  plate  (*  and  dotted  line).  The  reference  cross  sec¬ 
tion  is  downstream  of  the  inlet  cross  section  a  distance  equal  to  7  per¬ 
cent  of  the  inlet  width.  Fig.  j  refers  to  the  center;  Fig. 10  to  the  jet 
boundary.  The  same  scale  is  used  in  the  oscilloscope  for  the  two  figures. 
By  moving  the  probe  graduauly  from  the  center  toward  the  outer  boundary, 
the  tests  have  shown  that  the  transition  to  the  heavy  oscillation  is 
sudden.  It  reflects  the  periodical  generation  of  vortices  downstream  of 
the  inlet.  The  oscillation  remains  strong  in  the  detached  zone.  This 
kind  of  observation  was  done  continuously.  However,  the  recording  was 
discontinued  in  view  of  the  scope  of  this  study. 

Figures  11-14  show  the  setup  and  results  of  tests  with  the  model 
of  Figs.  4-  adjusted  to  measurements  in  the  old  closed  loop  wind 
tunnel.  Thv  effect  on  the  fl^v  of  the  installation  of  cylinders  in  the 
cusp  zone  is  of  concern,  particularly  near  the  inlet  section.  A  ratio 
of  length  over  inlet  width  of  eight  is  then  feasible,  because  the  flow 
continues  to  stream  straight  through  a  10  ft.  long  diffuser.  Obser¬ 
vations  by  tufts  attached  at  the  upper  and  lower  nozzle  boundary  show 
the  jet  stream  boundaries.  The  velocity  is  mere  than  100  ft. /sec. 
and  constant  in  all  figures  as  indicated  at  "A" .  The  manometer  "A" 
measures  the  boundary  pressure  at  the  center  of  the  inlet  cross  section, 
7,  versus  atmosphere.  The  short  exposure  time,  l/bOO  sec.,  shows  the 
individual  tuft  instantaneously  and  the  'various  figures  show  that  the 
jet  boundary  varies  little.  Basically,  the  Coanda  effect  is  confirmed. 
With  and  without  cylinders  inserted,  the  flow  diverts,  during  these 
tests  , in  upward  direction  at  the  same  slope.  No  appreciable  change  of 
slope  was  encountered  by  a  large  reduction  of  the  velocity. 

Other  measurements  are  shown  for  the  Pitot-static  tube,  ,  which 
is  displaced  1/2  inch  in  vertical  direction  between  Figs.  11,  12  and 


Figs  .  j  ,14.  'Hh  ,]  r  t  boundary  is  Just  between  bias 
the  Pit  )t-tub< • .  This  follows  liorn  the  measurements 


two  positions  of 

ft  .  .  1 1  T  If 

at  C  .  At  B  , 


the  static  pressure  difference  f  to  j  is  shown,  between  inlet  plane 
and  static  holes  of  the  Lube,  o.  There  is  no  significant  difference 
In  any  case.  Hence,  there  is  no  appr<  ciable  increase  of  static  head 
due  to  the  cusp  slinpe.  At  the  dynamic  head  ls  shown;  l'1  refers  f 

the  total  head  and  t  to  the  static  head.  Ihe  dyuimic  iiead  is  practical¬ 
ly  zero  in  Figs,  id,  L  ;  and  large,  but  equal  in  Figs.  11  and  1*.  The 

comparison  of  Figs.  11  find  L  clearly  shows  the  existence  of  a  detached 

zone  as  indicated  at  "C"  .  If  there  were  a  potential  vortex,  a  1  Lgh  veloc- 
i  ty  should  liave  be-  n  measured,  equal  to  that  of  tdie  main  str»  cirri. 

The  tests  for  models,  Figs.  1-3,  done  in  the  low  turbulence  wind 
tunnel  at  a  test  section  11  ft.  long,  and  shown  in  Figs .  11-JO,  demon¬ 
strate  the  following. 

Figures  1  ■  and  1'  present  the  measured  static  head  recovery  l'or 
the  tliree  models  downstream  from  the  .inlet  section.  Idle  dimensionless 
ratio  of  length  over  width  shown  varies  for  individual  models,  espe- 
c  tally  be  cause  of  different  inlet  widths.  The  difference  between  the  static 
head  at  a  local  position,  (h,,^  )qocaq,  nnd  Hint  at  the  center  of  the 

inlet  cross  section,  ( h^) inlet >  divided  by  the  dynamic  head  at 


the  inlet  in  order  to  have  a  meaningful  dimensionless  term 

in  the  comparison  with  the  application  of  the  Impulse  momentum  theorem. 
The  difference  between  zero  and  the  maximum  value  should  be  compared 
with  the  result  when  using  the  impulse  momentum  equation.  If  the  theo¬ 
retical  assumptions  were  satisfied  immediately  downstream  of  the  inlet 

value  of  the  head  recovery  there 
at  least  the  basic  interrelation 


maximum 
if  not, 


and  at  the  location  of  the 
would  be  a  full  agreement; 
must  be  veril'ied. 

Figure  lb  shows  the  static  head  recovery  for  the  two  models  of 
tliree -dime  ns  ions .  The  lower  curve  is  for  the  model  in  Fig.  1  expansion 
ratio  1:^.  The  upper  curve  for  tliat  of  Fig.  J,  expansion  ratio  1:4. y. 
Therefore,  for  the  same  oncoming  velocity  the  impulse  momentum  theorem 
would  yield  u  30  percent  higher  head  increase  for  the  upper  curve 
model, Fig.  J,  than  for  the  lower  curve  model,  Fig.  1.  The  recovery  was 
an  additional  33  percent  higher.  This  shows  that  the  claimed  superior¬ 
ity  of  the  cusp  diffuser  cannot  be  verified.  On  the  other  hand,  the 
cusp  diffuser  produces  considerable  negative  heads  downstream  of  the 
inlet  before  tne  recovery  of  head  begins11.  The  only  location  along 


11 )  Classification  of  Head  Zones,  Fig.T  ;  head  reduction,  A;  head  re¬ 
covery  to  inlet  status,  B;  total  head  recovery,  C;  recovery  above 
inlet  status,  D;  Constant  head,  E;  slight  decrease,  F;  9J  percent 
total  recovery,  G;  1-  percent  of  recovery  above  inlet  status,  H. 
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tile  detached  zone  when  the  static  pressure  is  th<  sane  Uiruug.'.out 
the  cross  section  is  at  tne  inlet.  It  one  uses  tt.is  location  as 
physical  basis  i’or  the  application  oi‘  the  inpuls «.  momentum  a  -ause 
the  inlet  assumptions  are  best  satisfied,  the  total  head  aiunge  ugre  s 
fairly  with  t.aat  of  the  measurement .  On  this  modified  basis,  tne  -us; 
diffuser  time t ions  equivalently  to  tiiat  of  Fie.  •  One  ::uy  -on  lad  - 
tiiat  the  assum;  tions  for  the  cross  st  ctions  at  maximum  :.eau  see::,  to 
satisfy.  However,  this  must  be  verified. 

It  is  interes4  Lng  to  note  tiiat  variations,  such  as  (greatly 
differing  velocities  and  elimination  of  the  cusp  zone  by  a  plate, 
show  only  effects  which  are  ini  tel  to  certain  regions  of  the  head 
recovery  curve.  The  most  characteristic  points,  such  as  the  position 
of  the  reattachment  point  and  the  maximum  static  head  are  not  appreci¬ 
ably  affected. 

The  expected  interactions  of  inlet  vortex  formation  for  models 
of  a  square  cross  section,  Fie*  revealed  ir  flume  studies  (not  snown) 
a  quick  redistribution  of  turbulent  flow.  Till  observations  basically 
confirmed  the  results  in  the  wind  tunnel.  The  detached  zone  m  shown 
in  Fig.  11.  At  each  mid-side  boundary  the  How  snarply  deflects  out¬ 
wardly  at  the  inlet  edge  with  a  strong  component  toward  each  corner. 

At  the  corners,  the  reattachment  takes  place  at  a  larger  distance  from 
the  inlet,  but  still  'loser  to  the  inlet  than  for  the  cusp  diffuser. 

Figure  l6  snows  the  static  head  recovery  for  the  two-dimensional 
model,  Fig.  p.  The  expansion  ratio  of  1:3  is  the  same  as  for  the  three- 
dimensional  model,  Fig.  2.  (Its  heal  recovery  is  shown  in  Fig.  11, 
upper  curve).  According  to  the  impulse  momentum  equation,  the  head 
recovery  between  origin  and  maximum  should  be  the  same  for  the  two 
cases.  It  is  not.  ilowever,  again  using  the  location  near  the  inlet 
which  satisfied  the  assumptions  most,  the  total  recovery  in  each  case 
from  minimum  to  maximum  would  yield  l..e  satisfactory  agreement.  The 
measurements  along  the  center  line  are  used  as  busis  of  comparison. 
Again,  one  would  have  to  check  whether  the  assumptions  satisfy  down¬ 
stream  at  maximum  head  recovery . 

In  Fig.  l6,  the  Coanda  effect  is  indicated  by  the  two  widely 
separated  reattachment  zones,  the  different  static  pressures  at  some 
distance  away  at  both  sides  from  the  center  line,  and  the  very  gradual 
increase  of  the  static  head.  Tills  increase  substantially  continues 
beyond  the  second  reattachment  range,  A-^.  The  maximum  value  is  almost 
asymptotically  reached  at  the  end  cr  the  test  section  at  a  length  over 
inlet  width  ratio  of  20  to  21. 

The  Figures  17  and  lo  show,  in  addition,  two  examples  of  the 
formation  and  decay  of  turbulence  in  sudden  enlargements;  Fig.  1 '  refers 
to  the  circular  cusp  diffuser.  Fig.  1,  with  and  without  plate;  and  Fig. 
l8  to  the  two-dimensional  model,  Fig.  3*  The  lines  of  constant  degree 
of  turbulence  -1  ’  are  shown  throughout  the  entire  sudden  enlargements. 
At  the  inlet  center,  the  degree  of  turbulence  is  only  0.6/  percent. 
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Supplementing  the  turbulence  characteristic,  Fig .  17  shows  the 
position  of  the  reattachment  zone  and  the  classification  of  zones  in 
conjunction  with  the  static  head  recovery  shown  in  Fig.  15. 

Figure  lS  shows  a  similar  presentation  demonstrating  the  relevant 
phenomena  for  the  Coanda  effect. 

Figures  15  to  18  reveal  difficulties  in  defining  the  second  refer¬ 
ence  cross  section  for  sudden  enlargements  in  applying  the  impulse  mo- 
ipentum  concept.  The  degree  of  turbulence  still  decreases  when  the  max¬ 
imum  head  recovery  is  gradually  attained,  and  the  slope  of  duct  resist¬ 
ance  is  only  gradually  encountered.  Flume  tests  basically  reveal  the 
same  difficulties  on  a  qualitative  basis  and  in  a  different  nunner. 

Naked  eye  observation,  still  and  sequence  photographs,  and  movies  from 
a  point  at  rest  or  traveling  with  the  mean  velocity  of  the  flow,  may 
appreciably  correlate  and  supplement  other  data.  Oscillograms  ( Pigs . 
9,10)  and  hot  f  1} m  measurements  in  water  can  be  important.  They  may 
be  supplemented  by  tuft  observations  in  air,  such  as  shown  in  Figs. 

11-14  and  19,20.  The  curves  of  the  degree  of  turbulence  ore  of  Inter¬ 
est  regarding  the  capabilities  of  turbulence  to  promote  the  transition 
of  laminar  to  turbulent  boundary  layer  flow  along  solid  objects  inserted 
into  the  flow  at  a  lower  Reynolds  number. 

Conclusions 

1.  The  successful  analysis  of  transition  phenomena  which  correlate 
the  application  of  the  potential  vortex  motion  theory  and  the  con¬ 
cept  of  surfaces  or  layers  of  discontinuity,  has  been  substantially 
generalized  and  verified.  Two  and  three-dimensional  models  were 
studied  in  water  and  air.  The  predominant  characteristics  of  flow 
and  performance  were  similar  for  the  respective  models. 

2 .  The  predominant  characteristics  are  obtained  as  results  of  compre¬ 
hensive  studies .  They  comprise  flow  visualization  in  flume  and 
wind  tunnel,  static  head  curves,  and  fields  of  the  degree  of  tur¬ 
bulence  in  various  sorts  of  sudden  enlargements,  including  cusp 
diffusers.  The  correlation  of  these  data  is  informative. 

5.  The  comprehensive  method  shows  'hat,  due  to  assumptions,  the  im¬ 
pulse  and  momentum  theorem,  based  on  inviscid  fluid  flow  cannot 
always  be  exactly  applied  to  viscous  fluid  flow  through  sudden 
enlargements.  However,  the  qualitative  agreement  must  prevail 
and  is  fundamentally  important .  The  erroneous  conception  of  the 
application  of  the  potential  vortex  motion  theory  to  flow  control 
by  cusp  diffusers  is  also  verified  when  analyzed  by  the  impulse- 
momentum  theorem. 

4.  The  continuation  of  work  would  enhance  the  physical  understanding 
and  analysis  cf  the  mechanics  of  flow.  This,  in  turn,  would  be 
of  help  in  flow  control,  design,  and  development. 
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Fig. 2. View  of  Nozzle  of  Square  Cross  Section.  The  Discharge, 
10.25  by  10. 4 (inches)  is  Inlet  of  Sudden  Enlargement , Ratio 
of  Expansion  is  approximately  1:3. 
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Fig. 3.  View  of  Lower  Nozzle  Boundary  for  Sudden  Enlarge¬ 
ment,  Ratio  of  Expansion  1:3. If  Similar  Upper  Boundary  is 
Placed  Symmetrically,  the  Nozzle  Discharge  is  18  In. by  6in. 
from  Wall  to  Wall.  Longitudinal  Lengths  of  Figs . 2  and  3 
are  equal. 


130 


P  '■■vm  <Nt. 


$*&fAh  ;i  -  '^i^’  t«sa®  w  *•  $ficn  ■  - 


Figs.4««8.  Formation  and  Decay  cf  Starting  Vortices  in  Cusp 
Diffuser,  Shape  of  Boundaries  as  in  Fig. 1, Rectangular  Cross 
Section,  Length  over  Inlet  Width  Ratio  15:1;  Water  7  in. 
deep,  Velocities  7"/sec  in  Figs. 4-7,  12"/sec.  in  Fig.8  for 
Steady  State  of  Flow. 


Figs . 9-10  Oscillations  at  120  ft. /sec.  in  Cusp  Diffuser  of 
Circular  Cross  Sections  (Fig. 1. plate  *  Installed)  in  Plane 
Parallel  to  Inlet  at  a  Distance  of  0.07  times  Inlet  Dia¬ 
meter  Photographed  in  Center , Fig . 9 ;at  Jet  Boundary , Fig. 10 . 
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-0 . 3-|  Fig.  16  STATIC  HEAD  RECOVERY,  TWO-DIMENSIONAL  MODEL.  Fig.  2;  EXPANSION 

RATIO  1:3;  COANBA  EFFECT;  one  rhort  and  one  long  reattachment  (stagnation) 
zone  S  and  S*  respectively.  STATIC  HEAD  MEASUREMENTS  in  vertical  longi- 
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Fig. 20 


Figs.  19  and  20.  TUFT  OBSERVATION  IN  FIRST  EXTENSION  TUBE, 
TRANSPARENT,  CIRCULAR  CUSP  DIFFUSER,  FIG.l.  Tuft  attached 
at  one  end  by  tape  at  the  inner  tube  boundary  throughout 
360  degrees  shows  heavy  turbulence  in  the  reattachment  zone 
between  crosses;  also  upstream  in  the  detached  zone;  and  a 
short  distance  downstream.  Static  electricity  attached  the 
free  end  of  the  tuft  on  the  boundary.  Photographs  were 
taken  after  the  tube  was  removed.  The  ruler  is  attached  to 
the  front  section  of  the  tube. 
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Spreading  Rates  of  Compressible  Two-Dimensional 


Reattaching  Jets  Upstream  of  Reattachment 


by 


R.  E.  Olson 

United  Aircraft  Research  Laboratories 
East  Hartford,  Connecticut 


ABSTRACT 


The  results  of  experimental  studies  to  determine  the  spreading  rates 
of  two-dimensional  reattaching  Jets  upstream  of  reattachment  are  presented 
for  a  range  of  jet  Mach  numbers  between  0.66  and  2.0  and  a  range  of  geome¬ 
tries  both  with  and  without  flow  into  the  separation  bubble.  The  Jet 
spreading  rates  are  presented  in  terms  of  the  shear  stress  constant  in 
Prandtl's  expression  for  the  eddy  viscosity.  The  values  of  shear  stress 
constant  were  determined  from  velocity  profile  measurements  perpendicular 
to  the  Jet  centerline  at  various  axial  stations  upstream  of  reattachment. 


The  results  presented  Indicate  that  the  variation  in  the  spreading 
rate  of  the  jet  boundary  enclosing  the  separation  bubble  can  be  corre¬ 
lated  with  the  Jet  Mach  number  and  the  percentage  distance  to  reattach¬ 
ment  for  a  range  of  geometries  and  flow  rates  into  the  separation  bubble. 
The  spreading  rates  for  the  outer  boundary  of  the  jet  were  found  to 
correlate  with  Mach  number  and  the  jet  radius  of  curvature. 

These  studies  were  undertaken  as  part  of  a  general  investigation  of 
the  characteristics  of  reattaching  Jets  conducted  for  the  Harry  Diamond 
Laboratories  under  Contract  DA-49-l86-AMC-l4L(D) . 
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INTRODUCTION 


The  development  of  analytical  techniques  for  predicting  the  charac¬ 
teristics  of  turbulent  jet  reattachment  in  wall -attachment  type  fluid- 
state  devices  requires  knowledge  of  the  jet  spreading  rates  upstream  of 
reattachment.  The  jet  spreading  ~ate  is  generally  expressed  in  terms 
of  an  aggregate  empirical  coefficient  which  must  be  dete^i  nr*d  experi¬ 
mentally,  Such  an  empirical  approacn  is  required  since  the  lack  of 
fundamental  understanding  of  turbulent  mixing  precludes  a  purely 
analytical  determination  of  the  jet  spreading  characteristics. 

Although  experimental  studies;  such  as  those  of  Refs.  1,  2  and  3, 
have  provided  information  regarding  the  spreading  characteristics  of 
free- Jet  flows,  the  studies  reported  in  Ref.  4  indicate  that  the  spread' 
ing  rates  obtained  from  free-jet  studies  are  not  applicable  to  reattach- 
ing-jet  flows.  The  studies  which  have  been  conducted  for  resttaching- 
Jet  flows,  such  as  those  of  Ref,  55  are  generally  limited  to  incorr  ress- 
Ible  jets.  Such  studies  are  also  limited  in  that  consideration  has  not 
been  given  to  the  effect  of  flow  introduced  into  the  separation  bubble 
externally  on  the  jet  spreading  rates;  an  understanding  of  which  is 
requl  'ed  to  evaluate  the  effect  of  control  flow  in  a  wall -attachment 
device . 


Consequently,  studies  were  conducteu  to  determine  the  spreading 
rates  of  compressible  reattaching  jet  flows  upstream  of  reattachment 
for  a  range  of  Jet  Mach  numbers  both  with  and  without  flow  introduced 
into  the  separation  bubble.  This  paper  presents  the  significant  results 
of  these  studies  and  provides  information  required  in  the  further 
development  of  analytical  techniques  for  predicting  the  characteristics 
of  Jet  reattachment  in  fluid-state  wall -attachment  type  devices. 


CHARACTERISTICS  OF  JET  BOUNDARY  MIXING  UPSTREAM 

OF  REATTACHMENT 


A  generalized  flow  model  illustrating  the  nature  of  turbulent  mix¬ 
ing  along  th  ~>undaries  of  a  reattaching  jet  upstream  of  reattachment 
is  presented  in  Fig.  1  .*  In  the  separation  region  upstream  of  reattsch- 
raent,  the  turbulent  mixing  which  occurs  between  the  jet  and  the  stalled 
flow  in  the  separation  bubble  results  In  the  formation  of  a  shear  layer 
along  the  inner  boundary  of  the  jet.  A  similaj  shear  layer  is  developed 
along  the  outer  boundary  as  a  result  of  mixing  between  the  Jet  and 
quiescent  su  -roundings.  These  shear  layers  spread  inwardly  into  the 
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♦Figure^  appear  on  pages  154  through  165. 


invlscid  core  of  the  Jet  a l.l  at  some  lcvnstream  station  converge  to  form 
a  fully  developed  turbulent  jet.  Within  the  conservation  of  total 
momentum,  there  is  a  continuous  momentum  exchange  in  the  jet  boundary 
mixing  process  between  layers  of  fluid  moving  at  different  velocities, 
with  the  fluid  adjacent  to  the  jet  boundary  gaining  momentum  rt  the 
expense  of  fluid  originally  in  the  jet.  The  turbulent  mixing  intensi¬ 
ties  which  determine  the  Jet  boundary  spreading  rates  are  generally 
Ilf  id  on  iho  i.ui  u  a-..i  uudi  boundaries  of  the  jet  as  a  result  of 

the  jet  curvature  and  the  increased  proximity  of  the  inner  boundary  of 
the  Jet  to  the  wall. 

Although  the  jet  boundary  mixing  zones  are  shown  to  have  zero 
thickness  at  the  nozzle  exit,  in  accuality  these  shear  layers  have  a 
finite  thickness  at  the  origin  with  the  velocity  profile  being  that  of 
the  Initial  nozzle  boundary  layer.  Kirk  (Ref.  6)  suggested  that  at  some 
distance  x  downstream  of  the  nozzle  exit  the  turbulent  shear  layer  be¬ 
haves  in  much  the  same  manner  as  an  equivalent  layer  developing  from 
zero  thickness  over  a  greater  dis lance  x +  x'  .  By  assuming  that  over 
the  distance  x‘  the  equivalent  mixing  layer  attains  a  momentum  thickness 
equal  to  the  momentum  thickness,  6  of  the  real  boundary  layer  and 
employing  Gortler's  first  approximation  that  the  momentum  thickness  of 
an  asymptotic  turbulent  shear  lay^r  equals  l/30th  of  the  distance  from 
the  origin,  Kirk  reasoned  that  the  distance  to  the  virtual  origin,  x'  , 
could  be  expressed  as 


x'  =  30  0 


(1) 


Nash  (Ref.  7)  concludes  from  a  more  rigorous  treatment  of  this  transi¬ 
tion  region  that  Kirk's  approximation  is  valid  for  downstream  distance 
greater  than  approximately  8  boundary  layer  thicknesses.  For  thin 
boundary  layers  relative  to  the  nozzle  exit  the  shift  in  origin  of  the 
mixing  layer  is  not  significant  and  can  be  neglected. 

Providing  that  the  flow  introduced  externally  into  the  separation 
bubble  is  a  small  fraction  of  the  jet  flow,  the  mixing  along  the  inner 
and  outer  boundaries  of  the  jet  in  the  initial  expansion  length  occurs 
at  essentially  constant  pressure,  and  the  velocity  profiles  are  charac¬ 
teristic  of  the  profiles  in  an  asymptotic  free  shear  layer.  As  the  flow 
introduced  into  the  separation  bubble  increases,  however,  significant 
static  pressure  gradients  are  developed  within  the  separation  bubble  and 
velocity  profile  similarity  within  the  shear  layer  on  the  inner  jet 
boundary  no  longer  exists  for  all  streamwise  stations  in  the  initial  ex¬ 
pansion  length.  During  recompression  a  transition  occurs  on  the  inner 


Jet  boundary  between  the  free  shear  layer  developed  in  the  initial  ex¬ 
pansion  length  and  the  redeveloping  boundary  layer  downstream  of  re- 
attachmeut .  In  this  recompression  lengthy  ve.loci  :y  prof  ire  similarity 
cannot  be  expected  either  with  o^  without  flow  being  introduced  into 
the  separation  bubble. 


TEST  EQUIPMENT  AND  PROCEDURE 


A  schematic  diagram  and  photograph  of  the  test  rig  employed  for  the 
studies  are  presented  in  Figs.  2  and  3>  respectively.  The  test  rig  was 
two-dimensional  throughout  its  length  and  was  provided  with  hinged  side 
plates  3  in.  apart.  A  portion  of  these  side  plates  was  glass  to  enable 
schlJeren  observation. 

Removable  nozzle  blocks  were  provided  to  obtain  both  subsonic  and 
supersonic  Jet  Mach  numbers.  Subsonic  Jet  Mach  numbers  were  obtained 
with  a  smooth -approach  convergent  nozzle.  Convergent-divergent  nozzles 
designed  for  uniform  flow  at  the  exit  were  employed  to  obtain  supersonic 
Jet  Mach  numbers.  The  exit  height,  w  ,  for  all  nozzles  was  equal  to 
0.5  in.,  thereby  providing  an  aspect  ratio  (distance  between  side  plates 
divided  by  the  nozzle  height)  equal  to  6.C.  A  single  boundary  wall  was 
provided  downstream  of  the  nozzle  blocks  for  Jet  reattachment.  This 
boundary  wall  was  adjustable  to  vary  both  the  wall  displacement  distance 
(setback)  and  the  wall  angle.  Sealing  of  the  nozzle  blocks  and  the 
boundary  vail  at  the  side  plates  was  accomplished  with  flat  rubber 
gaskets . 

Airflow  was  supplied  to  the  rig  from  a  400-psia  compressor  and  was 
throttled  to  provide  a  nozzle  upstream  plenum  pressure  of  approximately 
22  psia  for  all  tests.  With  this  upstream  plenum  pressure,  the  Reynolds 
number  based  on  the  nozzle  exit  height  was  approximately  2.5  x  1C)5  and 
varied  somewhat  with  the  Jet  Mach  number.  Control  flow  was  bled  up¬ 
stream  of  the  nozzle  plenum  chamber  through  a  throttling  valve  and  in¬ 
troduced  through  a  slot  in  the  boundary  wall  at  the  nozzle  exit  station. 
A  standard  ASME  bellmouth  was  provided  for  measuring  the  control  flow. 
The  boundary  layer  thickness  on  the  nozzle  walls  at  the  exit  was  less 
than  0.010  in.  resulting  in  a  maximum  boundary  layer  momentum  thickness 
of  less  than  0.001  in. 

'■'itot  and  static  pressure  measurements  within  the  Jet  were  obtained 
employing  the  variable  position  pitot  probe  ani  the  sliding -wire  static 
probe  shown  in  Fig.  3.  The  pitot  probe  was  a  flattened-head  probe 
having  a  O.OOU-in.  opening  and  a  wall  thickness  of  0.002  in.  The  probe 
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was  motorized  in  the  direction  perpendicular  to  the  boundary  walls  and 
in  the  streamwise  direction  but  was  positioned  manually  in  the  direction 
perpendicular  to  the  side  plates.  The  position  of  the  probe  in  the 
motorized  direction  was  obtained  from  an  electronic  read-out  system. 

The  siiding-wire  static  probe,  employed  for  obtaining  static  pressure 
measurements  along  the  jet  centerline  (defined  as  the  locus  of  points  of 
maximum  jet  velocity)  was  specially  designed  to  eliminate  the  probe  body 
interference  effects  associated  with  conventional  probes  and  to  reduce 
tie  effects  of  flow  angularity.  The  probe  was  comprised  of  a  0.058-in. 
OD  slotted  hypotube  which  was  bent  to  the  contour  of  the  jet  centerline. 
A  second  0.035-in.  OD  movable  ypotube,  with  a  static  pressure  orifice 
was  contained  within  the  fin  ,  7>  e  slot  in  the  first  hypotube  was 
oriented  so  that  the  static  nessjre  orifice  faced  the  side  plate.  The 
inner  sliding  hypotube  extended  upstream  into  the  nozzle  plenum  chamber 
and  downstream  beyond  the  end  of  the  boundary  wall  through  the  bottom 
wall  of  the  test  rig.  This  probe  was  positioned  manually  and  the 
pressure  read  on  a  mercury  manometer. 

In  determining  the  velocity  profiles  within  the  jet,  both  the  pitot 
and  static  pressures  must  be  known .  Pitot  pressures  were  obtained  from 
traverses  perpendicular  to  the  jet  centerline  employing  the  variable 
position  pitot  probe.  Static  pressure  distributions  within  the  jet  were 
obtained  in  the  following  manner.  From  the  approximate  equation  of 
motion  in  the  direction  perpendicular  to  the  jet,  it  can  be  shown  that 
the  static  pressure  gradient  is  zero  at  the  wall  or  outer  extremity  of 
.'he  jet  where  the  streamwise  velocity  Is  zero.  Bv  differentiating  this 
equation  it  can  further  be  shown  that  the  curvature  of  the  static  pres¬ 
sure  profile  is  zero  at  the  location  of  maximum  stream  veloo-»4y  where 
the  velocity  gradient  is  equal  to  zero.  These  static  pressure  gradients 
and  the  measured  static  pressures  on  the  outer  extremities  of  the  jet 
and  on  the  jet  centerline  were  employed  to  establish  the  static  pressure 
profiles.  On  the  outer  boundary  of  the  jet,  the  static  pressure  was 
assumed  equal  to  the  measured  pitot  pressures .  On  the  inner  boundary  of 
the  jet,  the  measured  wall  static  pressure  was  used.  Typical  static 
pressure  profiles  together  with  the  measured  pitot  pressure  profiles 
are  presented  in  Fig.  U. 

Velocity  distributions  were  computed  from  the  pitot  and  static 
pressure  distributions  using  one -dimensional  compressible  flow  relations 
assuming  constant  total  temperature  throughout  the  jet.  The  velocity 
distributions  obtained  were  employed  to  determine  the  Jet  boundary 
spreading  rates . 

In  order  that  the  spreading  rates  determined  in  this  manner  might 
be  generalized  and  compared  with  previous  results  obtained  for  a  free 
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Jet,  efforts  were  made  to  obtain  the  velocity  profiles  perpendicular  to 
the  jet  boundary.  Since  the  jet  boundary  is  curved  for  a  reattaching 
Jet,  it  becomes  difficult  to  define  the  local  jet  boundary  direction 
accurately  and  thus  to  determine  accurately  the  correct  direction  of 
traverse.  A  study  was  conducted,  therefore,  to  assess  the  inaccuracies 
in  the  measured  spreading  rates  associated  with  traversing  the  Jet 
boundary  mixing  zone  at  angles  other  than  perpendicular  to  the  boundary. 

A  schematic  diagram  of  the  shear  layer  along  the  jet  boundary  is 
presented  in  Fig.  5-  The  inviscid  boundary  shown  in  Fig.  5  represents 
the  position  of  the  jet  boundary  for  no  mixing  between  the  jet  and 
external  surroundings.  The  inner  boundary  of  the  mixing  zone  represents 
the  edge  of  the  shear  layer  where  the  velocity  is  equal  to  the  velocity 
in  the  inviscid  core  of  the  Jet.  The  streamwise  lines  at  an  angle  #  to 
the  inviscid  boundary  and  at  a  distance  £  from  the  edge  of  the  shear 
layer  represent  the  locus  of  points  of  constant  velocity  in  the  shear 
layer.  The  velocity  profile  shown  as  a  soli  curve  indicates  the  pro¬ 
file  that  would  be  obtained  from  a  traverse  of  the  mixing  zone  perpen¬ 
dicular  to  the  inviscid  boundary,  whereas  the  profile  indicated  by  the 
dashed  curve  represents  the  profile  obtained  from  a  traverse  at  an  angle 
<P  measured  from  the  perpendicular  to  the  inviscid  boundary.  Develop¬ 
ment  of  a  procedure  based  on  Fig,  5  for  evaluating  tie  inaccuracies 
associated  with  employing  skewed  velocity  profiles  in  the  determination 
of  the  jet  boundary  spreading  rates  is  presented  in  the  appendix. 

The  error  in  jet  boundary  shear  stress  constant  as  a  function  of 
skew  angle,  4>  ,  obtained  from  Eq,  (l8)  in  the  appendix,  is  presented  in 
Figs.  6  and  7  for  Mach  numbers  of  0.66  and  1.5  for  various  values  of 
shear  stress  constant.  It  can  be  seen  from  the  results  presented  in 
these  figures  that  for  both  Mach  numbers  the  error  in  shear  stress  con¬ 
stant  is  less  than  two  percent  for  positive  skew  angles  less  than  7  deg 
and  for  negative  skew  angles  less  than  l4  deg.  These  results  suggest 
that  shear  stress  constants  obtained  from  traverses  at  small  skew  angles 
are  not  significantly  in  error.  In  view  of  the  relative  insensitivity 
of  the  experimental  shear  stress  constants  to  skew  angle,  the  velocity 
profiles  obtained  were  utilized  directly  tc  obtain  the  jet  boundary 
spreading  rates  without  correction  for  skew  angle. 
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The  jet  boundary  spreading  rates  were  determined  in  terms  of  the 
shear  stress  constant,  k  ,  In  Prandt.l's  expression  for  the  turbulent 
eddy  viscosity,  namely, 


€ 


(2) 


where  £*  is  the  width  of  the  mixing  region  (defined  as  the  distance 
from  tno  edge  of  the  mixing  zone  to  the  location  in  the  shear  layer  where 
the  velocity  is  one  half  of  the  velocity  on  the  edge  of  the  mixing  zone) 
and  u0  is  the  velocity  on  the  edge  of  the  mixing  zone. 

From  Ref.  8,  the  shear  stress  constant  can  be  expressed  as 


K 


2  C  2  l ) 


0) 


where  x  is  the  distance  along  the  jet  centerline  and  C2  and  f4(l)  are 
Mach  number  functions  defined  in  the  appenlix.  Since  the  mixing  region 
width,  £*  ,  in  Eq.  (3)  cannot  be  determined  from  the  velocity  profiles 
by  direct  measuremer-1'. ,  due  to  the  inability  to  define  the  edge  of  the 
shear  layer,  other  methods  must  be  employed.  Two  methods  are  available 
for  determining  £*  from  the  measured  velocity  profiles.  For  a  Gaussian 
velocity  profile  of  the  form 


e  -06931  ({/£*}* 


00 


which  represents  a  good  correlation  of  the  measured  velocity  profiles, 
the  mixing  region  width  can  be  expressed  as 


c 


0  6931 


d(u/u0 ) 

1  u/u0  • 

(5) 


From  Eq.  (5),  C*  can  be  determined  knowing  the  slope  of 
tal  velocity  profile  at  the  location  where  u/u0  =  0.5. 


the  experimen- 
However , 
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evaluating  such  a  slope  Ls  often  difficult  and  quite  arbitrary.  An 
alternate  method,  suggested  in  Ref.  9,  consists  of  plotting  the  velocity 
profile  on  a  graph  ruled  such  that  the  Gaussian  velocity  profile  appears 
as  a  straight  line.  The  value  cf  (“is  then  simply  the  scale  factor 
which  when  multiplied  times  the  coordinate  £  ,  perpendicular  to  the 
mixing  zone,  matches  the  slope  of  the  measured  profile  tc  that  of  the 
Gaussian  profile  as  expressed  in  Eq.  (U).  This  technique  allows  more  of 
the  points  cf  the  measured  velocity  profile  to  be  utilized.  The  mixing 
region  width  was  therefore  determined  using  this  alternate  technique. 

A  typical  velocity  profile  in  the  jet  boundary  mixing  zone,  plotted  on 
Gaussian  coordinates,  is  presented  in  Fig.  8. 

Upon  determining  the  mixing  region  width  for  various  stations  along 
the  Jet  boundary,  the  derivative  d(7dx  in  Eq.  (3)  was  evaluated  from 
plots  of  (*  vs,  x  and  the  shear  stress  constant  computed. 

Spreading  rates  of  tie  jet  boundary  enclosing  the  separation  bubble, 
obtained  from  the  measured  velocity  profiles,  are  presented  in  Figs.  9 
through  11  for  jet  Mach  numbers  of  0.66,  1.5,  and  2.0  and  for  control 
flows  equal  to  0,  5  and  15  percent  of  the  jet  flow.  These  spreading 
rates  are  presented  in  terras  of  an  effective  shear  stress  constant  which 
would  correctly  predict  the  mixing  region  width  at  a  given  axial  distance 
along  the  Jet  centerline  if  the  mixing  rate  were  constant  between  the 
nozzle  exit  and  the  given  axial  station.  The  shear  stress  constants 
presented  are  for  st Teamwise  locations  where  the  velocity  profile  was  a 
well-developed  Gaussian  profile.  Shear  stress  constants  were  omitted 
for  the  upstream  stations  where  the  velocity  profiles  were  distorted  by 
the  control  flow .  Expressing  the  shear  stress  constant  in  this  manner 
is  consistent  with  its  utilization  in  analytical  techniques  for  pre¬ 
dicting  the  location  of  Jet  reattachment. 

It  is  evident  from  Figs,  9  through  11  that  for  all  Mach  numbers  the 
effective  shear  stress  constant  along  the  inner  boundary  of  a  reattach¬ 
ing  Jet  correlates  quite  well  with  the  percentage  distance  to  reattach¬ 
ment  for  control  flow  ratios  of  0  and  0.05.  For  a  control  flow  ratio  of 
0.15,  somewhat  poorer  correlation  is  shown,  particularly  at  the  higher 
jet  Mach  numbers .  The  mixing  intensities  for  all  Mach  numbers  are 
similar  to  mixing  intensities  for  free  jet  boundary  mixing  at  streamwise 
stations  less  than  approximately  20  percent  of  the  distance  to  reattach- 
inent,  but  decrease  below  the  free  jet  value  for  locations  closer  to  re¬ 
attachment.  The  decrease  in  shear  stress  constant  with  increasing 
distance  toward  reattachment  is  indicative  of  suppression  of  mixing  due 
to  increasing  proximity  of  the  wall. 


Effective  shear  stress  constants  for  the  outer  boundary  of  the  jet 
are  presented  in  Fig.  12  for  the  streamwise  station  immediately  upstream 
of  recompression.  From  the  limited  results  presented,  it  appears  that 
the  shear  stress  constant  correlates  with  the  non-dimensional  Jet 
curvature  (defined  as  the  reciprocal  of  the  local  radius  of  curvature  of 
the  Jet  centerline  multiplied  by  the  Jet  nozz2e  width).  The  mixing  in¬ 
tensities  are  3hown  to  be  considerably  higher  than  for  a  free  jet 
boundary  with  no  curvature. 

In  reattaching  Jet  theories,  although  it  has  been  recognized  that 
the  spreading  rates  are  different  on  the  inner  and  outer  jet  boundaries, 
it  has  generally  been  assumed  that  the  spreading  rate  is  constant  along 
each  boundary.  The  results  of  this  study  indicate  that  the  spreading 
rate  along  the  inner  Jet  boundary  can  vary  significantly  as  a  function 
of  the  percentage  distance  to  reattacnment  and  consequently  such  a 
variation  should  be  recognized  in  the  formulation  of  a  reattaching  Jet 
flow  model. 
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Lir.T  OF  FYJBOL' 

Constant  defined  ir.  appendix  ( E  } .  (l)) 
f^l)  Mach  number  function  defined  in  Eq.  (o) 

fj(l)  Mach  number  function  defined  in  Eq.  { )) 

t-j(i)  Mach  number  function  ie fined  i.  Eq.  (lO) 

f4(l)  Mach  number  finctlon  defined  in  Eq.  (ll) 

M  Mach  number 

P  Static  pressure 

Pp  Pitot  pressure 

Pt  Total  pressure 

S  Setback  distance  between  boundary  wall  and  Inner  wall  of 

nozzle  at  nozzle  exit  (see  Fig.  z ) 

u  Velocity  parallel  to  jet  centerline 

w  Total  height  of  nozzle  at  exit  (see  Fig.  D ) 

wc  Control  jet  width  (see  Fig.  c) 

w c  Control  Jet  weight  flow 

wQ  Initial  jet  weight  flow 

x  Distance  along  jet  centerline  meas.m  i  f rom  nozzle  exit 

x  Distance  between  M  rtual  origii  of  mixing  and  nozzle  exd 

measured  parallel  to  r.ozzle  centerline 

xH  Distance  to  reatta  chment  measured  along  jet  centerline 

from  nozzle  exit 

y  Distance  perpendicular  to  Jet  centerline  measure  i  from  Jet 

centerl l ne 
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LIST  OF  SYMBOL'. 
(Cont . ) 


P  Angle  between  lines  of  constant,  velocity  in  jet  boundary 

shear  Layer  and  inviscid  boundary  (see  Fig.  5) 

e  Turbulent  exchange  coefficient  (see  Eq .  (2)) 

■q  Coordinate  at  angle  to  inviscid  boundary  (see  Fig.  5) 

6  Boundary  wall  angle  measured  from  nozzle  centerline 

(see  Fig.  2)  and  boundary  layer  momentum  thickness 

x  Shear  stress  constant  (see  Fq.  (2)) 

k  Shear  stress  constant  for  skewed  velocity  prc  ile 

(s^e  Eq.  (l6'') 

i  Distance  perpendicular  to  inviscid  boundary  measured  from 

inner  boundary  of  mixing  zone  (see  Fig.  r  ) 

4>  Traverse  skew  angle  measured  from  perpendicular  to 

inviscid  boundary  (see  Fig.  5 ) 


Subscripts 

e  Denotes  effectiv  value 

o  Denotes  conditions  at  nozzle  exit 

Superscripts 


« 


Denotes  conditions  where  *he  velocity  in  the  shear  layer 
is  one  half  of  the  velocity  on  the  edge  of  the  mixing  zone 


ISO 


APPENDIX 


Development  of  Procedure  for  Computing  Effect 
of  Traverse  Skew  Angle  on  Jet  Boundary  Spreading  Rates 

Referring  to  Fig.  the  angle  between  the  inner  boundary  of  the 
mixing  zone  and  the  inv*scid  boundary  can  be  expressed,  from  Ref.  8,  as 

@0  z  TAN  1  (k) 


where 


0  5  [f2<o  +  f4o]  -  f, (I) 
2  f3U)  f4(  ) 


(7) 


and 


f,  (i) 


(8) 


f2(i)  *- 


(9) 


f  ni  -  0  6931 

3 '  '  '  — 7 — 


I  +  7^1  (I  -  0  25) 


(10) 


UO  = 


t  -  d(^ 


(ii) 
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Also,  from  Ref.  8,  the  distance  from  tn  edge  of  the  mixing  zone  to  t  he 
location  in  the  shear  layer  where  the  velocity  is  one  half  of  its  vaiue 
on  the  edge  of  the  mixing  zone  can  be  expressed  as 


K  X 

2  C  2  f4d) 


(12) 


From  geometry  and  Eqs .  (6)  and  (12)  it  can  be  shown  that  any  line  having 
a  constant  value  of  (/(’is  at  an  angle  to  the  inviscid  boundary  of 


0  = 


TAN’ 


2C, 


(13) 


where  B  in  positive  when  measured  in  a  direction  toward  the  inviscid  core. 

Considering  a  velocity  profile  obtained  at  an  angle  relative  to 
the  perpendicular  to  the  inviscid  boundary  as  shown  in  Fig.  ‘j, 


C  \  SIN  (90°  i  Q) 

1  sin  y 


where 


X  =  90° - (0  +  0)  (11) 

In  Eq.  (ll)  the  positive  sign  is  employed  for  positive  values  of  B 
(measured  clockwise)  and  the  negative  sign  for  negative  values  of  B 
(measured  counterclockwise). 

Also,  from  geometry 

■n'  -  f  SIN  (90°  t  Og)  (i  ) 

1  '  s  sin  y0  v 
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Expressing  v *  it 


trie  3  a  me  manner  as 


(*  in  Eq.  (12) 


V* 


<*  t 

Jc2  f4(n 


d' ) 


where  k  is  the  shear  stress  constant  consistent  with  the  skewed  velocity 
profile.  From  Eqs .  (12)  arid  (l6), 


or 


which  expresses  the  percentage  error  in  shear  stress  constant  as  a 
function  of  the  skew  angle  4>  . 
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REATTACHMENT 

POINT 


DISTANCE  ALONG  WALL 


FIGURE  i  FLOW  MODEL  FOR  REATTACHING  JET 
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FIGURE  2  SCHEMATIC  DIAGRAM  OF  TEST  RIG 


lo6 


FIGURE  3  PHOTOGRAPH  OF  TEST  RIG 


0 (STANCE  FROM  JET  CENTERLINE  ,  y/w 


FIGURE  4  TYPICAL  PITOT  AND  STATIC  PRESSURE  PROFILES 
UPSTREAM  OF  REATTACHMENT 


INNE»  BOUNDARY 
Of  MIXING  ZONE 


FIGURE  5  SCHEMATIC  DIAGRAM  OF  SKEW  VELOCITY  PROFILE 
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FIGURE  8  TYPICAL  VELOCITY  PROFILE  UPSTREAM  OF  REATTACHMENT 
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EFFECTIVE  SHEAR  STRESS  CONSTANT, 


w  0  5  IN 
**,  /*  =  0  5 


SYMBOL 


1 
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E  JET 

BOUNDARY 
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OiSTANCt  ALONG  JET  CENTERLINE 

distance  to  re  attachment 

0  8  10 

X 
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VARIATION  OE  SHEAR  STRESS  CONSTANT 
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STRESS  CONS  TANT  WITH  DISTANCE  FROM 
INNER  BOUNDARY  OF  REATTACHING  JET 


*c  /«0  =0  OPEN  SYMBOLS 
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ac/a0  *oi5  closed  symbols 


FREE  JET  BOUNDARY 


CALCULATION  OF  TIE  DEPARATIC'  OF  A 
JET  ATTACHED  TO  A  CONVEX  WALL 


fry 

Marcel  KADOT.CH 

Socidtd  BSRTIN  &  ric,  PUISIR  (f.60.)  FRANCE 


ABSTRACT 


Tho  separation  of  a  jot  of  width  w  alone  a  wall  of  constant  radius  of 
curvaturo  r  is  calculated  usine  the  fornulao  of  turbulont  boundary  layoro 
with  positive  prooouro  gradient.  An  illustrative  example  ohowo  that  3opara- 
tion  occurs  at  a  diotanco  w  (r/r0)  5/3  increasing  with  r  when  r  io  groatcr 
tlian  a  critical  radiun  r0  which  deponds  slightly  upon  Roynoldo  nunbor. 


INTRODUCTION 


>  \ 

In  a  previous  papor.  presented  at  tho  2nd  Dympooiun,  wo  rocallod  our 
formor  investigations  ^ '  about  attachment  and  ooparation  of  a  jot  diochar  ~od 
alone  Q  convex  curved  wall  with  constant  curvaturo  (fie*  1  ) .*  Thoro  io  no  na- 
Cic  in  tho  constant  curvature,  but  a  convenient  noano  of  Doosuring  attaclincnt 
and  dofloction  by  ongloo  ;  tho  variation  of  curvaturo  is  one  ooro  paranotcr, 
probably  inportant,  whose  influonco  should  preferably  bo  invostiented  apart. 

In  our  oxporinento,  tho  Reynolds  nunbor  was  about  10“ ,  and  wo  found  tlint  if 
tho  ratio  r/w  io  snail  onouch  (<  2),  the  jet  coparatco  at  a  snail  ancle  which 
dooo  not  vary  nuch  (EFi  ~  20°)  ;  if  tho  ratio  r/w  is  lareo  onouch  (  >  3).  the 
ancle  of  attachment  incroaooo  with  r,  rather  quiciily.  Tho  ficurc  (5)  ohowo  core 
measured  pressure  distributions,  and  the  ficuro  O'1  allows  the  lateral  thrust 
coefficient  Ky  and  noon  pressure  coefficient  Kp,  obtained  fron  tho  noasuroo. 

Wo  auggoated  a  hint  for  a  thcorotical  ujnroach  in  order  to  explain  thooo  ro- 
□ulto  throuch  tho  calculation  of  tho  potential  flow  pressure  distribution. 

Now,  at  tho  first  European  Hochanlcs  Colloquium  (Euronoch  l)  which  was 
hold  at  Berlin  on  April  r>-6,  1965,  the  subject  was  :  "Boundary  Layoro  and  jets 
ulonc  highly  curved  walls,  Coonds  Effect",  and  it  wuo  poir*  ’  it  tliat  no  other 


Figures  app 


on  pages  178,  179. 
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oxtcnrivo  oxpori^cnto  could  bo  roporiod  with  q  rcdiuo  of  curveturo  onnllor 
than  or  4  v,  which  in  in  our  opinion  bc-^nd  tho  critical  ra ngo  ?  w  <  r 

<  ?  w  ;  noroovor  the  main  ornhaaic  wan  generally  nndc  unon  tho  bo'iav- 

iou~  uf  tho  jot  at  n  diotanco  of  tho  ;  z:\lc  \r  ioro  tho  turoulcnt  nixing  vo- 
locity  profilo  io  full;/  developed. 


V/o  hope  to  loam  horc  that  norc  cxporirontal  ronulto  are  available  in 
tho  critical  rarv.x>,  and  that  the  influoncc  of  Royncldo  nunber  hno  b^on  in¬ 
vestigated.  Wo  clain  that  inportant  things  happen  whan  r  <  4  w,  at  a  dio- 
tnneo  of  tho  nozzle  whore  a  potontial  coro  ntill  exirto.  Thin  papor  in  devo* - 
ed  to  a  calculation  of  ooparntion  under  thooe  conditiono  and  gives  tho  theo¬ 
retical  prodiction  of  tho  above  roaulto  and  of  a  annll  influonco  of  the 
Peynolda  nunbor. 


Somo  applicationa  to  fluid  anplifiors  aro  rocallod  t 

1 .  Tho  calculation  indicatoo  tliat  the  whole  phenomenon  depends  upon  tho  local 
description  of  the  oeparated  region,  which  can  bo  altorod  by  variouo  known 
noar.a  ' . 

2.  A  variation  of  r/w  in  tho  critical  range  might  bo  controlled  without  noving 
parts,  producing  a  progressive  deflection  through  the  blockir  -  effect  of  a 
aecondary  injootion  on  tho  wall  oppoaito  to  rurvod  wall,  which  rcducoo  w, 
no  io  ahown  in  tho  photographs  6  and  7,  reference  (l).  Hovovor  it  should 
not  bo  concludod  that  the  ratio  r/w  must  be  c.hooon  in  the  critical  range 
for  any  application.  Tho  beat  value  of  this  ratio  certainly  depends  upon 

tho  downatroan  goonctry  and  tho  load,  which  control  tho  ooparation  character 
istoics  • 


application,  wo  developed  a  pressure-limited  respirator  (fig.  7), 
3I0  do /ice  for  v/hich  tlio  required  operational  characteristics 


3.  Ao  a  new 
a  bi-otablo 

wore  obtained  with  rather  high  values  of  r/w. 


DlfCUCSIOH  AfSUMPTlOj.o 


In  order  to  calculate  tho  flow  reprosontod  by  tho  fig  (l),  it  is  convenient 
to  introduco  first  the  following  sot  of  aaounptiona  i 

a)  oxiatonco  of  a  potontial  core  D  E  F  C  C  B  A  ,  whore  tho  flow  lo  assumed 
two- dimensional  incompressible  invincid. 

b)  tho  boundary  layer  D’  E'  F'  along  tho  "innor"  /all  separates  at  FF'  under 
tho  influence  of  tho  pooitivo  prooauro  grndiont  along  the  wall. 

c)  tho  otatic  prooauro  in  the  otallod  region  aftor  FF’  io  oqual  to  onniont 
prooauro. 
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d)  tho  turbulent  mixing  r.ono  ?'  RB"  roaches  the  inner  boundary  nt  a  point 
M '  downs  t. -oar  or  r-'1. 


o)  tho  transverse  equation  of  tho  dit.ainntivo  rog:on  B'  BB"  roducos  to  : 


3  P 
^  n 


/  R 


f)  tho  transvoroo  kinetic  energy  is  nogligiblo  with  roopoct  to  the  longi¬ 
tudinal  ono  in  tho  dissioativo  region  BB'  D"  :  2.-2 

v  <5C  v 
r  6 


Tito  hypothoois  (c)  holds  if  we  nogloct  the  underproooure  in  F  and  tho 
bock  flow  PQ  induced  by  the  separated  jot  t  this  in  quito  an  assumption. 

The  hypothosio  (d)  holdo  if  separation  occurs  at  n  distance  snollor  than 
BB'  ~  i  to  5  w  according  to  the  curvature.  If  asounptions  (o)  and  (f)  hold, 
then  the  oxistonco  of  tho  external  nix  .in#  rogion  can  bo  ignorod,  and  tho  poten¬ 
tial  coro  can  be  calculatod  assuming  limiting  "'troanlinoo  at  conntant  ambiont 
prooauro  along  BC  end  FC  (Holnholte-Klrehhoff  theory)* 

But  it  in  necessary  to  fix  tl%o  theoretical  ooporation  point  F  "a  priori" 

30  tliat  thoro  oxioto  a  ono-nnranotor  fanily  of  possible  potential  flows  ; 
racroovor  tho  prooauro  gradient  is  found  to  incrooso  indefinitely  in  tho  vicin¬ 
ity  of  F.  Thoroforo  tho  calculation  of  tho  boundary  layor  undor  the  assumption 
(b)  always  indicatos  separation  nt  oomo  point  S  upstream  of  F  ;  tho  distance 
SF  only  io  found,  not  tho  position  of  S,  nor  of  F.  .At  this  point,  wo  nuot  intro¬ 
duce  a  now  oot  of  assumption:-  in  order  to  achieve  tho  calculation. 

g)  O  ng  to  tho  range  of  Roynoldn  numbers,  tho  boundary  layer  io  assumed 
turbulent . 

h)  The  transition  is  assumed  to  occur  at  point  E  for  convenience,  and  tho 
tliicknona  of  laninnry  su.  layor  is  nogloc tod.  Point  E  io  noar  tho  minimum  pressure 
point, 

i)  For  tho  calculation  of  f»,  whon  F  io  givon,  the  A.  Buri'o  approximate 
mothod  using  tho  analogy  with  Polilhauoen'  o  laminar  boundary  layor  thoory,  in 
chooon  for  simplicity. 

j)  An  an  additional  oonarc.tion  critcriun  for  tho  location  of  S,  it  is 

an  mood  that  at  the  distance  SB'  =6*  from  tho  wall  (displacement  thickness), 
tho  static  proa uro  is  equal  to  tho  ambient  pressure. 

(5) 

It  is  woll  known  that  all  methods  for  tho  calculation  of  turbulent 
boundary  layors  against  a  pocitivo  pressure  gro.liont  aro  3cni-onpiricol  in 
nature  ;  tho  charactoristic  boundary  layor  dimension  io  tho  nonontum  thicknoon 
0  ,  and  tho  eritoriura  of  nenaration  io  givon  as  ooocifying  tho  valuo  of  a 
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volocity  profile  ohapo  factor.  F-xpt  rlnontal  baoio  in  provided  by  Uikuradoo'o 
noasuronento  ■’ai  divorgont  clionncls  with  variouo  ongloe,  and  noro  rocontly  by 
Rotta'e  neaourenanto  of  volocity  profilon  fron  which  a  rolationnhip  in  doducod 
botwoon  tho  ohapo  factors  ..  4*  .  -  4** 


H 


e 


and  H 


(  4#*  onorgy  thicknooe). 


Among  tho  available  analytical  nothodo,  q  first  ohoico  io  nado  of  Burl'o 
which  io  based  upon  Nikuradoc '  o  jaaaurononto,  id  of  tho  nuoh  core  oophioticatod 
Truckenbrodt  ’  3  not  hod,  for  tho  othor  nothodn  involve  the  integration  of  a  differ¬ 
ential  equation,  whioh  ia  not  prac *  leal  for  our  purpoeo.  Truckonbrodt '  a  nothod 
io  quite  oatiofartory ,  but  givos  complicntod  nunoricnl  oalculntiona  which  do 
not  allow  tho  phonomonological  oxplanation  wo  look  for.  On  tho  other  hand,  Burl'o 
mothod  io  oiraplo  onough,  but  dooo  not  ogroe  vory  well  with  ohapo  factor's  noao- 
urement^oo  that  quantitative  prediction  is  not  oxpoctad  to  bo  quito  oorroct.  All 
nothodo  aro  in  good  agreonevnt  ’with  monontum  thicJnono  noaourononto. 


Whatever  the  nothod,  the  /riven  quantities  include  tho  potential  volocity 

diotribution  along  tho  wall,  therefore  tho  theoretical  point  F  io  ounposod  to  be 

known,  fron  which  n  separation  point  3  ia  calculated.  It  la  inpossiblo  to  aoauno 

that  F  is  at  tho  trailing  odgo  of  the  actual  innor  wall,  for  thia  asounption 

would  bo  in  strong  dinogroonont  with  tho  nenourod  proaouro  dintribution,  fig.  6. 

Ilow  it  can  bo  domonstrntod  in  various  ways  that  a  boundary  ioyor  cauoos  the 

irrotational  flow  outaido  it  to  bo  that  about)  not  tho  oolid  ourfaco  itself,  but 

a  nurfaco  displacod  into  trio  fluid  through  a  dlstanco  b*  .  To  tako  into  account 

tho  influcnco  of  tho  boundary  lcyor  on  tho  flow  outside  it,  wo  introduce  tho 

assumption  (j)  according  to  which  tho  irrotational  volocity  io  oalculatod  firot 

along  tho  actual  wall  at  F  where  ,  ,  _  .  __  d  v 

v_  =  v  and  at  S  where  v„  =  v_  -  3F  — r -  . 

F  0  S  F  a  0 


Thon  tho  radius  r  is  given  a  variation  4*  ,  whoncc  at  tho  new  boundary  of  oquivalont 
irrotational  flow  t 


<=  +  4* 

o 


v 
d  n 


< 


3 


VF 


£  n 


< 


v 

e 


Thoroforo  tho  potential  flow  around  tho  "P online  body  i  r'  =  r  +  4*  "  cannot  bo 
taken  with  a  otroaalino  boginning  at  F',  but  at  oone  point  upotroam.  If  s 


v 


I 


0) 


thon  tho  oquivalont  irrotational  ilow  streamline  nay  start  from  5',  no  that  tho 
corrooponding  point  F  and  preesuro  distribution  aro  just  tho  onoo  to  bo  taken 
into  account . Whothor  thin  description  of  oororntion  io  corroct  or  not  will  at 
first  depend  upon  agreement  with  cxporienco. 
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I L7,U  TTATIITO  FT-'A'W 


Wo  oinplify  the  fig  (l)  to  tho  two-dinonsi onal  channel  flow  fig  (2)  for 
wMch  wo  calculate  first  q  family  of  potential  flown  doponding  upon  F,  than  a 
Burl's  turbulent  boundary  layer  model  giving  at  the  wall  a  separation  point  S. 


Potential 

Tho  consideration  of  tho  connlox  potential  f  or  reduced  complex  potential 
n  X  +  iY  a  w  f/2  v  w  ohovro  (fig  j)  that  tho  Qow  depondn  upon  the  circula¬ 
tion  parameter  i  vq  <*  *  <?  ^J2  v^w  or  alternatively  upon  the  reference  onglo  i 

y  «■  vjr  v 
r  e 


Conformal  napping  on  the  f  -  plane  fig  (4)  « 


2  Z  -21 

e  +00 


T 

i  +  in  0<rj<-J 


(7) 

and  uno  of  L.C,  V/oodo*  fonnulao  glvoo  the  following  value  for  the  logarithm 
of  complex  velocity  ^  -  ia  j 


log 


ttft  108  ,  .'0c  -f 


d£' 


d*' 


whoro  X •  f  ^  *  refer  to  tho  integration  path  ZF.  The  velocity  v  ((')  is  tho 
solution  of  tho  integral  equation  « 


oX* 

-  d(' 

dr 


which  can  bo  solvod  by  ouccosoivo  approximations.  Wo  conoidor  tho  first 
approximation  obtained  by  integration  with  v  ((')  =  v  in  tno  right-luind 
aide,  and  we  are  intorootod  in  tho  derivative  1 


d  [ log  v  -  i a  ] 
—  - 


2  w 


2 

*■  r 


d  e '  2  w 

- - —  + 

Dinh  (r  -f)  *  r 


By  direct  calculation  1 

r  2  r  d  (log  v  -  ia  ) 
2  w  d  Z 


log 


1 

1  -  0  ^  '  E 


cooh  r 


cosh  21 Q 


log 


oinh  ( f  +  2X0  )  _  , 

-  2 - - - —  cotang  0  k  e! 

cooh  2X 

0 
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Sp  «=  -  X  -  i/2  Ion  olnh  2  X 
E  o  0 

The  tablo  I  give3  tho  ntr~-  -totical  valuoo  of  velocity  gradient  near  ?,  when 

X  varioc. 

0 


TABLE  I 


(0 


(?) 


(■5) 


(4) 


Functions  of  Z 


7  onall 
c 


dv 


X  largo  #- X 
0 


4v 


w 


Xq  largo  =£  X 


2v 


- -  (r) 

vcLX 

-  ,  ' 

i  r  U  -  X 

0 

r  r  j  (Xq  —  X ) 

- - e  ^  ^ 

»  r 

dv 

vdY 

4w  /XoSin/3  (i -coo/9) 

-VrV  Y 

w  ^  jiiinf}  (I -c'  a/9) 

*  r  *  y 

(Y  0  (vq.x) tan/3) 

. . -  .  .. 

_  _  .  . . 

.  ■  ■■  - _ -  ■■■! 

1 

— - -  1 

Conparinon  of  col'inno  (?)  and  (4)  shows  that  at  a  finlto  upotroan  distance 
fron  F,  the  longitudinal  gradient  is  nuoh  snallor  for  X  largo,  bo  that  separa¬ 
tion  nay  occur  for  a  laT-,Te  value  of  7  (tho  so-called  "c8anda  effect''),  if  7  i a 
allowed  to  increase,  which  remains  to  bo  provod. 


2.  boundary  layor  cnlculstiono. 

The  separation  critoriun  (l)  oust  bo  interpreted  as  follows  1 


2m 

SC  =  «  *  =  T  =  5F  tang  0 


3  v  dv 

X  ) - -  Y  — ~ 

0  dx  dY 


Tablo  I  ahowo  that  whatever  tho  value  of  X  ,  largo  or  onall,  this  re  suit  a  in 
an  oquation  giving  tho  valuo  of  /9  for  whi<&  v  in  stationary  t 
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0  =>  72  0 


oirT  0  ( 1  -  cob  0  )  =  .  coo  0 

IF  =  0.328  6*  eC.-l.Vl0 


(2) 


Tho  momentum  thicknooa  9  io  fpivon  by  ttio  equation  ;  j 


v  e 

9  (  — 


C.?5 

) 


4 

v  do 


(3) 


Wo  hnvo  Ignored  tho  laminar  layer  and  taken  tho  o -origin  rathor  arbitrarily 
at  E,  tho  borinnin/7  of  cvu-vod  wall.  Tho  moan  value  of  v^  will  be  cnlculatod 
bolow  in  two  ortromo  caaoo. 


Tho  analogy  with  laminar  boundary-  loyor  otatoo  that  tho  volocity  profile  in 
aharactoriaod  by  tho  ohnpo  factor  : 


r 


V  ('o 


v  9 


0.25 


(4) 


Separation  occurs  whon  F  °  -0.06  Qapmxinntoly . 

0 


1  at  Cqoo  :  X  larco. 


An  tho  longitudinal  erradiont  io  vary  nnall  ovor  moot  of  tho  wall  length, 
tho  volocity  curvo  io  flattcnod  appronchi ng  tho  conotant  value  s 
v  a  v  oxp  (w/r)  onvo  in  tho  vicinity  o:  F,  Thoroforo  (’),  (4),  end  tablo  I 
give  : 


C.C16  0 


r  o  0.016 


X  dv 


v  dX 


X  -  x  =  0.055  >  2  -  0.421  — 

O  3  - 

2m 


El  Inina  cion  of  9  given  finally  j 


X  a 


0 


v  w 
0 


-  1/6 

) 


(5) 


According  to  thio  formula,  both  tho  circulation  X  or  attachment  length 
(r>),  and  tho  attachment  angle  or  deflection  1  ,  aro  increasing  functiono 
of  (r/w),  \rith  a  nnall  influonco  of  Teynolds  number. 

17  3 


2nd  Caoo  :  Xq  snail. 

In  tho  vicinity  of  F,  it  ia  found  that  i 

8 


lo g  ( v/v  ) 


3  y  I  x  -  x 

-  V  — 

T  1  2  X 


and  this  io  also  tho  asymptotic  voluo  of  the  volocity  ovor  EF  whon  X 
io  voiy  snail.  With  this  voluo  vo  obtain  i 


r  -  -  o.ooi  y 


4- 


2  X 


X  -  X 
o 


X  -  X  =  0.0576  X  x 
0  0  0 


e  =>  0.137  r  7  3 


Elimination  of  e  t  loado  to  t  7  0.57  (v  r  y  /  *  )“ 

o 


0.1 


w  T  T  1 0/l  1  V  W  -  l/1  1 

Xo  ”  ~  —  7  ”  °-9 


(6) 


According:  to  thin  formula,  7  io  alno3t  a  constant,  ioponding  very 
slightly  upon  tho  Roynoldc  nunbor  (v  r  7  /  v  ).  Tho  circulation  incroaaoo 
nearly  as  r. 


Conpario^n  of  (5)  and  (6)  suggostB  that  when  r  incroasoo,  7  boing 
first  a  conotant,  tho  circulation  incroaoes  slowly,  than  much  more  rapidly 
when  a  critical  reduced  circulation  X  of  order  unity  is  reached.  Thorofore 
attachment  and  dofloxion  are  consocutSvo  to  tho  achioveront  of  an  a oro dyna¬ 
mical  load  on  tho  curvod  wall  oorreoponding  to  a  reduced  circulation  >  1  . 

The  relation  botwoon  7  and  (r/w)  depends  only  upon  tho  local  conditions 
in  tho  vicinity  of  F.  Wo  found  exactly  tho  oarao  formula  with  a  froo  Jot  along 
a  curvod  wall  corresponding  to  a  voiy  different  potontlal  flow.  Of  course  tho 
considered  wall  geometry  has  a  strong  influence  on  tho  valuo  of  X  which  must 
be  taken  into  account. 

Conoidcration  of  tho  function  log  v  (X)  itsolf  (ooo  appendix)  shows  that 

X  -  1  and  even  X  =  0.5.  are  by  no  moons  aiaall  (nor  largo)  values  for  which 
o  o 
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tho  abovo  nnymtotical  formulae  apply.  If  novortholooo  we  put  X  = 
(5)  or  (6)  vrlth  a  Roynoldo  nunbor  10*  ,  wo  find  the  "critical  voJuon 


1  in 


(6) 

r  «=  4.4  w 

tTN 

■wf 

* 

0 

u 

c 

(5) 

r  =  ‘?.6  w 

y  -  0.175 

bovnfaxx  lay  or. 

We  hove  no  experimental  results  in  the  laminar  ran^e  j  tho  achonntic 
deocripticn  of  tho  flow  fi£.  (l)  io  probably  inadequate  in  thio  range,  in 
application  to  fluid  amplifiers  ;  uniooo  tho  ontronco  longth  AB  la  very 
short,  it  io  unlikely  that  there  exists  a  potontlal  flow  rogion  ;  anyhow, 
tho  Pohlhauoen'o  method  corresponding  to  Burl's,  is  not  applicable  in  the 
vicinity  of  F.  Fairly  accurate  predictions  of  separation  are  reported  with 
tho  Curlc-Sknn  relation  1 


odC 


do 


■)  C  -  1,04  x  10 


-  2 


2 

v 


2 

v 

max 


But  ao  in  the  turbulent  caso,  we  nood  another  critorium  for  tho  choice 
tho  actual  pro o sure  distribution.  Criterium  (l)  is  convenient  only  if  wo 
'now  4*  irnterao  of  the  distribution.  Using  the  Val 


of 


xo  -  0.133  (•— )  ( 


r  4/5  v  v  * 

f") 


0.8  -  0.2 

r  v  w 

Xo  ■  °-5  <~>  <~H 


8  integral  of 

momentum 

would  be  just 

ao  objoc- 

incidentally, 

lcodo  to  t 

Xq  large 

(5') 

X  small 

A 

(6') 

Those  relationo  show  qualitatively  that  the  influence  of  Roynoldo  nunbor 
io  much  stronger  than  in  tho  turbulent  caso,  and  that  tho  laminar  boundary  layor 
oeparatoa  with  a  much  smaller  pres  aura  (gradient,  which  is  well  known  in  aorodynn 
mice.  Quantitatively  they  predict  attachment  and  deflection  only  for  voiy  small 
Roynoldo  numbers  and  curvatures  (w/r). 
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coiXLuniou 


Tho  Depuration  of  a  Jet  from  a  curved  wall  in  nrodictod  both  qualitatively 
and  quantitatively  uoing  tho  formulae  of  turbulont  boundaiy  layoro  with  pooitlve 
prooouro  gradient,  if  an  additional  criteriun  (l)  io  nado  for  tho  choice  of  tho 
prooouro  dintribution  anon g  a  ono-naranotor  fondly  of  potential  flowo  i  tho  pa- 
ranotor  indicatoo  the  circulation  around  the  wall  and  all owe  oaoy  phycical  in tor- 
pro  tat  ion. 

It  ooono  difficult  to  apply  the  dodo  ncthod  to  tho  laminar  caoo. 


APPENDIX 


Tho  integration  of  the  equation  given  for  an  a^nrorlnato  value  of  log  v 
nay  bo  porforcod  if  wo  introduce  the  Eulor  dilogarithn  function  t 

l2  (x)  -Z  *n/n2 


Wo  find,  for  f  =  £  real  s 


*  r  .  v  .  -1-6  .  -  1  -  6r-2X  .  -  1  -  6  -2X 

- -  log  ~~L—  =  tan  e  &  tan  o  -  tanh  o  ^  o  tanh  o  o 

4w  v 


+  (X  -  X  )  tanh  e  f  ^  +  F  (o  {  E"  *  ,  oiE*ao)  -  F  (o  * r  io  *  E) 


«  <*-  ^  t+H-)  -  <- 


.1  A-)  _  t  ( ..  J-  t  JL  a 
-  y  ’  L2  (  i  *  y  ' 


If  X  io  annll  : 
o 


2 

I  r  ,  „„  _i_  „  .  Y  „  t  e-  ( 
to  loe  v  4  xo  6 

C 


If  X  io  lore©  :  log  ~L~  ~  — 

o  v  r 

c 


Thoro  io  a  oingularity  rt  E,  but  it  nr.3t  be  omoothod  out  in  tho  ouccosoivo 
approxinntiono  of  the  function  log  v. 
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NOTATIONS 


„  2/  ? 

K  *  v  /v  average  -1 
P  c 

K  mo  nontun  ratio, 

^  transverse/ axial 

r  radiua  of  wall 

o,  n  Curvilinoar  coordinates 

v  velocity 

vo”*a  complox  volocity 

v  oxit  volocity 

o 

w  nozzle  width 

X  circulation  nnranctor  at  F 

o 

X  circulation  at  oeparation 

o 

Z  =*  X  +  iY  roduced  potential 


a  velocity  ancle 

8  Y«  (X  -  X)  ton  8  at  F 
0 

1  =»  <£_/rv  «*  X 

re  w  to 

d*  displacement  thictoioos 
f  =  t  +  i*?  conformal  transform 
8  momentum  thicknooa 
v  kinematic  viscosity 
f  =  <f  ♦  i^  potential 
F  shape  factor  (4) 
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ABSTRACT 


In  this  paper  an  expression  is  found  for  the  overall  pressure 
drop  as  a  function  of  volume  flow,  under  conditions  of  equilibrium, 
through  a  pneumatic  resistor  consisting  of  capillaries  in  parallel. 

The  resistance,  defined  as  the  overall  pressure  drop  divided 
by  the  volume  flow,  is  shown  to  be  a  function  of  the  flow,  and 
therefore  nonlinear.  This  nonlinearity  is  due  to  an  accumulated 
viscous  loss  in  the  entrance  of  the  capillaries  and  :he  dissipation 
of  kinetic  energy  at  the  outlets  of  the  capillaries. 

The  analysis  is  in  good  agreement  with  experimental  data.  It 
provides  a  basis  for  designing  resistors  of  desired  values  and  for 
reducing  the  nonlinearity  of  the  resistance. 
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constant 


ratio  of  kinetic  energy  contained  in  arbitrary  velocity 
profile  to  kinetic  energy  contained  in  uniform  profile 


1.  INTRODUCTION 


Consider  air  flowing  in  a  tube.  Any  constriction  placed  in 
the  tube  will  result  in  an  additional  static  pressure  drop,  £p, 
above  that  characterist ic  of  the  tube.  (See  Figure  1.)  The  con¬ 
striction  is  a  pneumatic  resistor.  Assuming  that  the  flow  re¬ 
mains  incompressible  permits  a  relationship  between  volume  flow 
and  static  pressure  drop  (1). 


Ap  =  f(  Q) 


(1) 


Then  pneumatic  resistance  is  defined  by  (2). 


Rp  O’ 

Pneumatic  resistance  is  often  thought  of  as  analogous  to 
electrical  resistance.  A  significant  difference  exists,  however, 
in  that  electrical  resistance  is  entirely  dissipative  whereas  oneu- 
matic  resistance  is  only  Dartly  dissipative.  Pneumatic  resistance 
is  a  combination  of  viscous  dissipation  and  increases  in  the  tctsl 
kinetic  energy  of  the  fluid  particles  making  up  a  flow  cross- 
section.  Pressure  drops  owing  to  this  latter  effect  may  be  partly 
recovered  by  proper  shaping  of  the  resistor.  The  consequences  of 
this  fact  will  be  discussed  later. 

Whereas  the  primary  design  feature  of  an  electrical  resistor 
is  the  material  property  called  resistivity,  the  oneumatic  resistor 
is  characterized  by  its  shape.  Because  there  is  no  general  solu¬ 
tion  of  the  fluid  equations  for  arbitrary  shapes,  any  analysis  must 
be  preceded  by  the  choice  of  a  particular  shaoe.  There  is  hope, 
however,  that  having  chosen  a  particular  shape,  the  resulting  analysis 
will  direct  the  search  for  a  better  shaoe. 

In  this  investigation  the  design  criteria  will  be  limited  to 
linearity  and  selectivity.  Selectivity  is  the  ability  to  select 
arbitrary  values  of  resistance.  Future  investigations  should  con¬ 
sider  time  and  frequency  response  as  criteria. 

Because  fully»developed  tube  flow  begins  at  80  to  200  diameters 
downstream  from  the  tube  entrance  and  results  in  a  linear  resistance, 
a  capillary  tube  was  chosen  as  the  initial  shape  [1],  Experiments 
showod,  however,  that  for  capillary  lengths  sufficient  for  linearity 
the  value  of  the  ''esistance  is  too  large  for  use  with  many  practical 
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Figure  1.  Pneumatic  Resistor  Consisting  of  Constriction 
and  Entrance  and  Outlet  Configuration 
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size  pneumatic  anrolifiers.  The  next  step  was  to  reduce  th*  resis¬ 
tance  by  Dlacing  a  number  of  caoillaries  in  parallel.  The  result 
was  promising  enough  to  undertake  a  search  for  an  analytical  ex¬ 
pression  for  the  resistance  of  such  a  colle<  ion  of  caoillaries. 

An  analytical  expression  for  the  resistance  would  orovide  guidance 
in  the  selection  of  the  best  length,  diameter,  and  number  of  capil¬ 
laries  for  a  particular  need  and  provide  assistance  in  system  de¬ 
sign. 

2.  THEORY 

2.1.  General  Comments  on  flow 


The  volume  flow,  Q,  of  a  collection  of  fluid  particles  through 
a  surface,  o  ,  is  defined  by  (3). 


Q  = 


ft  da 


(3) 


Furthermore,  if  it  is  assumed  that  the  surface  is  oriented 
normal  to  the  longitudinal  axis  in  cylindrical  coordinates,  (3) 
reduces  to  (4). 


Q  =  VA 


ft  R 


ur  dr 


(4) 


In  general  the  volume  flow  is  a  function  of  time  and  the  axial 
position.  Integrating  the  continuity  equation  (5) 


1_  3p_  +  _3u  +  1^  9__  (vr) 
p  3t  3x  r  3r 

over  a  cross-section  gives  (6). 


(5) 


&*  - !~o 

o 

where:  v(x,0)  =  v(x,R)  =  0 


3o 

3t 


r  dr 


(6) 
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Thus  for  fixed  boundaries  and  axially  symmetric  flow,  Q  can 
depend  on  the  axial  position  only  if  the  density  is  a  function 
of  time.  For  this  case  fluid  would  be  stored  within  a  volume  of 
the  tube.  This  storing  is  characteristic  of  caoacitance  rather 
than  resistance.  Thus  for  a  pure  resistor  the  volume  flow  is 
at  most  a  function  of  time  due  to  fluctuations  in  the  axial  velo¬ 
city. 


2.2.  laminar  Entrance  Flow  in  a  Tube 


2.2.1  Nature  of  the  Problem 

To  many  investigators  the  study  of  fluids  is  primarily  a 
study  of  mathematics,  substantiated  by  experiment.  Fxceot  for  the 
few  cases  where  the  Navier-Stokes  equations  have  an  exact  solution, 
the  mathematics  is  a  search  fcr  the  best  approximate  solution 
rather  that  for  j?  new  theory.  A  comprehensive  example  of  the  dif¬ 
ficulties  of  such  an  investigation  is  the  study  of  steady,  axially 
symmetric,  incompressible  flow  in  the  entrance  of  a  straight  tube 
of  circular  cross-section. 

The  axial  component  of  the  Navier-Stokes  equation  for  boundary 
layer  flow  is  given  by  (7)  -/here  the  term 


3?u 

v  1ST" 

is  assumed  negligible  in  accordance  with  the  usual  boundary  layer 
theory  [2]. 


u 


I  & 

o  dx 


3u 

3r 


(7) 


For  fully-developed  flow  the  inertia  forces  in  (7)  vanish 
giving  (8). 


1  9u  _  1  dp 

5  2  +  T”  It  ”  m  Hx 
r 

with  boundary  conditions: 


=  0 

r  -  0 


u(x,R)  =  0,  |~ 


(8) 
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The  solution  (9)  of  (8),  expressing  the  equilibrium  between  vis¬ 
cous  and  pressure  forces,  is  the  classical,  Magen-Poiseui 1 le ,  para¬ 
bolic  velocity  profile  [2]. 


ufd 


~  ^  a 


-  u. 


max 


(1 


r2 

R2 


(9) 


=  2V  (1 


) 


The  situation  is  quite  different  in  the  entrance  .length.  The 
entrance  length  is  defined  as  that  distance  over  which  the  transi¬ 
tion  from  the  entrance  profile  to  the  parabolic  profile  occurs. 
During  this  transition  the  inertia  terms  do  not  vanish  and  the 
Navier-Stokes  equations  have  not  yielded  to  an  exact  solution. 


There  are  in  general  two  approaches  to  finding  an  approximate 
solution  in  the  entrance  length.  The  first  is  to  assume  an  approxi¬ 
mate  form  for  the  changing  velocity  profile  and  then  determine  the 
nature  of  the  transition  from  continuity  and  momentum  considerations. 
The  seccnd  approach  is  to  choose  a  linearized  form  of  the  Navier- 
Stokes  equations  that  best  describes  the  flow.  The  latter  method 
is  more  sasily  adapted  to  finding  an  analytical  expression  for 
resistance;  but  the  former  method  gives  much  insight  into  the  physical 
nature  of  the  flow. 


2.2.2  Appro ximate  Velocity  Profile 

The  choice  of  an  approximate  velocity  profile  is  based  on  the 
assumption  of  a  model  for  the  problem  as  illustrated  in  Figure  2. 
Note  that  a  uniform  profile  is  assumed  at  the  entrance. 

Due  to  a  viscous  drag  on  the  fluid  at  the  wall,  a  boundary 
layer  of  thickness  5  is  assumed  to  grow  from  zero  at  the  entrance 
until  it  completely  fills  the  tube  for  fully-developed  flow.  The 
problem  is  particularly  complicated  because  the  growth  of  the 
boundary  layer  causes  an  acceleration  of  the  frictionless  core  re¬ 
sulting  in  a  negative  pressure  gradient  in  the  flow  direction  that 
in  turn  affects  the  boundary  layer  growth.  The  main  conclusion 
that  can  be  made  from  the  model  is  that  the  ratio  of  the  local  velo¬ 
city  to  the  core  velocity  probably  depends  upon  the  ratios 

4  [3],  [4],  [5],  Assuming  a  fourth-order  polynominal  in 

R 
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these  ratios  and  applying  pressure  and  velocity  boundary  conditions, 
one  can  justify  the  following  nrofile: 


u 

1 


I 


1  (L)  .  i  (I, 

L  2  &  2  S’ 


3l 

J 


n 


6 

V 


-  + 


2(f)  -  <f> 

6  J 


6 

r” 


(  10  ) 


Details  of  the  above  formulation  and  the  following  calculations  may 

be  found  in  [3].  As  -  goes  to  zero  the  Krofile  becomes  the 

R 

familiar  cubic  profile  within  the  boundary  layer  on  a  flat  plate. 
This  is  the  situation  where  the  boundary  layer  is  thin  relative  to 

the  radius,  near  the  immediate  entrance.  On  the  other  hand  as  ~ 
tends  toward  unity,  the  profile  takes  the  fully-developed  parabolic 
shape.  Other  profile  assumptions  exist  that  give  similar  results. 
The  profile  (10)  is  chosen  as  an  example  only. 

Having  obtained  the  approximate  velocity  profile  (10),  we  may 
determine  the  dependence  of  the  core  velocity,  ,  upon  6  from  a 
form  of  the  continuity  equation  (11)  derived  from  (4)  where: 


r  =  R  -  y  and  u  =  u(x,y)  from  y 

u  =  ’J(x)  from  y 


V*R2  =  2tt 


,6 

u  ( R-y  )dy  ♦  —  (  R 

l)  2 

o 


0  to  y 
5  to  y 


6 

R 


(11) 


Substitution  of  (11)  into  (10)  leaves  the  only  unknown  as  the  de¬ 
pendence  of  the  boundary  layer  thickness  on  the  distance  down  the 
tube.  Once  this  is  found  the  problem  is  solved. 

An  integral  form  of  the  momentum  equation  as  it  applies  to 
this  problem  can  be  derived  from  a  control  volume  in  the  entrance 
flow.  The  resultant  of  shear  and  pressure  forces  are  equated  to 
the  net  outgoing  flux  of  momentum  (12).  Then  the  pressure  is  set 
to  the 


41  ttR  -  Tw2nR  =  '  pu2dA 

dx  w  d* 

control  volume 


(12) 
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core  pressure  anil  evaluated  jsirig  the  Bernoulli  equation.  (  >orrie 
authors  feel  it  is  better  to  calculate  the  pressure  (gradient  by  an 
energy  integral  over  the  whole  flow  including  the  inviscid  portion 
[5]).  The  shear  at  the  wall,  iu  ,  is  given  by  (  1  3 ).  The  result  is 
(14  ). 


-  u 


3  u 
3  y 


y  o 


(13) 


U 


dO 

2v 

3u 

2.  A 

dx 

R 

3y 

p?  dx 

(  R-y  )  dy  ♦ 


(  14  ) 


Simultaneous  solution  of  (11),  (12),  and  (14)  is  complicated 
but  numerically  integrable  problem  for 


as  a  function  of  .  Some  of  the  results  are  tabulated  in  Table  1. 
Since  transition  is  assumed  to  be  completed  at  equal  unity, 

Table  1  shows  the  transition  length,  Lft,  to  be  given  bv  (15). 

VD?  (15) 

v 

0 


0,0300? 

=  0. 1200B 

TT  V 


For  air  at  20  degrees  C  flowing  with  a  mean  velocity  of  20  feet 
per  second  through  a  .0139-inch  radius  capillary,  the  flow  becomes 
fullv-developed  after  a  distance  of  .242  inches  or  8,7  diameters. 
For  the  same  velocity  flow  through  a  .12-inch  radius  tube  the  flow 
does  not  develop  until  a  distance  of  1.5  feet  or  75  diameters. 

By  using  the  results  as  in  Table  1  with  equations  (10)  and 
(11)  one  may  determine  the  velocity  at  any  location  in  the  entrance 
length. 
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Rex 


d>R 

1 

<r'd>2 

0.050 

0 . 00b03  18 

0.  100 

0.000135 

0.200 

0.000638 

0.300 

0.00164 

0.400 

0.00328 

0.500 

0.00566 

0.600 

0.00887 

0.700 

0.01299 

0.800 

0.01794 

0.900 

0.02364 

1.000 

0.03002 

Table  1.  Summary  of  the  Solution  of  Equations 
(11),  (12)  and  (10). 
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The  most  significant  disadvantage  of  this  velocity  solution  is 
that  it  appears  in  numerical  form.  A  more  useful  solution  for  the 
problem  at  hand  would  be  in  analytical  form. 


2.2.3  Linearizing  the  M omentum  Equations 


The  lack  of  a  general  solution  to  7)  Is  due  to  the  non-linearity 
of  the  inertia  terms,  .  By  replacing  the  Inertia  terms 

with  V  ,  where  V  corresponds  to  a  constant  velocity  of  convec¬ 

tion  equal  to  the  mean  velocity,  the  linearized  equation  16)  is  ob¬ 
tained  [6], 


V 


3  u 
3  x 


(16) 


After  multiplying  (16)  by  r  and  integrating  over  the  cross-section 
one  obtains  (17) 


7  ^ 

)x  R 


3r 


r-R 


22u  1  3u 


(17) 


with  boundary  condition: 


u  -  0 
r  «  R 


Assuming  that  the  velocity  solution  of  (17)  can  be  written  in  the 
form  (18)  where  Uf^  is  known  as  (9),  the  developing  part  of  (18) 
can  be  substituted  into  (17)  giving  (19). 


where 


u(n  ,x)  - 


X 

R 


and 


rn  (nrr 


+  Ta^g* 


1 


(18) 


(19) 


with  boundary  condition  gm 


-  0 


1 


135 


are  the 


The  solution  of  (19)  can  be  verified  as  (20)  where  y 
roots  of  J2(y  )  =  0.  m 


The  requirement  that  u(T] ,  0)  =  V  and  the  orthogonal  properties 
of  the  eigenfunctions  of  (19),  specifically: 

gm  ^  =  f  Sm  gn  dA  =  °  m  /  n 
A  A 

determine 

Cm  -  2VAm 

Finally,  the  complete  solution  of  (17)  is  (21), 


m  =  1 


More  recently,  an  improved  solution  was  obtained  by  weighting 
the  mean  velocity  in  the  inertia  term  of  (16)  by  a  function,  e(x), 
defined  by  (22)  [7], 

dx  =  edx*  (22) 

Then  by  equating  the  pressure  gradient  obtained  from  integrating 
the  momentum  equation  (7)  over  the  cross-section  to  that  obtained 
from  first  multiplying  (7)  by  u(r.x)  (mechanical  energy  equation)^ 
one  finds  an  expression  for  t(x). 


196 


where 


au  = 


u_ 

V 


and 


X* 


x*/R 

VR/u 


The  velocity  solution  of  this  modified,  linearized  equation  is 
the  same  as  (2l)  except  with  x  replaced  by  the  stretched  coordinate 
x*.  Both  solutions  agree  reasonably  veil  with  experimental  data  and 
the  results  of  part  2.2.2. 


2.3  Pressure  Drop  Versus  Volume  Flow  for  a  Tube 


Of  the  several  expressions  for  the  velocity  profile  transition  the 
only  one  given  by  (21)  appears  to  strike  the  best  balance  between  being 
accurate  and  being  analytic.  Now  the  pressure  drop  must  be  related  to 
the  velocity  profile.  For  this  (12)  will  be  used.  Substituting  for 
Too,  from  (13)  dividing  by  ifii  PJ  ,  and  integrating  over  the  length  gives 
(24). 


PV^/2 


3  r 


dx  + 


r  =  R 


dA  -  2 


(24) 


From  (2l)  it  is  apparent  that  the  velocity  is  the  sum  of  the  fully 
developed  velocity,  Ufd,  and  the  developing  velocity,  u  -  ufd.  Using 
this  fact  and  rearranging  (24)  gives  (25). 


4J2 

RV 


I 


dA-2- 


4J? 

RV 


r 


2_ 

3r 


U-U 


fd 


dx  (25) 


r=R 


From  (25)  the  pressure  drop  is  seen  to  consist  of  four  terms. 

The  first  term  is  the  drop  due  to  the  viscous  dissipation  in  the  fully- 
developed  flow.  Substituting  (9)  into  (25)  and  using  (4)  gives  (26), 
which  is  recognized  as 


A  p  = 


(26) 


the  linear  relationship  characteristic  of  fully-developed  flow. 
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Figure  h*  Schematic  of  Test  Apparatus* 


Figure  5*  Test  Resistor  with  Supports* 
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The  second  anu  third  terms  of  (25)  represent  a  pressure  drop  due 
to  the  increase  in  the  kinetic  energy  contained  in  a  cross-section  as 
the  flow  develops.  The  fourth  term  represents  an  accumulated  viscous 
loss  that  exists  in  the  entrance  section  only. 

Since  the  ratio,  is  known,  the  second  term  may  he  evaluated  as 
(27).  V 


I  2 


n  i 


^2  J  (?) 

A 


(y)  ndn 


2  [2(1 

C1 

o 


2  2 

n  )  ]  ndn 


+  2  4(1  -n2)^  ~e^'\Zx  ndn* 


2  I1  r  2  -  V*  2 


m=l 


r 


o  m=J 


l  m 


Sjn® 


J  nd  n 


-  y_2x 

*  + 


m=l 


OC5 

z 

m=l 


8  -  2  y  2x 

v-?  e  * 

'  m 


(27) 


Similarily,  after  substitution  the  fourth  term  becomes  (28) 


Substituting  (26),  (27),  and  (28)  into  (25)  gives  after  re¬ 
arrangement: 


199 


AJ*  16  vx  4 

«T^/2  VR2  3 


I 


(e  ”  Ymx_  3)  e  ~  Ym  x 
Ym2 


(29) 


Substituting  for  X  and  writing  in  terms  of  the  volume  flow 


Po  -  V  {^)Q 


(^)[3  * 


i 

T  m 


Yp  V*X 

Q 


-  3)e" 


2 

LaJ!lx  . 

Q  ]Q" 


m  =  1 


Equation  (30)  represents  the  pressure  drop  within  a  circular  tube 
of  constant  radius  from  a  uniformly  distributed  flow  at  p^  to  some 
axial  location  x. 

2.4  The  Test  Resistors 

2,4,1  Adapting  Theory  to  Test  Conditions 

The  test  resistors  consisted  of  groups  of  capillaries  in  parallel. 

The  snatic  pressure  versus  volume  flow  characteristics  of  these  re¬ 
sistors  was  measured  in  an  apparatus  illustrated  in  Figure  4  and 
Figure  5. 

The  static  pressure  p^_  -  p£  was  measured  with  a  3artan  gage 
that  was  calibrated  to  +  0,02  psi  on  a  dead  weight  tester.  The  volume 
flow  was  measured  with  rotometers  that  were  calibrated  with  a  volume  meter 
to  within  +0.05  x  10_3  ft3/sec. 

The  pressure  p-^  -  P2  was  measured  because  it  represents  the 
pressure  drop  as  the  resistor  would  be  used  in  some  fluid  circuit. 

Since  (30)  represents  p0  -  p*-  for  one  capillary,,  several 
adjustments  must  be  made  before  it  can  be  used  to  predict  p-j_  -  p£* 

The  volume  flow  through  the  network  of  N  capilDarles  must  be 
divided  by  N  to  give  the  flow  through  one  capillary. 

Same  of  the  static  pressure  p-,  is  converted  into  kinetic 
energy  as  the  flow  approaches  x  =  0  because  of  the  area  reduction  at 
the  entrance  of  the  resistor.  This  static  pressure  drop,  p^  -  p0, 


(30) 
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can  be  calculated,  if  dissipation  is  neglected, by  integrating  the 
Bernoulli  equation  over  the  cross-sections  at  p]_  and  pQ.  If 
the  mean  velocity,  Q/A,  is  substituted  for  the  actual  velocity  dis¬ 
tribution  in  the  integration,  an  error  results.  This  error  may  be 
accounted  for  by  a  function, ct>  varying  frc.u  x  to  2,  that  takes  into 
consideration  the  profile  differences  between  the  two  locations  [8]. 
The  resulting  equation  is  (3l)« 


pl 


?  2 
(NIT) 


(31) 


For  the  range  of  values  in  this  problem,  R,^»R^,  the  second  term  of 
(31)  is  negligible.  Thus  (31)  reduces  to  f32). 


iQ2 


p,  -  p  = 

^1  *o 


2(^NR2)2 


(32) 


The  most  significant  effect  of  the  whole  problem  occurs  at  the 
outlets  of  the  capillaries.  The  static  pressure  drop  up  to  that  cross- 
section,  -  px,  is  a  combination  of  viscous  dissipation  and  increases 
in  the  total  kinetic  energy  of  the  fluid  particles  making  up  the  cross- 
section.  Because  of  the  very  sharp  expansion  at  the  end  of  the  capil¬ 
laries,  practically  all  of  the  kinetic  energy  is  dissipated.  Thus  the 
static  pressure  drops  due  to  increases  in  kinetic  energy  become  static 
pressure  losses,  px  -  V>2  =”  0. 

Two  effects  have  been  neglected.  The  pressure  drop  Pj  ”  P2 
with  the  resistor  removed  is  less  than  the  probable  experimental 
error  for  all  flows.  And,  stagnation  losses  at  the  entrance  to  the 
resistor  are  of  the  order  of  the  kinematic  viscosity;  therefore, 
very  small. 

Since  the  theory  presented  thus  far  is  valid  for  only  laminar 
flow,  the  diameter  Reynolds  number  as  defined  by  (33)  must  not  be 
exceeded. 


^Qffiax 

rRyN 


^  2300 


(33) 
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Thus  the  pressure-flow  relationship  (30)  for  a  capillary  re¬ 
sistor  with  its  entrance  and  exit  configurations  as  described  and 
for  flows  limited  as  above  is  given  by  (34). 


pi-pz  =  0  Q  +  (^k"4)[i+  L 


2 

Q  ^ 


m  =  1 


Q  -3) 


(34) 


=  3.75  x  10"7  — 


ft' 


v  = 


1.60  x  10”4 

sec 


p  =  2.34  x  10 


-3  lb f -sec4 
ft4 


3.  EXPERIMENTAL  RESULTS 


A  total  of  ten  different  resisturs  were  tested.  For  five  of  the 
tests  the  number  of  capillaries,  N,  was  varied  and  for  the  other  five 
tests  the  lengths,  V,  were  varied.  The  flow  was  varied  from  0.1  x 
10~3  ftVsec  up  to  the  critical  value,  C^x,  at  which  the  transition 
to  turbulent  flow  takes  place.  In  no  case,  however,  did  the  flow  ex¬ 
ceed  4.0  x  10-3  ft3/sec.  For  each  value  of  flow  the  static  pressure, 
p^  -  P2,  was  measured  for  the  tests  summarized  in  Table  2. 

The  minimum  value  of  the  term,  — appearing  in  the  exponen¬ 
tial  series  of  (34)  for  the  various  experimental  resistors  was  0.39. 

In  the  Appendix  it  is  shown  that  this  minimum  value  permits  neglecting 
the  series  terms  without  significant  error.  Thus  (34)  becomes  (35). 


Ap 


<^)Q  +  ( 


7  p 

6/n2R4 


(35) 


The  experimental  data  was  plotted  against  (35)  in  Figures  6 
and  7.  Finally,  the  pneumatic  resistance  is  given  by  (36), 


r  =  &L.  + _ Ze _ 

*  nNR4  6„2N2R4 


Q 


(36) 


202 


test 

number 

length 
x  (inches) 

capillaries 

N 

diameter 

2R  (inches) 

maximum 
laminar  flow 

Q  (ft-Vsec  x  10^) 

max 

1 

3.0 

1 

.0120 

.29 

2 

3.0 

3 

.0120 

.87 

3 

3.0 

4 

.0120 

1.16 

4 

3.0 

8 

.0120 

2.31 

5 

3.0 

24 

.0120 

6.94 

6 

1.0 

25 

.0139 

8.36 

7 

1.5 

25 

.0139 

8.36 

8 

2.0 

25 

.0139 

8.36 

9 

3.0 

25 

.0139 

8.36 

10 

4.0 

25 

.0139 

8.36 

Table  2.  Summary  of  Tests. 
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4.  CONCLUSIONS 


Figures  6  and  7  show  a  good  agreement  of  the  theory  (35)  with 
experiment  for  the  tested  resistors.  However,  the  nonlinearity  seems 
to  decrease  somewhat  with  higher  values  of  resistance  contrary  to  (36). 
Equation  (36)  is  very  accurate  for  pressures  less  than  1.5  psi,  wherein 
much  of  the  work  with  pneumatic  amplifiers  is  conducted. 

The  nonlinear  term  of  (36)  is  due  to  three  sources.  That  is 


_  2d 

6*2N2r4 


of  the  term  arises  from  kinetic  energy  increases  in  the 


capillaries,  is  due  to  an  accumulated  viscous  loss  in  the 


Id. 


entrance  section,  and 


comes  from  a  kinetic  energy 


increase  at  the  entrance  of  the  capillaries  due  to  the  area  reduction. 
The  pressure  drops  due  to  conversion  of  static  pressure  to  kinetic 
energy  become  losses  because  of  the  abrupt  outlet  condition. 


In  addition  the  negative  term 


vanishes  because  the  factor 


m=l 


C  -  j;*NL/Q  i  s  large* 

It  would  seem  that  by  proper  shaping  of  the  outlet  and  proper 
choice  of  C,  that  the  nonlinearity  of  the  resistor  may  be  reduced. 
This  work  and  the  study  of  the  non-steady  problem  are  a  source  of 
future  investigation. 
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(isd)  dy 


.5  1.0  1.5  2.0  2.5  _ ► 

Q  x  I03  (ft3/sec) 


Figure  6.  Pressure  Versus  Flow  Varying  N 
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Pressure  versus  Flow  Varying  L. 


APPENDIX 


CONVERGENCE  OF  SERIES  TERM  OF  EQUATION  (34) 


Z 


Of  particular  importance  is  the  convergence  of  the  series  terms, 
,  given  by  (37). 


I 


=  4F  (2C)  -  12  F  (C) 


(37) 


where 


and 


v 

F(C)  =  1  Are 


-  Vm2c 


C  = 


m=l  m 
r  rtNL 
Q 


The  eigenvalues,  vm,  begin  as  shown  in  Table  3  and  eventually 
approach  a  separation  of  rt. 

In  the  limit  where  C  goes  to  zero,  V  =  -2/3,  where  F(C)  and 
F(2C)  are  given  by  (38). 


F(C)  =  F(2C) 


wo 

I 

m=l 


1  1 
^  =  12 


(38) 


As  C  increases  from  zero  to  Infinity,  the  series,^  ,  will  in¬ 
crease  from  -2/3,  which  may  not  be  ignored  with  respect  to  7/6  in 
(34),  to  zero.  We  wish  to  know  what  error  will  be  introduced  by 
ignoring  V  for  C  <  «*», 


If  C  =  In  B  where  B  must  be  1,  equation  (39)  is  obtained. 


-  Vm  InB 


ln(B-  Tb2) 


-  Vm 


F(B) 


A 


I  e 


B 


,Vsf 

m=l 


(39) 


From  fundamental  calculus  we  have  (40) 


f ( Y  )  dY  -  lim 


^  f±  (  y)  AiY 

H-»0  i  -  (a,  b) 

where  (Y  )  -  mean  value  of  f  (  Y )  in  the  interval  ai  > 


(40) 


If  instead,  AY  *K*j(40)  becomes  (41) 

0  Y- 


I  "'■><{ 


m 


-  1 


u 


Y  1"ir/2 


f  (Y  )dT 


Substituting  f  (Y  ) 

m 


B 


-  Ym 


Ym 


into  (41)  gives  (42). 


(41) 


ij  =  - 


F  (BX- 


_B 

Y2 


-  Y 


dY 


Y,  -  5.14  -  »/2 

_  Y  2  _  Y  2 

Since  B  >  1,  the  functions  B _  B  ,  and  1  are  monotone 


(42) 


Y  2 


Y2 


nonincreasing  and  less  than  unity  in  the  interval  Y(3.57,  •). 
Moreover,  for  B  >1.22  we  must  have  (43),  as  illustrated  in  Figure  8. 


Y2 


Y  2 


B 


B 


(43) 


Y  2 


<  y2 


For  the  case  where  B  ■  e,  using  (43)  gives  (44). 


F(e)  <  ± 

JT 


dY 


Y  -3.57 
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F(e)  -  0 


(44) 


Thus  for  (O  1  ( B  ^  e )  we  have 

Also  from  (43)  we  have  (45). 


F(B)  <  ^ 
n 


1 

I  x  dv _ 1_ 

U  v2  dY  «( 3 .57) 

3.57 


(45) 


But  this  is  too  conservative.  If  we  examine  for  what  values  of  a  con' 
stant,  §,  equation  (46)  is  valid. 


f(b)  A  i) 


3.57 


Y2 


dY 


Y(3.57,<~) 

B(l.22,<^) 


we  see 


B“  ^  «  1.22"(3-57)  . 


This  gives  (47). 


(1.22) 


-(3.57)' 


.0071 


(46) 


(47) 


Thus  for  C  >.20  (B>1.22)  we  have. 057 >Y  >0.  The  results  of 
(38),  (44),  and  (47)  are  tabulated  in  Table  4. 


Finally,  if  0  0.2,  the  error  introduced  by  neglecting 
less  than  6.4$  of  the  contribution  of  the  Q2  term  to  the  tot‘ 
pressure . 


L 


is 


A  few  representative  values  of  )  were  calculated  on  a  computer 
using  the  first  twenty  eigenvalues  for'  values  for  C  between  zero  and 
one.  Some  of  the  data  is  given  in  Table  5. 
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B 

C 

£  e 

5s  1.0 

—  0.0 

>1.22 

>0.2 

0.0852 

1.00 

0.0 

2/3 

Table  4.  Summary  of  Convergence  Results. 
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SIMILARITY  RELATIONS  AND  CHARACTERIZATION  OF 

PURE  FLUID  ELEMENTS 


by 

H.H.  Glaettli 


International  Business  Machines  Corporation 
Zurich  Research  Laboratory,  Rdschlikon -ZH 
Switzerland 


Many  attempts  have  been  made  to  provide  short 
descriptions  of  pure  fluid  components,  for  instance  in  the 
form  of  data  sheets.  In  spite  of  the  fact  that  many  valuable 
data  are  given  on  such  occasions,  two  serious  disadvantages 
of  past  approaches  become  more  pronounced  as  time  goes  on: 
On  the  one  hand,  the  given  data  do  not  represent  the  full 
value  of  the  results  obtained  through  the  development  of  the 
element  in  question,  and  on  the  other  hand,  there  is  no  base 
for  comparison  of  various  elements  one  with  another.  There 
are  mainly  two  reasons:  Neglection  of  similarity  relations 
(which  alone  would  maintain  the  generality  of  experience 
gained  and  would  provide  a  base  for  comparisons  over  a  wide 
range),  and  insufficient  data.  Many  examples  in  Ref.  i  and 
many  proposals  concerning  "new"  elements  are  good  illus¬ 
trations  for  all  this:  Response  times  or  operating  pressures 
are  mentioned  without  giving  any  further  information  such  as 
size,  fluid,  Reynolds  number,  aspect  ratio,  amplifier  data 
and  modulation  factor. 

It  is  the  purpose  of  this  paper  to  demonstrate  a  simple 
elementary  manner  to  arrive  at  a  few  dimensionless  constants 
which,  together  with  the  representative  size  and  the  fluid  prop 
erties  (viscosity,  density)  give  an  effective  desc ription  of 
Quid  elements.  The  first  steps  in  this  direction  were  taken 
in  Ref.  2.  -  In  addition  to  several  details  worked  out  since 
then,  some  new  results  are  given  as  to  the  choice  of  aspect 
ratio.  Last  but  rot  least,  some  remarks  will  be  made  as  to 
the  limits  of  similarity  relations. 
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The  first  step  consists  in  defining  the  Reynolds  number  R. 
This  is  done  by  introducing  the  average  flow  velocity  through  the 
nozzle,  derived  from  flow  rate  measurements,  into  the  definition 
of  the  Reynolds  number: 


R 


o  •  Q 

v 1  • n 


(i) 


p  is  the  density  and  n  the  viscosity  of  the  fluid  used.  Q  is 
the  measured  volumetric  flow  rate.  For  simplicity  reasons,  the 
whole  layout  is  assumed  to  be  essentially  two-dimensional:  1  is 
the  nozzle  width  and  the  aspect  ratio.  In  some  cases,  it  may 
be  convenient  to  measure  the  mass  flow  rate  p  *Q  directly. 


The  operating  pressure  p  of  an  element  is  closely  re¬ 
lated  to  the  pressure  drop  through  the  nozzle  and  can  be  described 


by 


P  =  k 


R 


2 


1 


2  p  l 


(2) 


k^  is  the  first  constant  to  be  determined  experimentally.  It  takes 
into  account  any  losses  and  a  possible  pressure  recovery  and  docs 
not  differ  too  much,  therefore,  from  one.  is  also  the  first 
constant  entering  the  data  sheet. 


The  operating  power  P  of  a  pure  fluid  element  is  given  by 


P 


R" 

r 


n 

p 


3 

1 


(3) 


As  mentioned  above,  k.,  is  not  a  constant  to  be  determined  ex¬ 
perimentally.  It  must,,  however,  be  emphasized  at  this  point 
that  R  has  been  defined  on  a  two-dimensional  base.  Any  critical 
value  R^  ,  therefore,  must  depend  on  k^.  Some  information  on 

how  Rc  depends  on  k_  is  given  in  Ret.  3.  The  experimental 

results  shown  there  indicate  an  appreciable  influence  of  the  flow 
character  on  the  dependence  of  R^j  on  k^.  It  is,  therefore, 
suggested  that  any  indication  of  Rc  ^  be  followed  by  the  correspond 

ing  k_ -value  at  which  R  _  war*  defermined. 

®  2  crit 

It  has  also  been  shown  in  Ref,  3  that  a  k^ -value  of  2  to  /5 
leads  to  a  minimum  power  consumption.  For  practiced  reasons 
(mainly  manufacturing  difficulties),  an  aspect  ratio  k^=  1  was  used 
by  the  author  in  most  cases.  Meanwhile,  additional  experiments 
have  been  carried  out,  which  speak  in  favor  of  this  relatively  low 
aspect  ratio,  and  which  will  be  described  briefly  in  the  appendix. 
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One  of  the  main  difficulties  arises  when  the  response 
times  of  various  elements  are  to  be  compared.  Following  Ref.  2, 
the  response  time  t  of  a  pure  fluid  amplifier  can  be  described 


by 


=  k  •  k 


3  4  R. 


(4) 


It  would  certainly  be  quite  simple  if  the  product  k^* 
could  be  determined  experimentally.  The  response  time, 
however,  depends  on  the  gain  of  the  amplifier.  There  are  many 
ways  to  derive  such  a  relationship.  One  such  possibility  starts 
with  considerations  of  the  (hypothetic)  free  jet  amplifier.  Idealized 
assumptions  allow  the  product  k^*k^  to  be  expressed  in  terms  of 
amplifier  data,  t  becomes:  -« 


T 


2 

P 


R*  n 


VZ  •  I 


u  A.  +  1  2 
1  +  (  — — ) 
PQ 


(5) 


is  the  flow  rate,  u  the  pressure  gain.  Formula  (5)  simpli¬ 
fies  for  sufficiently^iigh  values  of  Uq  to 


T 


2 

=  p'  1 
R*  n 


(6) 


The  response  time  of  practical  embodiments  will  be  longer. 
The  fact  that  t  is  described  by  a  product  of  factors  forming  two 
groups  (the  first  group  representing  operating  conditions,  the 
second  giving  important  amplifier  data)  and  similarity  relations 
that  hold  for  quite  a  range  of  Reynolds  numbers,  suggests  the 
following  additions  to  (5)  and  (6): 

First  of  ail,  a  further  factor  f  should  take  into  account 
the  mixing  of  the  power  jet  with  the  surrounding  fluid,  which  may 
lead  to  higher  values  of  Vq  <  but  which  always  reduces  the  pressure 
gain  considerably.  This  not  only  lowers  the  gain  of  the  amplifier 
but  also  increases  the  response  time  due  to  the  reduction  in  average 
jet  velocity. 


The  second  modification  consists  in  adding  another  factor  f  , 
which  adjusts  t  for  the  nonlinearity  of  the  element.  The  product 
of  both  factors  may  easily  be  determined  experimentally  and  may 
be  considered  as  a  figure  of  merit.  This  figure  of  merit  then  enters 
the  data  sheet  and  may  be  used  to  compare  various  amplifiers. 


Such  comparisons  are  possible  independent  of  whether 
momentum  or  boundary  layer  control  is  used.  It  must,  however, 
be  borne  in  mind  that  (5)  and  (6)  are  based  on  similarity  relations. 
These  similarity  relations  may  find  an  end  when  cavitation  or 
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compressibility  effects  become  appreciable. 

Typical  examples  showing  how  amplification  of  monostable 
elements  decreases  with  increasing  Mach  number,  whereas  the 
gain  of  bistable  elements  increases  under  the  same  change  of 
conditions,  have  been  published  in  references  4  and  5. 

The  range  over  which  similarity  relations  hold  closely 
enough  to  be  of  practical  value,  has  to  be  stated  explicitly  by 
giving  a  maximum  and  possibly  also  a  minimum  Mach  number 
in  the  case  of  compressible  fluids.  -  There  are  some  difficulties 
in  connection  with  incompressible  fluids:  cavitation  depends  con¬ 
siderably  on  impurities.  Last  but  not  least,  it  takes  a  certain 
time  to  set  up  cavitation  because  of  limited  thermal  conductivity. 
Both  effects  together  cause  the  upper  limit  for  the  operating  pres¬ 
sure,  where  significant  cavitation  effects  start  to  vary  with  size, 
which  according  to  Ref.  2  would  not  be  true  under  ideal  circum¬ 
stances. 

So  far  onW  isolated  amplifiers  have  been  considered.  It  is, 
however,  true  that  not  only  a  single  amplifier  can  be  built  in 
different  sizes,  but  also  a  whole  circuit:  There  also  exists  at 
least  a  minimum,  but  under  certain  circumstances  also  a  maxi¬ 
mum  Reynolds  number,  which  defines  the  range  of  successful 
operation;  the  Mach  number  range  will  also  be  limited.  -  In  the 
case  of  a  parallel  adder,  the  carry  propagation  time  per  stage 
may  be  considered  instead  of  the  response  time,  and  in  the  case 
of  a  binary  counter,  the  resolving  time  for  counting  or  frequency 
dividing  plays  a  corresponding  role. 

In  the  case  of  circuits  other  than  just  amplifier  circuits, 
the  situation  becomes  somewhat  simpler:  only  the  minimum 
carry  propagation  time  per  stage  or  the  minimum  resolving  time 
is  of  interest.  These  minima  occur  at  the  minimum  gain  which 
compensates  for  the  losses,  i.  e.  ,  at  an  overall  gain  1.  In  such 
a  case  it  would  be  sufficient  to  mention  the  value  of  the  product 
k^*k^  in  its  generalized  meaning  for  a  whole  circuit. 

A  typical  example  of  data  concerning  a  binary  counter 
circuit  is  given  in  the  following.  The  geometry  is  shown  in  Fig.  1 
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The  circuit  was  proposed  by  R.  W.  Warren  (Ref.  6).  The 
minimum  Reynolds  number  at  which  the  active  element  has  to 
be  operated  for  proper  functioning  of  a  multistage  adder  at  an 
aspect  ratio  k^=  1  was  found  to  be  1900.  equals  1.05.  The 
product  k^*k^  was  determined  to  be  465. 

The  Mach  number  range  has  not  yet  been  determined 
completely:  The  design  shown  in  Fig.  1  requires  a  minimum 
Mach  number  of  .  35.  The  maximum  Mach  number  lies  between 
.4  and  .  8.  It  is  not  yet  certain  whether  it  depends  on  the  Rey¬ 
nolds  number  (especially  in  the  case  of  Reynold  numbers  be¬ 
tween  2000  and  about  5000)  or  whether  this  wide  range  is  due  t;> 
manufacturing  tolerances,  which  would  not  express  themselves 
through  the  minimum  Reynolds  number. 

By  omitting  the  bypass  between  the  two  output  channels 
the  circuit  works  at  any  Mach  number  below  .  35.  The  minimum 
Reynolds  number  decreases  to  1800,  whereas  k^  and  k  •  k^  re¬ 
main  unchanged,  which  speaks  in  favor  of  the  proposed^ 
description  with  a  few  dimensionless  constants. 

There  now  remains  the  step  from  dimensionless  numbers 
to  specified  data  such  as  response  time  in  msec,  power  in  watts, 
pressure  in  atm,  etc.  for  a  certain  fluid  and  a  certain  size.  - 
This  is  easily  done  with  the  aid  of  a  nomogram  similar  to  those 
proposed  in  Ref.  2.  A  logarithmic  scale  is  used  both  on  the 
abscissa  anu  the  ordinate,  which  show  the  nozzle  width  and 
the  operating  power,  respectively.  Curves  for  constant 
Reynolds  number,  constant  operating  pressure  and  constant 
response  time  are  shown.  According  to  expressions  (2),  (3) 
and  (4),  all  these  curves  are  represented  by  straight  lines. 

Their  tangents  are  as  follows:  -1,  +2  and  +5.  The  author 
fixed  kj  and  k^  =  1  ,  whereas  it  is  more  convenient  to  assume 
k^*k  =  100.  The  following  ranges  were  chosen  for  air: 

.  01  mm  <  £,<10  mm  and  10"^  Watts*  P<  10  kW 

Sucn  a  chart  allows  determination  of  operating  pressure, 
power  consumption  and  response  as  a  function  of  the  represent¬ 
ative  size  at  a  glance;  it  is,  however,  not  suited  for  reproduc¬ 
tion  in  black  and  white  or  in  small  size.  This  is  the  reason  why 
no  example  is  shown  in  the  proceedings.  It  is  intended  to  publish 
examples  in  a  future  publication  by  the  author. 

Any  correction  for  k.  -values  (i  =  1 , 2, ...  4)  differing  from 
the  above  assumptions  can  easily  he  done  by  multiplication  with 
factors  that  are  usual)/  very  near  to  1 ,  or  at  least  between  1 
and  about  5  in  the  cv^e  of  k^*k^. 
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Thus  it  has  been  shown  that  the  characterization  of  pure 
fluid  elements  by  dimensionless  numbers  offers  the  possibility 
of  direct  comparisons  because  it  maintains  the  generality  of 
the  available  information,  and  at  the  same  time  there  is  no 
drawback  due  to  the  fact  that  a  simple  chart  provides  fast 
specific  answers  to  specific  questions. 


APPENDIX 

Tnere  is  a  significant  advantage  in  making  a  layout  of  a 
whole  circuit  in  such  a  way  that  as  many  elements  as  possible, 
through  which  a  signal  (for  instance,  a  carry  signal)  should  pass 
at  the  highest  possible  speed, are  contained  in  one  plane.  This 
often  requires  the  power  to  be  fed  into  that  plane  through  per¬ 
pendicular  ducts.  This  easily  introduces  disturbances  which 
should  be  smoothed  out  sufficiently  in  the  inlet  section  before 
they  reach  the  nozzle  contraction. 

A  design  study  was  started  in  order  to  find  out  what  the 
minimum  length  of  the  inlet  should  be  to  provide  adequate 
damping.  Nozzles  with  a  fixed  contraction  ratio  of  5:1,  various 
aspect  ratios  and  a  variable  inlet  length  were  built.  Pressure 
was  applied  through  a  vertical  tube,  the  inner  diameter  of  which 
was  equal  to  the  width  of  the  inlet  section. 

This  arrangement  was  used  in  connection  with  a  bistable 
element,  the  critical  Reynolds  number  required  to  maintain  the 
jet  in  the  attached  position  were  taken  as  criteria. 

Figure  2  shows  a  typical  observation.  It  is  quite  clear 
that  a  sufficiently  long  inlet  section  is  advantageous  in  lowering 
R  .  ,  which  is  more  important  in  most  cases  than  R^  .  This 
noTinonly  results  in  a  power  saving  in  bistable  elemenfs1,  but 
also  improves  the  signal -to -noise  ratio  in  monostable  elements. 
In  all  cases,  however,  sufficient  damping  in  an  inlet  section  of 
suitable  length  improves  the  definition  of  the  response  time  by 
eliminating  jitter.  Last  but  not  least,  there  is  a  beneficial  in¬ 
fluence  on  the  symmetry  of  all  devices. 

Measurements  presently  in  progress  with  higher  aspect 
ratios  indicated  that  a  much  longer  inlet  or  other  measures 
would  be  required  to  provide  a  smooth  flow  in  the  nozzle: 
Whereas  a  total  length  of  the  nozzle  arrangement  of  about 
30  nozzle  widths  is  sufficient  at  k^=  1,  the  relative  inlet  length 
has  to  be  more  than  doubled  for  an  aspect  ratio  k^=  2.  This 
finally  tends  to  affect  the  packaging  density.  I*  is,  therefore, 
concluded  that  this  is  another  indication  towards  aspect  ratios 
a  round  1  to  1,5. 
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I,  Introduction 


A  rspid  growth  has  been  seen  in  the  past  tew  years  in  the  new  technology 
of  fluidic  amplifiers  and  fluidic  servo  controls. 

Fluidic  technology  i based  on  some  of  the  most  sophisticated  tluid 
dynamic  phenomena  encountered  by  the  aerodynamic! st ,  not  to  mention  the  control 
engineer,  i.e.,  the  problem  ot  transient  f iow  in  a  complex  fluid  network.  is  the 
response  of  the  fluid  amplifier  is  made  taster  and  the  circuit  frequencies  in¬ 
crease,  these  problems  will  become  more  and  more  acute. 

The  basic  equations  of  motion  of  a  viscous  time-dependent  flow,  the 
Navi er-btokes  eqs.,  are  strongly  non-linear  and  intractable  analytically,  even 
in  the  two-dimensional  Incompressible  case. 

In  Ref,  l,  section  1.1,  computational  techniques  are  developed  for  the 
numerical  solution  of  the  equations  for  a  limited  flow  field.  Large  computers 
will  he  needed  to  exte  id  the  flow  field  to  the  dimensions  required  by  practical 
problems . 

Furthermore,  the  Navier-btokes  equations  are  applicable  strictly  only  to 
the  laminar  flow  case,  i.e.,  to  such  flows  where  the  Reynolds  Number  remains 
below  some  limiting  value  (depending  on  the  flow  geometry). 

Above  this  value,  turbulent  flow  prevails,  for  which  there  is  no  exact 
mathematical  description,  because  the  number  ot  unknowns  exceecfe  the  number  of 
available  equations;  additional  empirical  relationships  have  been  formulated  by 
many  research  workers  to  fit  a  variety  of  fLow  configurations,  with  varying 
success. 

In  view  of  the  difficulties  (even  the  impossibility,  in  case  of  turbulent 
flow)  of  adequate  analytical  treatment  and  since  numerical  solutions  are  not  yet 
obtainable  for  flow  fields  of  practical  size,  the  aerodynamici st  has  relied 
heavily  on  experimental  data  and  empirical  investigations;  this  will  also  hold 
true,  to  an  even  higher  degree,  for  the  workers  in  the  new  fluidic  technology. 

1'he  purpose  ot  this  paper  is  to  discuss  the  necessity  of  employing 
dimensional  analysis  when  relying  on  the  empirical  approach  in  tluid  problems 
and  in  particular  to  present  the  stokes-Keyno Ids  similarity  Laws  for  dynamic 
f low  circuits. 


^i'his  work  has  been  carried  out  under  NASA  contract  NAs  8-11236. 


2.1 


Genera  l . 


ill  phenomena  in  mechanics  are  determined  by  a  series  ot  variables, 
such  as  energy,  velocity  and  mass,  which  take  definite  numerical  values  in 
given  cases.  .roblems  In  dynamics  or  statics  reduce  to  the  determination  ot 
certain  functions  and  characteristic  parameters;  the  relevant  lews  of  nature 
and  geometrical  relations  are  represented  as  functional  equations,  usually 
differential  equations.  In  purelv  theoretical  investigations,  we  use  these 
equations  to  establish  the  general  qualitative  properties  of  the  motion  anu 
to  calculate  the  unknown  physical  variables  by  means  of  mathematical  analysis, 
however,  it  is  not  always  possible  to  solve  a  mechanics  problem  solely  by  the 
process  of  analysis  and  calculation.  sometimes  the  mathematical  difficulties 
are  too  great,  ns  in  the  case  of  laminar  flow,  and  someti  >es  the  problem 
cannot  be  formulated  mathematically  because  the  phenomenon  to  be  investigated 
is  much  too  complex  to  be  described  by  a  satisfactory  tneoretical  model,  as 
in  the  case  ot  turbulent  tlow.  in  these  cases,  we  have  to  rely  mainly  on 
experimental  methods  of  investigation,  to  establish  tne  essential  physical 
features  of  the  problem. 

in  general,  we  oegin  investigations  of  a  natural  phenomenon  by 
finding  out  which  physical  properties  are  important  and  seeking  relationships 
between  suen  properties  which  govern  the  phenomenon. 

Many  phenomena  cannot  be  investigated  uirectly  for  practical  reasons 
and  therefore  to  determine  the  laws  governing  them  we  must  pertorm  experiments 
on  similar  phenomena  which  are  easier  and  more  convenient  to  handle.  Tc  set 
up  the  most  suitable  experiments,  we  must  make  a  general  qualitative  analysis 
anu  bring  out  the  essentials  of  the  phenomenon  in  question;  it  Is  very  important 
(and  time-savingi  to  select  the  dimensionless  parameters  correctly,  ihey 
should  be  as  few  as  possible,  while  still  reflecting  all  the  fundamental 
eft  ects. 

The  preliminary  analysis  of  the  phenomenon  and  the  choice  oi  a  system 
of  definite  dimensionless  parameters  is  made  possible  by  the  technique  of 
dimensional  analysis  and  similarity  theory.  These  techniques  have  been 
developed  to  a  high  degree  and  have  been  presented  by  many  authors,  Langhaar^, 
bedov^,  etc. 

In  order  to  bring  out  the  essential  techniques  and  parameters  in  the 
most  concise  manner,  a  simple  pipe  flow  will  be  investigated,  comprising  both 
a  mean  flow  and  an  oscillatory  component  of  small  amplitude, 

2 . 2  Dynamic  and  bteady- otate  Fluid  Motion  in  a  Pipe . 

Let  us  consider  a  round  pipe  of  diai  eter  D  and  lengtn  L  with  a 
sinusoidal  oscillatory  tlow  o l  small  amplitude  and  t requency  uj  over  a  mean 
flow  Qq ;  let  the  fluid  be  a  viscous  compressible  gas. 


Z'cA 


All  Che  parameters  which  seem  pertinent  to  the  problem  will  be  listed 


below. 


2.2.1 


List 

of  rhysical  Factors, 

Oas 

Characteristics: 

1. 

Hass  density,  mean 

Co 

lb  sec^/rt^*j 

2. 

Absolute  viscosity,  mean 

AA'C 

[j.b  sec/it'-J 

3. 

Ratio  of  specific  heats 

k  j 

M 

4. 

Gas  constant 

[“H 

Heat 

Transfer  Conditions; 

5. 

rolytropic  exponent 

n 

H 

Geometric  Conditions: 

6. 

Mpe  diameter 

l) 

[“] 

7. 

fipe  length 

L 

[“] 

F  low 

Conditions : 

8. 

Volumetric  flow,  mean 

ho 

^f  tVsecj 

9. 

Fressure,  mean  (absolute) 

To 

[ib/ft’] 

10. 

Temperature,  mean  (absolute! 

To 

H 

Oynamic  Conditions: 

11. 

Oscillatory  frequency 

UJ 

jjrad/  secj 

ha 

lb  notation  refers  to  pounds  iorce.J 

ihere  are  eleven  parameters  listed  above;  it  is  quite  clear 
that  the  number  of  combinations  and  permutations  ot  parameters  will  be 
extremely  large,  so  that  it  is  quite  unproductive  to  undertake  experimental 
work  for  a  sufficient  variation  of  each  parameter  to  cover  a  meaningful  range. 


As  this  problem  is  a  basically  simple  one  in  the  fluid  technology 
field,  matters  will  be  worse  when  complex  fluid  circuits  will  have  to  be 
studied  experimentally  and  understood,  fluids  employed  will  range  from  air  at 
std.  conditions  to  gaseous  hydrogen  at  -250°F  to  hot  combustion  gases  at  200u°f , 
in  a  pressure  range  from  ,1  fjln  to  1000  r^la. 


In  this  very  confusing  situation,  in  the  absence  of  an  adequate 
theoretical  treatment,  the  aerodynamici st  Looks  for  his  first  basic  tool,  the 
Laws  of  Dynamic  Similarity.  The  laws  of  similarity  will  allow  building  up  an 
experimental  solution  of  the  problem  with  data  from  experiments  under  different 
sets  of  conditions. 

The  laws  of  similarity  will  allow  the  extrapolation  of  data  under 
one  set  of  conditions  to  another  and  different  set  of  conditions,  and  will 
prescribe  the  correct  conditions  for  a  model  experiment  to  be  valid  for  a 
prototype. 


The  laws  of  similarity  will  also  serve  to  classify  quantitatively 
dynamic  fluid  regimes  for  generalized  application  to  complex  fluid  circuits. 

2.2.2  List  of  Dimensionless  Parameters . 


The  following  three  dimensionless  parameters  have  been  found  to 
be  of  basic  importance  for  cur  problem: 

1.  Reynolds  Number  Re  =  U  i)Qo 

AU.  o 


2.  Acoustic  Reynolds  Number 


K  _  =  C  uCo 

e0  V,  . 


3.  atokes  Number 


a  =  Oj 


D  2& 


ACo 


where  velocity  of  sound  C  *  ~\jk  Rgl'g  or  ~]j  n  R  ig  (depending  on  heat  transfer) 


reference  flow  velocity  U  =  ^ 


(mean  pipe  velocity) 


Other  dimensionless  parameters,  which  can  all  be  derived  from 
the  first  three,  have  been  found  useful  in  particular  ways: 


4.  Strouhal  Number  St  =  a  =  to  o 


R, 


U 


5.  Longitudinal  Acoustic  Strouhal  Number  at  =  S _  .  L  =  to  L 

Ln  *”  ~~ 


ReA  D  C 


Transverse  Acoustic  Strouhal  Number  St  =  a  =  ***  D 

TA  R  C 
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Finally,  if  the  mean  pipe  flew  velocity  is  sufficiently  high, 
fluid  compressibility  effect  must  be  accounted  for  by  the  Mach  number. 

7.  Mach  Number  M0  U 

O  - 

c 


Fortunately  in  fluid  control  technology,  pipe  velocities  are 
generally  low. 

Seven  dimensionless  parameters  are  listed  above;  this  number  is 
still  too  high  for  indiscriminate  appl  ation  to  practical  experimental  work. 
Previous  aerodynamic  experience,  both  theoretical  and  experimental,  >/i 1 1  serve 
to  demonstrate  the  particular  usefulness  of  each  parameter  to  the  experimenter. 

If  the  Mach  Number  is  neglected,  there  ere  only  three  basic 
parameters ,  the  classical  Reynolds  and  otones  Numbers  and  another  version  of 
the  Reynolds  Number  comprising  the  acoustical  velocity  in  the  pipe  (instead 
of  the  flow  velocity;. 

A  discussion  will  be  given  below  for  each  parameter ,  with 
supporting  experiine  tal  evidence  ana  physical  interpretation  as  required. 

2.3  Vhe  Reynolds  Numuer. 

The  Reynolds  Number  may  be  derived  from  dimensional  analysis 


u  u 

ft 

f t  sec 

-  [ul 

V 

sec 

ft2 

L  J 

Furthermore,  it  acquires  fundamental  significance  the  fact  that 
it  can  be  derived  from  the  steady- sta te  Navier-otokes  eqs.  of  viscous  fluid 
motion. 


Hie  steady-state  Navi er-htokes  eqs.  are  written  in  cylindrical 
coordinates  r  and  x,  with  axial  flow  symmetry  for  pipe  flow,  below: 


e 

<? 


[  v  3_v  +  u^v 

\  =  dp  +  / 

3  2v  + 

i 

3v-v  3^v\ 

1  3r  3x 

)  'dr  A4[ 

3  r2 

r 

3  r  r?  3x2) 

[  v  3u  +  u  3  u  \ 

-a*  -( 

3  ^u  + 

l 

3  u  +  b2u  \ 

\  dr  dx] 

3  r2 

r 

3  r  3  x2  ) 

where 


v  is  the  velocity 
u  is  the  velocity 


in  the  r  direction 
in  the  x  direction 
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If  now  U,  J  and  F  are  taken  as  references  of  velocity,  length  and 
pressure : 


v*  =  v 


and 


u_ 

1) 


r*  =  £ 
U 


and 


_x 

D 


P*  =  £ 


Then  it  is  obtained  for  the  steady-state  havier-dtokes  eqs.  after 
dividing  each  term  oy  —  U 2  : 

^  D 


V  *  9  V  * 

+  U  9  V* 

st  - 

3 

+  r  ~ 

/  9  2y*  +  3jv*  - 

v  + 

IT* 

d  x* 

[<?p] 

3  r 

L  uuj 

\  9  r*2  r*  ^r* 

r*2 

v*  3  u* 

+  u*  <3  u* 

_ 

r*_ 

1  3P* 

+  L-L1 

/  3  2u*  +  1  clu*  + 

92u* 

3  r* 

dx* 

\f  L 

1 2j  3  x* 

[_<?  uuj 

1  3  r*2  r*  9r* 

5  x*2 

The  pipe 
terms  of  the 

flows  can  become  similar  only 
coefficients  T  T  1  and  f 

if  the 
^  1 

solutions  expressed 
are  identical. 

L<?u2 . 

L 

0>  u  ul 

The  first  coefficient 
flow,  leaving  the  coefficient 


.s  automatically  satisfied  in  incompressible 


<?  U 


-<-c ~[  as  the  criterion  of  similarity.  This 


coefficient  is  the  inverse  of  the  Reynolds  Number. 

For  the  pipe  problem,  the  Reynolds  Number  has  been  found  indispensable 
for  the  correlation  of  steady-state  pressure- loss  data,  regardless  of  pipe  size, 
fluid  velocity  (flow  rate)  and  fluid  density  and  viscosity. 

A  pressure-loss  coefficient  may  be  defined  as  follows: 


A  p  =  L 
2  A  b 


Figures  2.3-1  and  2.3-2  show  the  plot  of  A  against  Ke. 
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A  "Laminar"  fluid  regime  may  be  defined  up  to  Rg  =  2000  and  a 

"turoulent  fluid  regime  may  be  defined  from  Re  =  3300.  In  the  "transitional 

area  2000  <  R  <  3300  there  is  no  clear  correlation  between  A  and  R_. 
e 

analytically,  for  the  laminar  case  the  Hagen-Poiseui 1 le  law  holds: 


a  = 


64 

R 


e 


and  for  the  turbulent  case  the  Blasius  law  holds  up  to  R 

r  e 


a- 


0.316 
ke  * 


50,000: 


For  both  cases,  ^  is  a  function  of  Rg  alone. 
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VS 
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INCOMPRESSIBLE  FlPE  FLOW 
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FIG  23-4 

RATIO  OF  MEAN-VELOCITY  TO  CENT  £  R-VELOCIT  Y  VS  MEAN  -  VELOCIT  Y  REYNOLDS  NUMBER 

INCOMPRESSIBLE  TURBULENT  PIPE  FLOW 

Of  interest  in  fluid  technology  instrumentation  is  the  ratio  of  mean 
pipe  velocity  to  center  velocity,  because  in  many  cases  a  center  measurement 
in  a  pipe  must  be  made  to  yield  total  flow  rate. 

Again  this  ratio  is  only  a  function  of  Re ,  as  shown  in  Figures 
2.3-3  and  2.3-4.  There  is  to  be  noted  that  in  the  laminar  regime  this 
ratio  is  constant  and  equal  to  0.5,  and  that  the  transitional  area  is  wider, 
from  Rg  =  1500  to  Rg  =  4500. 

2. 4  The  Acoustical  Reynolds  Numaer 

The  Acoustical  Reynolds  Number  may  be  derived  from  dimensional  analysis: 


=  _CD 

ft 

ft  sec 

= 

[o] 

V 

sec 

ft2 

It  deviates  rrom  the  classical  Reynolds  Number  only  by  the  use  of  the 
acoustical  velocity  C  instead  of  the  flow  velocity  U  .  Physically  it  can  be 
interpreted  as  the  ratio  of  acoustic  inertia  to  viscous  damping  or  as  the 
limiting  value  of  Re. 


It  generally  appears  in  dynamic  fluid  analysis  only 
Stokes  Number,  in  the  form  S  and  S 

% 


as  a  modif.er  of  the 


I'Ll 
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i  he  stokes  Nu, Tiber. 


The  Stokes  Number  may  be  derived  1 rom  dimensional  analysis: 


o  =  uj  p2  tt^  seel  =  ju  J 

V  see  ft'J 

furthermore,  it  acquires  fundamental  significance  from  the  tact  that 
it  can  be  derived  trom  the  time-dependent  vorticity  transport  equations. 

these  equations  are  transformations  ot  the  Na vi er- a tokes  eqs.  in  term 
of  the  vorticity  vector.  rhysically  the  vorticity  is  the  angular  velocity  of  a 
fluid  element.  In  cartesian  coordinates  x  and  y,  with  velocity  components  u  and 


co  -  %  (  £  v  “  ^  u 

\  d  x  d  y 

The  two-dimensional  t ime- dependent  Navier-stokes  eqs.  are  reduced  to: 

duj  ij  c)  (> )  +  v  =  'C*  /  r3  -  Co  ^  3  2co 

9t  3  x  3y  0>  \  3x2  9y2 

If  the  vorticity  dJ,  the  time  t,  the  coordinates  x  anu  y  and  the 
velocities  u  and  v  are  reduced  to  dimensionless  uj*,  t*,  x*,  y*,  u*  and  v*  by  the 
introduction  of  reference  quantities  of  frequency  JT.  ,  time  T,  length  D  and 
velocity  J,  then  the  vorticity  equation  will  be  governed  by  two  dimensionless 
coefficients: 


IJ  and  V 

RT.  u  1)2 Jl 


The  first  coefficient  is  satisfied  automatically  while  the  second 
coefficient  is  the  inverse  of  the  dtokes  Number. 

.Stokes'  work  antedates  Reynolds'  by  more  than  thirty  years,  but  for 
some  reason  the  atokes  Number  never  ac'  eved  the  popularity  of  the  Reynolds 
Number.  This  is  perhaps  due  to  the  fact  that  most  fluid  work  has  been  directed 
toward  steady-state  phenomena. 


tor  our  pipe  problem,  the  stokes  Number  allows  a  physical  interpretation 
as  a  dynamic  damping  index;  it  serves  to  classify  dynamic  fluid  processes  into 
arbitrary  high-damping,  inter.nediate-de  iping  and  low-damping  regimes. 

Lxperiraenta 1 ly ,  the  Stokes  Number  will  tell  the  investigator  which 
frequency  parameter  to  use  to  obtain  a  workable  correlation  for  the  amplitude 
attenuation  ratio  and  the  phase  angle. 

In  conclusion,  the  Stokes  Number  is  as  basic  to  dynamic  flows  as  the 
Reynolds  Number  is  to  steady-state  flows. 

2 . 6  The  strouhal  Number . 


The  Strouhal  Number  may  be  derived  from  dimensional  analysis: 

-  [u] 


St  =  b  _ i_t_ 

U  sec  ft 


sec 


It  is  not  a  primary  parameter  because  it  can  be  derived  as  the  ratio 


s/Re. 


It  does  not  contain  viscosity  and  therefore  it  must  be  used  either  for 
theoretical  "inviscid"  flows  or  tor  conditions  where  the  viscosity  is  negligible 
(as  when  the  frequency  is  quite  high).  Also  it  has  been  found  useful  to 
correlate  the  frequency  of  self -osci 1 lat ing  fluid  phenomena  with  the  characteristics 
of  the  parent  steady-state  flow;  here  it  would  be  plotted  against  Re. 

An  example  of  "inviscid"  flow  application  is  given  in  Figure  2.6-1, 
from  the  theoretical  work  of  H.  G.  tlrod4,  for  pulsating  flows  in  conical 
nozzles.  The  Strouhal  Number  is  plotted  against  amplitude  attenuation 
factor  anu  phase  angle  for  several  subsonic  Mach  Numbers. 

Obviously  here  the  Stokes  Number  would  not  be  applicable  because  of 
the  absence  of  fluid  viscosity  from  the  analysis. 

Two  examples  of  self-oscillating  fluid  phenomena  arising  from  steady- 
state  flows  are  given  in  Figure  2.6-2  (the  Raman  Vortex  Street)  and  in 
Figure  2.6-3  (typical  c.dge-tonei.  In  both  figures  the  Strouhal  Number  is 
plotted  against  the  Reynolds  N "raber. 

A  third  example  of  self -osci 1 lating  fluid  phenomenon  arising  from  steady- 
state  flows  is  given  in  Figure  2.6-4  (acoustic  gap  radiation).  here  the 
.strouhal  Number  is  plotted  against  Mach  Number,  for  a  given  range  of  Reynolus 
Number  (laminar  boundary- layer  flow  over  the  plate),  because  the  Kach  effect 
predominates. 


NUMBER 
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The  Longitudinal  Acoustic  atrouhal  Number. 


The  longitudinal  acoustic  Strouhal  Number  is  a  special  form  of  the 
atrouhal  Number,  where  the  pipe  length  L  is  used,  rather  than  the  diameter  b, 
and  the  velocity  of  sound  C  is  used,  rather  than  the  flow  velocity  U. 


it 


LA 


hJ_L 

C 


It  can  be  derived  from  the  itokes  Number,  the  Acoustic  Reynolds  Number, 
and  the  pipe  aspect  ratio. 

^LA  =  - —  *  - 

il  U 


It  is  used  as  the  frequency  parameter  in  the  low-damping  regime,  where 
the  acoustic  effects  become  predominant. 

2. 8  The  Transverse  Acoustic  itrouhal  Number. 

The  Transverse  Acoustic  Strouhal  Number  is  a  special  form  of  the 
jltrouhal  Number,  where  the  velocity  of  sound  C  is  used,  rather  than  the  flow 
velocity  U. 


itVA  - 

C 


It  can  be  derived  from  the  otokes  Number  and  the  Acoustic  Reynolds 

Number: 


stTA  * 


s 


It  is  used  as  a  limiting  criterion  for  the  application  of  simple 
longitudinal-wave  acoustic  theory  in  a  pipe  because  it  predicts  the  onset 
of  transverse  acoustic  waves. 

The  lowest  transverse  acoustical  mode  in  a  pipe  is  the  first 
asymmetrical  mode,  which  occurs  at: 


S  t-pA  =>  3.68 

as  shown  by  Wright  and  Miller^. 
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lhe  Mach  Number. 


The  Mach  Number  is  Che  ratio  of  flow  velocity  U  to  the  velocity  of 
sound  C.  Above  a  i-lach  Number  va'ue  of  0.2  to  0.3,  the  flow  pattern  writ 
begin  to  change  because  of  the  uid  compressibility.  In  general  pipe  flow 
velocities  are  kept  low  (M  <  0.2)  to  reduce  pressure  losses. 

In  the  active  amplifiers,  however,  analysis  of  the  jet  may  require 
the  application  of  Mach  Number  because  velocities  may  be  high,  even 
supersonic. 

3.  Laws  of  btokes  -  Reynolds  Similarity. 

for  two  pipe  flows  of  equal  ^  ratio  to  be  equivalent  in  both  steady 
and  dynamic  states,  the  three  basic  dimensionler s  parameters  tfl,  #2  and  (*3 
must  be  equal.  This,  of  course,  applies  if  the  flow  velocity  is  low  enough 
that  Mach  Number  effects  can  be  neglected.  Otherwise  four  parameters  must  be 
kept  equal. 

Using  subscript  1  for  the  one  flow  and  subscript  2  for  the  other  flow, 
it  can  be  written: 


F rora  eq.  ( 1 ) : 
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^2 
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eA 
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^1 
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F rora  eq.  ( 2 ) : 


From  eq.  (3) : 


yO_2 
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Cj  u2  (?  2 

C, 


'1 


“i  >i 


15) 
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60  i  dT2  (Pi 
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Since  all  three  eqs,  must  be  valid  oy  definition: 


h  h 

UL  D1  <?1 
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Therefore: 


16; 


u  2  »  2 


"1 

U1 

^1 

UI 
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U1  = 

b2 
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C1 

°2 
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°2 
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U2 

^_1  = 

c2 

5ii 

Dl 

U1 

dj  2 

C1 

> 

Again  from  eq.  (  1 ) : 


M  l  U2  (?  2 


and  f ron  eq.  (  2 ) : 


Stokes-Reynolds 
alrclLarity  Laws 
f  or 

Constant  Fluid 
Viscosity 


i  h  Hi 

U2  (?  2  ^  I 


^2=  ^1^2 
ul  c2<?2 


Cl  ^1  ^2 

C2  (?  2  ^  l 


and  from  eq.  (3): 


U 2  2  _  £u  ^  j''4*  2 

°l2  ^i<4j2^2 


^  l  1  ***  2 
w  2  (?  2  X  1 


Since  ail  three  must  be  valid  by  definition: 


Therefore : 


U1  ^1-^2  -  Ju  Hi  =  (<tLk  \  ^  ( —A \!5  (Hl\  *  (13) 
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!_i  /^iV  2V- 
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Thu  s  : 


Interpreting  the  results  ot  eq.  (9;,  it  is  seen  that  scaling  procedures 
are  prescribed  for  the  velocity  U,  the  velocity  of  sound  C,  the  frequency 
and  the  pipe  diameter  J  if  the  fluid  viscosity  X  Is  kept  constant.  The  mass 
density  does  not  appear  in  the  similarity  laws  tor  constant  fluid 
viscosity  and  therefore  it  does  not  need  to  be  considered. 

The  absolute  temperature  T  enters  into  the  problem  through  the  velocity  of 
sound  C  =  Rgf  .  The  thermodynamic  fluid  properties  k  and  enter  only 

through  the  velocity  of  sound,  as  shown  above. 

Interpreting  the  results  of  equation  (15),  it  is  seen  that  scaling 
procedures  are  prescribed  for  the  velocity  li,  the  velocity  of  sound  C,  the 
f  requency  <*■> ,  the  ftuid  viscosity  A*.  and  the  fluid  mass  density  (?  if  the  pipe 
diamel  L>  is  kept  constant. 

The  absolute  temperature  T  enters  into  the  problem  through  the  velocity 
of  sound  C  =  *y  R0To ,  through  the  temperature-dependent  fluid  viscosity^  and 
through  the  fluid  main  density  (? 

The  thermodynamic  fluid  pre-perries  K  and  Reenter  the  problem  through 
the  velocity  of  sound,  as  shown  above,  and  through  the  fluid  mass  density  Q  . 

The  absolute  pressure  does  not  enter  the  problem  except  for  a  minor 
influence  on 
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ic  remains  to  demonstrate  explicity  that  both  the  steady-atate 
characteristics  ( pressure- loss  coefficient  and  transverse  velocity  distribution.' 
and  the  dynamic  characteristics  (amplitude  attenuation  ratio  and  phase  angle; 
are  maintained  between  a  model  pipe  flow  (subscript  1)  and  a  prototype  pipe 
flow  (subscript  2)  if  the  Reynolds  Number,  the  Acoustic  Reynolds  Number  and  the 
btokes  Number  are  kept  constant. 


It  is  well  known  and  it  has  been  summarized  in  section  2.3  that  all 
steady-state  characteristics  are  dependent  only  on  the  Reynolds  Number  (in  the 
absence  of  Mach  Number  effects).  in  Reference  1,  Chapter  2  it  has  been  shown 
theoretically,  after  Iberall^,  that  the  amplitude  attenuation  ratio  and  the  phase 
angle  are  functions  (for  a  given  geometry)  of  a  parameter  X10  or  Z  and  of  the 
Stokes  Number.  The  choice  ofXlo  or  2  depends  on  the  range  of  the  Stokes  Number. 


Now  1 
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(polytropic  velocity  of  sound) 


It  is  seen  that,  6ince  the  ^  ra  io  is  constant  by  definition  of 
geometric  pipe  similarity,  then  the  parameter  Xx0  depends  only  the 
atokes  Number  and  the  Acoustic  Reynolds  Number. 


If  these  two  numbers  are  constant,  then  will 


Furthermore  L  =<ul  =  at,  .  (the  Longitudinal 

C 


be  constant. 
Acoustic  atrouhal 


Number ) 


and 

thus 


z  =ujLD2V  =  u2  \ 
c  b2y  [  V  I 
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Again  the  parameter  Z  defends  only  on  Che  stokes  Number  and  on  the 
Acoustic  Reynolds  Number,  the  ratio  ^  being  constant  by  delinition  ol  geometric 
pipe  siml  lanty, 

Therefore,  if  the  theory  of  Reference  1  Is  even  qualitatively  correct, 
all  the  flow  characteristics,  both  steady-state  and  dynamic,  are  maintained  it 
the  three  basic  dimensionless  parameters,  Keynolds  Number,  ..coustic  Reynolds 
Number  and  stokes  Number,  are  constant. 

4.  Conclusions. 

It  has  been  shown  that  the  steady-state  and  dynamic  flow  of  a  viscous 
compressible  fluid  in  a  pipe  depends  only  on  three  dimensionless  fluid 
parameters,  i.e.  the  Reynolds  Number,  the  Acoustical  Keynolds  Number  and  the 
Stokes  Number,  plus  the  geometric  pipe  aspect  ratio. 

Similarity  (scaling)  laws  have  been  derived  for  the  case  ol  constant  fluid 
viscosity  and  for  the  case  of  constant  pipe  diameter.  These  will  permit  the 
extrapolation  of  experimental  data,  amplitude  ratio  ano  phase  angle,  to  other  sets 
of  conditions. 
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This  paper  attempts  to  define  the  mechanical  potential  (the  analog 
of  th<  voltage)  for  a  fluid  circuit.  From  the  energy  equation,  it  is 
shown  that  for  an  ideal  gas  a  logical  possibility  is 


e  = 


+  / 


dp 


where  v  =  velocity, 
p  =  pressure, 

p  =  density,  and  the  average  is  taken  over  the  cross-sectional  area. 
INTRODUCTION 


Since  its  recognition  as  a  new  technology,  the  field  of  interaction 
devices  has  advanced  to  the  point  where  complexes  containing  over  a 
hundred  units  have  been  successfully  operated.  To  build  ud  these  systems, 
the  techniques  of  the  systems  engineers  and  particularly  of  the  electronic 
engineers  are  being  adapted  to  fluid  devices. 

Unfortunately  it  is  only  for  low  fluctuation  velocities  that  we  can 
quantitatively  apply  many  of  these  techniques.  They  are  useful  only  as 
qualitative  gui deposts  when  finite  amplitude  waves  are  to  be  considered. 

At  this  stage  of  development  it  is  already  obvious  that  a  fluid 
circuit  theory  as  elegant  as  electronic  circuit  theory  is  impossible. 

The  "fluedic"  engineer  is  always  going  to  have  to  rely  to  a  much  larger 
extent  on  cut-and-try  techniques  than  does  the  electronic  engineer. 

The  phenomena  which  make  fluid  circuit  theory  much  more  difficult 
than  electronic  circuit  theory  are: 

1.  The  fundamental  equations  are  nonlinear. 

2.  Momentum  must  be  taken  into  account. 

3.  Heat  flow  into  and  out  of  the  circuit  must  be  cr  sidered. 

4.  The  amount  of  turbulence  must  be  taken  into  acc  jnt. 

5.  Last  but  not  least,  the  voltage  analog  if  it  exists  at 
all  is  not  a  thermodynamic  property. 

The  Current  Analog 

Since  the  flow  into  a  junction  must  equal  tne  flow  out  in  any  kind 
'-f  circuit  theory,  it  is  apparent  that  the  current  analog  must  obey  the 
continuity  equation,  and  therefore  the  current  analog  must  be  mass  flow. 

The  Vo  I tage  Ana  I oq 

The  voltage  analog  is  not  nearly  so  obvious.  If  mass  flow  is  the 
current  analog,  then  the  dimensions  of  the  voltage  analog  should  be 
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energy  per  unit  mass.  This  rules  out  pressure,  which  is  the  obvious 
first  choice,  as  the  voltage  analog.  There  is  another  reason  for  ruling 
out  the  pressure.  The  correct  analogs  when  properly  applied  must  obey 
the  fluid  equations.  For  example,  current  times  voltage  in  an  electronic 
circuit  gives  the  same  energy  flow  per  unit  time  through  the  circuit  as 
is  obtained  by  use  of  Maxwell's  equations. 

To  help  define  the  voltage  analog, it  therefore  seems  reasonable  to 
consider  the  energy  equation  for  flow.  For  simplicity  we  assume  circjlar 
symmetry,  although  the  results  hold  for  any  duct. 

The  integral  form  of  the  energy  equa+ion  is 


3  v^ 

/v  Tpp  p(u  +  —  )dV  t  c  (  u  + 


£-)  v  •  n  dA 

P 


+  /.  q-ndA  =  /  pf-vdV  +  /  4>dV 
A  v  v 


(  I  ) 


w  he  re  (as  in  f  i  g  u  re  I  )  : 

V  =  volume  of  a  section  of  duct 
A  =  boundary  surface  of  the  volume 
u  =  internal  energy  per  unit  mass 
v  =  vector  velocity 
p  =  density 

q  =  heat  flux  through  the  walls 
f  =  body  force  per  unit  volume  per  unit  mass 
n  =  unit  vector  perpendicular  to  the  surface 
<t>  =  the  viscous  loss.  For  circular  symmetry, 

3v  v  3v  3v  3v 

,  =  2u  [<_C)2  +  (01,2  +  +  y(_L  +  _L,2  (?) 


where  v  and  v^  =  velocity  components  along  r  and  z 

r  =  radial  distance  from  axis  of  symmetry  of  the  duct 
z  =  axial  distance  along  the  duct 

For  convenience,  we  restrict  ourselves  to  ideal  gases  and  drop  the 
body  force  term.  Then  we  can  write  for  the  duct  element 

2  2 

4—  /.  ( u  t  — —  +  —  IpvndA  +  ^—  /  ^-p  ( u  +  ^r)dV 
dz  A  2  p  dz  v  3^  I 

t  a  -  /  <tdV  =  0  (3) 

dz  v 
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where  a  is  the  rate  of  inward  heat  flow  through  the  walls  per  unit 
length,  and  A|  is  the  cross-sect iona I  area  of  the  duct  at  the  axial 
pos  i  t  i  on  ,  z  . 

Now  the  integral  containing  t  is  a  measure  of  conversion  of  work 
into  internal  energy  and  there  must  exist  a  u'  such  that 


u  '  pv • ndA 


/  4dV 
dz  v 


(4) 


Assuming  no  storage  of  energy  (steady  state),  we  have 


/  (u  +  u'  +  +  ^-)  pvndA  =  a 

dz  A  2  p 

But 

(u  +  u'  +  £•)  =  If  ds  +  If  ds.  + 

P  r  i  p 


(5) 


(6) 


where  ds  and  ds.  are  the  reversible  and  irreversible  portions  of  the 
entropy  change  associated  with  heat  and  viscous  effects,  respectively; 
and  therefore  equation  5  necomes 

2 

/a  [T/ds  r  +  T  !&,.  +  +  /^~]  pvndA  =  0  (7) 

Since  we  are  interested  in  the  change  in  mechanical  power,  we  rewrite 
the  equation  to  define  mechanical  power  as  follows. 


dP 


m 


dz 


3T  V[2  ^  PvndA 


=  -  /.  [T/ds.  Jpv-ndA 

dz  A  i 


( 8)  * 


where  dPm  is  +k&  change  in  mechanical  power  and  where  the  average  is 
taken  over  the  cross-sectional  area.  It  is  necessary  to  average  since 
otherwise  the  pertinent  terms  cannot  be  removed  from  the  integral. 


*See  NOTt }  p  249 
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P  V'l(j/') 


(9a) 


dP 

m 

dz 


d 

dz 


[4  * 

2  P 


From  (9b)  the  change  in  potential,  de,  is  given  as 


de  =  aft, 

2  P 

or  the  mechanical  poteritial  e  is 


(9b) 


e 


(  10) 


This  points  out  the  unfortunate  fact  that  the  mechanical  potential 
as  defined  above  is  dependent  on  fhe  state  path  and  cannot  be  uniquely 
defined  unless  the  thermodynamic  process  is  given. 

This  potential  energy  is  not  necessarily  the  energy  available  at  a 
branch  since  in  making  a  turn  into  a  branch,  velocity  gradients  appear 
that  convert  mechanical  energv  into  heat.  It  follows  that  there  is  a 
nonlinear  impedance  associated  with  a  branch  point.  This  impedance 
depends  on  the  branching  angle  as  well  as  on  other  geometric  factors 
and  on  the  fluid  parameters.  To  some  extent  it  may  be  possible  by  use 
of  the  momentum  equations  and  friction  factors  to  obtain  a  semiemp i r i ca I 
theory  for  the  impedance  at  a  branch  as  a  function  of  the  relevant 
quant i ties. 

In  summary,  the  flueric  engineer  must  recognize  the  fact  that  the 
analysis  of  his  circuits  will  always  require  graphical  and  computer 
techniques  to  a  much  larger  extent  than  does  the  analysis  of  the 
electronic  engineer's  circuits. 


NOTE:  We  can  justify  averaging  this  way  if  we  make  the  reasonable 

assumption  that  the  energy  per  unit  mass,  J,  defined  as 

J  T/ds.  + 

i  2  p 
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is  a  constant.  In  that  case  equation  (7)  becomes 


d7  ‘J-1 


=  0 


and 


d  r  v2 

m  H7[T  + 


-  - 


m  d7 


We  then  define  mechanical  power  as 
dPm 


dz 


"  57  Ct  * ^  c  V /2£l 


(It  should  be  noted  that  J  is  the  total  energy  per  unit  mass  excluding 
any  energy  due  to  heat  flow  into  or  out  of  the  duct.  One  would  not 
expect  the  energy  per  unit  mass  to  be  cons+ant  or  even  independent  of 
radius  if  the  effect  of  heat  flow  were  included.) 
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Abstract 


Analyses  of  fluid  amplifier  systems  at  frequencies  for 
which  the  basic  amplification  regions  themselves  exhibit 
significant  dynamic  effects  have  scarcely  been  done.  The 
possibility  of  effective  future  analysis  is  discussed. 
Prime-element  conceptual  models  of  the  components  and 
systems  are  concluded  to  be  the  best  approach,  from  the  view¬ 
points  of  information  content,  intuitive  feel,  and  ease  of 
computation.  Lumped,  mixed  lumped-distributed,  and  pure 
distributed  models  are  compared,  with  emphasis  on  the  last. 
Particular  dynamic  effects  in  Jet  amplifiers  are  discussed. 


CR1TLRIA  FOR  ANALYSIS 


Fluid  amplifiers  and  s;ystems  thereof  have  been  developed  largely 
empirically.  Moreover,  nearly  all  of  the  analyses  which  have  been  per¬ 
formed  consider  only  static  behavior.  Is  d/namic  analysis  of  these 
components  and  systems  going  to  become  viable  and  useful?  If  so,  what 
role  will  it  play?  What  form  will  it  take? 

Answers  to  these  questions  are  attempted  herein.  Some  of  the  material 
is  in  the  realm  of  opinion  and  speculation  and  some  in  relatively  explicit 
suggest  ions . 

Several  analytical  studies  have  been  published  regarding  the 
attachment  of  jets  to  flat  plates  or  knife  edges.  But  no  direct  quantitative 
use  of  the  analyses  seems  to  have  oeen  made.  Why?  Because  the  assumptions 
used  to  achieve  a  tractable  solution  usually  are  so  restrictive  that  the 
results  do  not  apply  to  any  real  device.  Neglected  factors  include 
secondary  flow  (three-dimensional  flow),  the  presence  of  flow  splitters, 
cusps,  opposite  walls,  and  finite-length  walls,  and  the  detailed  structure 
of  the  jet  itself.  If  these  restrictions  are  not  made,  the  results  are 
so  complicated  that  we  all  recoil  in  horror  and  note,  quite  truthfully, 
that  their  use  is  not  matched  economically  to  our  resources. 

The  above  analyses  are  based  largely  on  so-called  first  principles . 

The  results  are  an  equation  or  set  of  equations.  Another  approach  is 
phenomenological ;  the  characteristics  of  an  element  are  measured,  experi¬ 
mentally,  and  the  results  expressed  analytically  for  later  combination  with 
other  expressions  to  give,  ultimately,  semi-ana ly t ic  predictions  of  system 
performance.  But  this  approach  has  also  usually  failed  because  the 
phenomenological  representation  is  so  often  incomplete.  A  very  simple 
example  is  the  incorrect  prediction  for  the  pressure  gain  of  a  cascade 
of  fluid  jet  amplifiers  as  the  product  of  the  individual  component 
pressure  gains. 


Oi. 


Has  analysis  actually  been  so  barren?  No,  not  really.  In  fact, 
we  owe  our  most  useful  concept  of  similitude  (including  the  use  of  the 
Reynold's,  Mach,  Prandtl,  and  Strouhal  numbers)  to  analysis.  Analytical 
idealizations  have  given  us  the  perspective  of  potential  possibility  and 
inherent  limitation  which  help  us  judge  actual  performance.  And,  most 
important,  analysis  has  given  us  a  physical  insight  into  complex  behavior 
(including  the  jet  attachment  phenomenon).  Without  this  knowledge,  or 
feeling,  empirical  development  would  be  infinitely  more  haphazard  than 
it  really  is. 

The  author  has  concluded  that  optimum  analysis  of  complicated 
engineering  structures  should 

(i)  include  all  the  significant  information  necessary  to  meet  the 
goal,  and  nothing  else. 

(ii)  provide  physical  insight  as  well  as  (or  even  more  than) 
numerical  answers. 

These  criteria  may  sound  obvious,  whereas  in  fact  thev  can  lead  to 
profound  results  and  decisions.  Most  analyses  have  in  fact  violated  them. 

Some  attempts  were  doomed  from  the  start  because  Criteria  (ii)  was 
precluded  in  the  problem  statement  (e.g.,  the  highly  quantitative  wall- 
attachment  studies).  Others  include  insufficient  information  (e.g,,  the 
pressure-gain  prediction)  or  excessive  information  (such  as  a  broad-frequency- 
band  model  for  a  narrow-band  problem).  If  the  criteria  cannot  be  reasonably 
well  met,  as  often  they  cannot,  recourse  to  experiment  usually  is  advisaole. 

The  question  now  is,  what  approaches  to  dynamic  analysis  are  available, 
how  do  they  compare  with  regard  to  the  above  criteria,  and  indeed  are 
useful  solutions  potentially  achievable.  Certainly,  if  both  criteria 
can  be  reasonably  well  satisfied,  a  most  significant  improvement  in  the 
rate  of  development  of  the  fluid  amplifier  field  would  occur. 

TYPES  OF  SOLUTION  REPRESENTATIONS 

Problems  with  undetermined  parameters  are  assumed  here,  for  if  all 
parameters  are  prescribed  beforehand,  we  lose  immediately  too  much  of 
the  physical  insight  (Criteria  (ii))upon  which  we  insist. 

Three  general  types  of  solution  representations  (models)  can  be 
identified  with  undetermined-parameter  problems*. 


1.  Mathematical  (e.g.,  an  equation  or  transfer  function  or  set 
thereof ) . 

2.  Functional  (block  or  signal  flow)  diagram. 

3.  Reticulation  (sub-division)  into  network  of  interconnected 
prime  elements. 

Presumably  items  1  and  2  are  familiar  to  the  reader.  Item  3  has  its  most 
familiar  example  in  the  equivalent  (electrical)  circuit  diagram.  Here 
the  resistors  and  capacitors,  etc.,  may  or  may  not  represent  physically 
salient  objects,  but  in  any  case  they  do  represent  physically  real  resistance 
and  capacitance,  etc.,  or  their  analogs. 

The  ubiquity  of  circuit  diagrams  attests  to  their  values  of  insight 
and  communication.  Even  non-electrical  constructs  are  thus  modeled  by 
analogy,  even  when  the  available  standard  building  blocks  are  not  particularly 
appropriate.  Consequently,  the  author  feels  that  modeling  in  terms  of 
ideal  prime  elements  is  optimum  for  fluid  systems  as  well  as  other  systems. 

But  the  elements  need  not  be  the  standard  lumped  electrical  analogs, 
as  shown  below. 

One  can  readily  go  from  a  prime-element  model  to  a  signal-flow 
diagram  or  mathematical  function,  should  this  become  appropriate  for 
actual  computation  with  a  particular  problem.  The  reverse  process,  however, 
is  generally  extremely  obscure.  Signal-flow  diagrams  have  their  origin 
and  forte  in  dealing  with  a  special  degenerate  class  of  problems  in  which 
signals  or  efforts  (e.g.,  voltages)  are  unaffected  by  the  associated  flows 
(e.g.,  currents).  When  this  condition  does  not  apply  to  the  majority 
of  the  ports  of  a  system,  such  as  in  fluid  amplifier  systems,  the  prime- 
element  model  is  superior.  Degeneracies  then  can  be  handled  explicitly, 
as  they  are  in  electrical  circuit  diagrams  in  the  form  of  voltage  and 
current  sources. 

LUMPED  MODELS 

Electrical  circuit  diagrams  usually  are  composed  of  lumped  linear 
elements.  In  Fig.  1  we  see  a  very  simple  system  expressed  also  in  terms 
of  the  bond  graph  devised  by  Prof.  Henry  M.  Pavnter^  at  M.I.T.  The 
symbols  R  for  resistance,  1  for  inertance  (inductance),  and  C  for  compliance 
(capacitance)  normally  imply  the  ordinary  linear  relationships  between 
the  effort  and  flow  variables,  without  distinguishing  whether  the  actual 
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(a)  Simple  electric  system  and  bond  graph  equivalents 

(b)  Othpr  lumped  elements: 
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Fig.  1  Lumped  Llements 
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system  is  electrical,  mechanical,,  fluid,  or  mixed.  The  connections  are 
indicated  with  bars  or  bonds,  and  the  junctions  by  0  if  the  associated 
flows  sum  to  zero  (a  flow  Junction,  as  at  an  electrical  junction)  and 
by  1  if  the  efforts  sum  to  zero  (an  effort  Junction,  as  with  series 
combinations  of  elements).  The  symbols  E  and  F  represent  effort  and 
flow  sources, respect ive ly . 

Bond  graphs  are  introduced  here  simplv  to  allow  other  elements, 
which  have  no  direct  electrical  circuit  symbol, to  be  used.  Examples 

Include  the  ideal  lossless  transformer,  -  IF  - ,  transducer,  -  ID  - 

gyrator,  -  GY - ,  and  the  element  which  composes  the  heart  of  amplifiers 

and  modulators,  the  three-port,  ( -  TR1  - ).  Moreover,  every  element 

! 

has  a  modulus  (more  than  one  in  the  case  of  the  three-port)  associated 
with  it  (e.g.,  the  value  of  a  resistance,  or  the  transformation  factor 
of  a  transformer),  and  nonlinear  systems  are  distinguished  from  linear 
systems  simply  because  some  of  the  moduli  are  not  constant,  but  are  functions 
of  the  state  of  the  system.  This  can  be  indicated,  as  also  shown  in  Fig.  1, 
by  directed  lines  (indicated  with  arrows)  with  which  particular  functional 
relationships  are  associated. 

* 

The  bond  Rraph  form  discussed  here  Is  not  unique;  the  point  is  that 
any  proper  reticulation  into  a  limited  class  of  prime  elements  conveys 
clearly  to  the  practiced  observer  the  assumptions  which  have  been  made 
and  allows  automatic  programming  of  either  an  analog  or  digital  computer 
to  solve  for  particular  responses.  If  the  system  is  comprised  of  lumped 
elements  only,  as  above,  the  computation  is  direct.  But  fluid  amplifiers 
also  contain  wave-like  transmission  lines,  which  are  distributed  rather 
than  lumped. 

MIXED  LUMPED  -  DISTRIBUTED  MODELS 

Bilateral  delay  lines,  which  can  represent  fluid  lines,  can  also 

be  considered  a  prime  element  of  a  bond  diagram  and  are  indicated  by  -  TM  - 

(for  "transmitter").  The  efforts  and  flows  e^  and  f^  at  one  end  of  anv 

*Professcr  Paynter  has  also  devised  bond  graphs  based  on  a  minimum 
set  of  element  types,  only  three  in  number,  plus  activation. 
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symmetric  element  are  related  to  the  efforts  and  flows  e  ,  and  f  at  the 
other  end  by 
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For  uniform  lines  T  is  known  as  the  propagation  operator  and  7.  as  the 

c 

characteristic  impedance.  Both  are  operators  or  functions  of  frequency. 
We  will  consider  only  the  pure  delay  line,  however,  for  which 


T  -  T  or  j  Tuj 

dt  J 

where  T  is  the  delay  time,  w  is  frequency,  d/dt  is  the  time  derivative 
operator,  and  7.  is  a  real  constant  resistance. 

In  this  special  case  of  pure  delays,  the  use  of  wave  scattering 
variables  Is  most  helpful.  If  the  oppositely  propagating  waves  are  represented 
by  u  and  v, 
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which  when  combined  with  Fq .  (1)  shows  that 


(3) 


2 

This  result,  expressed  graphically*"  in  Fig.  2,  is  directly  useful  for 
analog  or  digital  computer  representation  of  the  delay  line.  The  terms 

e  simply  represert  the  pure  delays  of  the  oppositely  travelling  waves. 

Since  these  delays  are  not  readily  achieved  on  analog  machines,  digital 
computation  is  usually  called  for. 

Oigital  solution  of  mixed  lumped  and  pure-delay  systems,  represented 
by  differential-delay  equations,  has  been  discussed  by  Koepke."^  It  is 
inefficient  and  unnecessary  to  compute  the  state  of  the  system  for  nearly 
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2  Computational  Diagrams  of  Bilateral  Pure  Delay 
(after  Paynter  and  Ezekial) 


Infinitesimal  time  intervals,  compared  with  the  various  time  constants  ind 
delays.  Rather,  lone  intervals  should  be  chosen.  Rut  this  requires  the  state 
of  the  system  for  a  large  number  of  consecutive  solution  clock  times  to  he 
stored  in  order  to  compute  the  next  •  tate  solution.  This  complicates  nearly 
any  problem  way  beyond  the  realm  of  hand  computation  and  requires  significant 
computer  storage  and  time.  Nevertheless,  it  is  a  powerful  technique. 

And  the  computation  of  the  state  of  each  part  of  a  complex  system  is  usual lv 

far  better  than  use  of  a  single  functional  transfer  function  which  is 

extremely  complicated  and  only  gives  the  solution  at  a  single  point  in  the  system. 

REDUCTION  TO  LUMPED  SYSTEM 

If  the  delay  lines  can  be  adequately  replaced  by  a  few  lumped  compliances 
and  inertances,  the  model  becomes  entirely  lumped  and  solutions  are  much 
easier  to  comp  ;te .  For  a  limited  frequency  band,  a  single  pi  or  tee  network 
of  these  lumped  elements,  shown  in  Fig.  3,  is  quite  adequate.  A  double 
or  triple  pi  or  tee  ladder  can  be  used  to  achieve  good  modeling  over  wider 
frequency  bands  (which  need  not,  incidentally,  be  centered  at  zero  frequency). 
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Fig.  3  Single  Ideal  PI  and  Tee  Models  of  Delav  Line 
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Criterion  (i)  of  optimum  analysis  insists  upon  not  complicating  the 
model  and/or  the  solution  computation  with  extraneous  information.  Con¬ 
sequently,  if  the  frequency  band  of  interest  is  so  limited  that  a  simple 
ladder  structure  suffices,  it  probably  sl  'uld  be  used.  Hut  an  alternative 
approach  is  sometimes  superior. 

REDUCTION  TO  PURL-DELAY  SYSTEM 

Just  as  it  is  possible  to  model  any  system  with  onlv  lumped  dynamic 
elements,  it  is  also  possible  to  model  any  system  with  onlv  distributed 
dynamic  elements.  Further,  if  all  non  1 inea r i t i os  ind  nonsymmetrics  are 
static,  the  only  dynamic  elements  needed  are  the  pure  bilateral  delays,* 
Varying  the  time  delays  and  characteristic  impedances  serves  the  same 
function  as  varying  the  compliances  and  inertances  fnot  respectively) 
or  lumped  models.  Losses  are  represented  in  the  static  elements,  which 
are  the  generally  resistive,  nonlinear,  and  active  junctions. 

A  particularly  simple  example  is  shown  in  Fig.  4.  The  fundamental 
simplifications  are  two-fold.  First,  the  various  delay  times  are  all 
simple  multiples  of  a  common  delay  time.  If  the  ratios  of  the  various 
delay  times  were  irrational,  the  solution  process  would  become  greatly 
more  complicated;  for  one  thing,  an  order-of-magni tude  more  state  information 
would  have  to  be  stored.  However,  any  desired  degree  of  accuracy  can 
be  achieved  by  approximating  all  these  ratios  with  ratios  of  integers. 

Then  an  overall  synchronism  of  waves  results,  and  it  becomes  very  simple 
to  compute  the  state  of  the  system  at  time  intervals  equal  to  the  common- 
denominator  time  delay  or  any  multiple  thereof. 

The  second  simplification,  which  is  not  necessary,  is  to  assume  linear 
(but  generally  active)  junctions.  In  this  case  the  state  at  tine  kl  is 
related  to  the  state  at  time  (k  -  1 ) T  by  the  simple  invariant  matrix 
relationship  given  in  Fig.  4.  If  it  is  desired  to  compute  the  state 
vector  less  frequently,  to  save  computation  time,  the  square  matrix  can 
be  raised  to  the  integer  power  corresponding  to  the  number  of  base  delay- 
times  in  the  desired  computing  interval.  No  error  whatsoever  is  introduced 
by  this  procedure. 


*  Non-symme t r 1 c  delays  can  also  be  used  to  represent  non-symmetric 

dynamic  properties.  Hence,  nearly  any  system  can  be  effectively  modeled. 


Bistable  fluid  Jet  amplifiers  are  not  linear,  of  course,  and  the 
matrix  relationship  does  net  apply.  However,  a  digital  computer  can  handle 
the  appropriate  nonlinear  relation  with  little  extra  effort;  the  basic 
advantage  of  clock-synchronism  remains,  although  it  is  no  longer  possible 
to  calculate  the  state  of  the  system  only  at  infreouent  intervals,  rather 
than  at  the  common-denominator-delay  interval.  And  note,  again,  that 
the  junctions  can  be  active,  that  is,  have  power  inputs  not  represented 
by  the  delav  lines. 

The  pure-delay  system  model  is  the  simplest  computationally,  allowing 
even  hand  calculation  if  the  system  is  linear.  Although  it  probablv  conveys 
somewhat  less  feel  to  the  engineer  than  the  mixed  lumped-delav  model, 
it  might  well  prove  to  be  the  generally  most  useful  dynamic  model  for 
describing  fluid  jet  amplifiers. 

PRESENT  KNOWLEDGE  Of  Till.  DYNAMICS  OF  FLLID  AMPLIFIERS 

The  closest  published  approach  known  to  the  author,  toward  a  descrip¬ 
tion  of  the  dynamics  of  a  fluid  jet  amplifier  in  terms  of  a  p r  ime-e lemenf 

A 

reticulation,  is  by  Belsterling  and  Tsui.  A  beam-deflection  proportional 
amplifier  is  represented  by  impedance  elements  and  ideal  amplifiers. 

Dynamic  modeling  is  limited  to  incremental  differential  operation;  the 
rather  simple  model  Includes  resistances,  compliances,  and  an  ideal  amplifier 
with  a  pure  time  delav.  Unfortunately,  experimental  data  apparently 
corroborated  reasonably  well  with  the  dynamic  model  at  non-static  conditions 
only  when  volumes  were  added  to  the  output  legs;  no  other  comparis >n  is  offered. 
These  volumes  would  strong.lv  tend  to  mask  the  dvnamics  of  the  fluid  amplifier 
Itself.  Reportedly  these  pioneering  results  have  been  subsequently  improved, 
but  the  work  is  not  yet  published. 

The  author  expects  verv  shortly  to  have  "black  box"  data  for  similar 
amplifiers'*  which  can  be  very  helpful  in  constructing  a  prime-element 
reticulation.  Such  phenomenological  to.  ting  must  be  use!  i r.  ■  n, 'unction 

with  first-principle  reasoning,  however. 

6 

I).  Letham  and  H.  Fox  have  modeled  a  proportional  amplifier  of  the 
inpact-modulator  tvpe.  The  lumped  elements  include  one  dynamic  element, 
a  capacitor  analog.  Again,  however,  experimental  results  were  inconclusive. 
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The  first  half  deals  with  the  static  behavior,  most  particularly  the 
complex  flow  in  the  vicinity  of  the  knife  edge.  The  second  half  deals 
with  the  dynamics. 

The  vortex  in  the  control  region  constituted  the  only  significant 
dynamic  factor  in  the  frequency  range  of  normal  operational  interest. 

If  control  inputs  were  varied  too  rapidly,  both  theory  and  experiment 
showed  that  the  jet  would  he  harder  to  deflect.  The  work  indicates  that 
delays  in  the  frequency  response  of  bistable  fluid  jet  amplifiers  are 
primarily  associated  with  vortical  flows. 

At  higher  frequencies  the  linear  inertia  of  the  jet  and  surrounding 
fluid  coupled  with  the  jet  transport  and  the  pumping  effect  resulting 
from  the  displacement  of  the  jet  become  important.  It  is  demonstrated 
both  experimentally  and  analytically  that  instabilities  can  occur  because 
of  these  phenomena.  The  frequency  of  these  oscillations  is  so  high  that 
in  practice  they  are  undoubtedly  usually  dlsr  issed  as  "noise."  The 
compressibility  effect  in  the  control  region  was  found  to  be  insignificant 
except  at  very  high  frequencies  indeed. 

Criterion  (i)  would  suggest  that  not  all  of  the  above  phenomena 
would  need  to  be  included  in  a  minimal  model  which  would  only  have  to 
apply  to  a  limited  frequency  range. 

CONCLUSIONS 

Extremely  useful  prime-element  dynamic  models  of  linear  and  nonlinear 
fluid  amplifiers  and  logic  elements  should  be  achievable  by  concerted 
efforts,  using  a  marriage  of  first-principle  theoretical  and  phenomenological 
experimertal  techniques.  Many  complex  phenomena  in  the  immediate  vicinity 
of  the  jet  can  be  included.  Lumped,  pure  delay,  and  mixed  models  offer 
different  compromises  between  the  physical  feeling  they  impart  and  the 
ease  with  which  they  can  be  realized  computationally.  All,  however,  are 
superior  to  mathematical  or  si gna 1- f low-d i agram  representations. 

The  first  use  o£  these  models  would  be  to  aid  the  synthesis  of 
practical  systems  from  given  elements. 

The  second  use  would  be  to  focus  attention  to  those  detailed  phenomena 
which  limit  dynamic  per formance, and  consequently  hopefully  to  significantly 
improve  the  components  themselves  as  well  as  their  matching. 
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AB2 TRACT 


The  philosophy  of  operating  conjugate  fluid  jets  in  the  highly 
nonlineai  flow  region  for  acoustic  amplification  is  outlined.  Operation 
is  necessarily  restricted  to  laminar  flows  which  are  inherently  sound 
sensitive  and  which  are  allowed  to  develop  into  vortex  flow  patterns; 
hence  the  amplifier  is  best  suited  for  low  level  incut  signals.  A 
sound  sensitive  jet  is  by  itself  somewhat  selective  frequency-wise  with 
an  operational  bandwidth  on  the  order  of  an  octave,  where  s'*  the  nature  of 
the  conjugate  jet  system  allows  bandwidths  of  many  octaves  and  perhaps 
its  most  novel  feature  is  amplification  over  the  important  acoustic  speech 
range  of  from  200  cps  to  8,000  cps.  The  power  gain  per  stage  is  generally 
smaller  than  the  gains  reported  for  other  types  of  fluid  amplifiers 
which  typically  operate  rt  lower  frequencies. 

PHILOSOPHY  OF  OPERATION 

Under  appropriate  operating  conditions  laminar  jets  are  sensitive  to 
sound;  that  is,  sound  may  disturb  the  normal  flow  pattern  or  streamlines 
and  it  is  this  feature  which  we  utilize  in  pure  fluid  amplification  of 
acoustic  signals.  When  a  jet  is  in  a  "sensitive"state  it  has  a  limited 
bandwidth  and  a  maximum  sensitivity  at  some  frequency  which  depends  on 
the  geometry  of  the  jet  and  various  associated  flow  parameters.  The 
useful  bandwidth  of  a  sensitive  jet  is  generally  on  the  order  of  an  octave. 
Obviously,  amplification  over  an  octave  centered  in  the  voice  spectrum 
would  not  be  very  satisfactory.  For  instance,  telephone  lines  use  about 
3^  octaves  to  cover  the  frequency  band  from  300  cps  to  3,600  cps  and  to 
preserve  fidelity  or  voice  character  more  octaves  are  desired. 

Our  approach  is  to  operate  the  fluid  jet  system  at  frequencies 
above  the  audio  band.  If  the  jets  are  sensitive,  say  at  20  keps,  than 
an  octave  from  15  keps  to  30  keps  is  covered  which  allows  a  15-kcps 
bandwidth.  Of  course,  this  Is  reminiscent  of  features  successfully 
practiced  in  radio  communication,  although  we  do  not  employ  any  electronic 
elements.  The  device  employs  conjugate  jets  which  are  both  sensitive  at 
some  frequency  which  may  be  called  the  carrier  frequency.  The  first  jet, 
is  referred  to  as  a  modulator, is  modulated  by  an  acoustic  signal  which  is 
at  a  lower  power  level  than  the  ideally  recoverable  modulation  signal  from 
the  transmitted  carrier;  and  the  output  of  the  demodulator  is  a 
reproduction  of  the  original  modulation  signal  at  a  power  level  above 
that  which  is  ideally  recoverable  with  full  wave  rectification  of  the 
input  carrier  signal.  The  net  power  gain  of  the  conjugate  system 
depends  also  on  the  transmission  line,  waveguide,  etc.  between  the 
modulator  ai:d  demodulator.  It  has  not  been  anticipated  to  restrict 
operation  to  the  case  wnere  the  conjugate  jets  are  in  close  proximity 
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nor  to  applications  where  the  power  gain  is  the  essential  feature;  nor  is 
it  expected  that  amplitude  1'nearity  will  be  well  preserved; because  t 
the  nonl inear i ties  one  car  expect  such  characteristics  as  amplitude 
compression  which  may  have  significant  usefulness  in  speech  applications 
as  well  as  in  control  circuits. 

It  seems  that  the  most  novel  feature  of  the  device  is  its  inherent 
broadband  frequency  capabilities,  although  the  sole  accomplishment  of 
pure  fluid  amplification  over  the  greater  part  of  the  audio  spectrum 
and  at  normal  voice  levels  is  in  itself  novel. 


THE  AMPLIFIER  SYSTEM 

Because  development  work  is  in  a  relatively  infant  stage^we  will 
present  our  approach  to  acoustic  amplification  in  a  rather  broad  sense 
without  specific  reference  to  any  particular  application.  Figure  2.1 
illustrates  the  generalized  system.* 

Modulation  Device 

The  jet  modulator  produces  an  acoustic  signal  of  essentially  constant 
amplitude  and  frequency  in  the  absence  of  an  input  acoustic  signal.  In 
the  presence  of  an  input  signal,  the  modulator  output  is  modulated  in 
amplitude,  or  frequency,  or  perhaps  both,  depending  on  the  type  of  device. 

In  general,  our  devices  are  considered  as  amplitude  modulators  although 
a  small  amount  of  frequency  modulation  always  exists.  Usual  operation  is 
of  the  double  sideband  plus  carrier  type  although  in  practice  the  sideband 
are  not  necessarily  of  equal  amplitude.  Operation  in  the  single  sideband 
plus  carrier  mode  does  not  seem  likely  although  an  approach  to  this 
behavior  is  possible  with  consequent  improvements  in  theoretical  bandwidth. 
For  such  operation,  the  demodulator  characteristics  should  be  of  the  square- 
law  detector  type  and,  as  is  later  indicated,  this  is  possible  in  practice. 

Transmission  Line 

The  transmission  line  can  take  on  various  meanings  and  forms,  but  in 
general,  Its  purpose  is  merely  a  means  of  conducting  the  modulated  carrier, 
which  is  an  acoustic  signal,  from  the  modulator  to  the  demodulator.  No 
dc  flow  from  modulator  to  demodulaLui  is  necessary  and  in  fact  it  is 
detrimental  because  the  demodulator  will  not  accept  dc  flow.  The  trans¬ 
mission  line  could  be  a  short  or  a  long  waveguide  or  it  could  be  some 
means  of  obtaining  a  sound  beam  with  radiator  and  receiver  elements  such 
as  horns  or  reflectors. 

Demodulator 

The  jet  demodulator  plays  the  roll  equivalent  to  that  of  a  transistor 
detector  in  radio  communication  where  the  transistor  is  operated  in  a 


♦Figures  appear  on  pages  281  through  296. 
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condition  of  cutoff  cr  saturation  so  that  the  input  signal  is  amplified 
as  veil  as  rectified.  For  amplitude  modulation  detection,  the  jet  demodulator 
may  be  operated  without  any  acoustic  resonant  elements> although  resonant 
elements  may  be  incorporated  to  increase  sensitivity,  but  of  course,  at  the 
expense  of  frequency  bandwidth.  For  frequency  modulation  detection4an 
acoustic  resonant  element  is  incorporated  so  that  slope  detection  it-  possible 
before  rectification  is  performed.  In  the  event  that  both  frequency 
modulation  and  amplitude  modulation  are  to  be  detected  in  one  stage,  operation 
is  on  the  low  frequency  side  of  resonance  so  that  the  detected  outputs  are 
partially  additive.  As  indicated  with  the  transistor  analog,  the  jet 
demodulator  has  the  advantage  that  it  functi  as  as  an  amplifier  (suitably 
called  a  hydrodynamic  travel ing -wave  amplifier)  as  well  as  a  detector.  The 
modulatr  r  output  power  can  easily  be  made  an  order  of  magnitude  larger  than 
that  which  can  be  accepted  by  a  single  demodulator;  therefore,  for  cases  where 
modulator  and  demodulator  are  closely  coupled,  a  multiplicity  of  demodulators 
connected  in  parallel  becomes  useful. 

Low  Pass  Filter 

I^iis  element  is  not  essential  to  the  operation  of  the  device  as  an 
amplifier  but  its  inclusion  is  at  times  advantageous.  In  the  event 
that  the  carrier  from  the  output  of  the  demodulator  is  at  an  audible  level^ 
an  acoustic  low  pass  filter  may  be  used  to  increase  the  signal- to-noise 
ratio.  When  the  demodulator  is  operated  at  low  gain,  the  output  contains 
a  component  at  the  carrier  frequency  which  has  an  amplitude  comparable  to 
the  modulating  signal. but  at  high  gain  settings  the  carrier  contribution 
becomes  negligible  and  there  is  no  need  for  a  filter. 

It  will  be  noted  that  the  inclusion  of  feedback  in  the  circuit  has 
been  omitted.  This  is  primarily  because  the  application  of  feedback  has 
received  very  little  of  our  attention  and  applicable  results  are  not 
available.  We  have  thus  far  operated  the  conjugate  jet  system  with  carrier 
frequencies  ranging  from  6  kcps  to  22  kcps,  but  this  range  is  not  necessarily 
indicative  of  the  possible  range  of  operation.  For  certain  control  circuits 
perhaps  carrier  frequencies  as  low  as  a  kilocycle  may  be  useful  whereas 
the  upper  limit  for  carrier  operation  will  probably  be  dependent  on  the 
smallest  possible  or  practical  jet  dimension,  which  may  correspond  to 
perhaps  50  kcps . 
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MODULATION 


Types  of  Modulation 

A  modulator  is  essentially  an  oscillator  with  the  output  signal 
varying  functionally  with  an  input  signal  referred  to  as  the.  modulating 
signal.  The  output  of  the  oscillator  in  the  absence  of  a  modulating 
signal  is  called  the  carrier.  In  general,  the  c  •;  rut  of  the  modulator 
is  of  the  form: 

p  (t)  =  P  (t)  cos  0  (t)  3  1 

When  the  modulating  signa'  controls  P(t);we  have  amplitude  modulation 
and  when  it  controls  9(t)  ve  have  angle  modulation  which  is  a  generali¬ 
zation  of  phase  and  frequency  modulation.  In  fluid  modulators  both 
forms  of  modulation  are  possible  although  the  prominent  form  of  modulation 
in  the  systems  herein  reported  is  amplitude  modulation. 

For  amplitude  modulation  we  take: 


P(t)  -  PQ  (1  + 

m  tFn  Utf) 

3.2 

and 

9(t)  =  wec  +  e 

3.3 

with 

m  -  modulation 

coefficient 

wm=  angular  frequency  of  modulation 
wc=  angular  frequency  of  carrier 


The  phase  angle  %  can  be  arbitarily  set  equal  to  zero  by  appropriate 
selection  of  time  t=0.  By  using  trigonometric  identities  with  eqs.  3.2 
and  3.3  substituted  in  eq.  3.1;we  obtain  the  general  form  of  amplitude 
modulation  for  single  tone  modulation.  r 


pc(t)  =  Po 


cos  Wct 


~h 


±1 

+  9 


cos  (wc-wm)t  +  cos(wc+wni)t 
sin  (wc-wm)t  -  sin(wc-wm)t 
3.4 


Figures  3.1a  and  3.1b  illustrate  the  spectrum  of  the  modulating  signal  and 
modulated  signal . respectively.  In  this  example  two-cone  modulation  is 
shown  to  illustrate  the  inversion  of  the  lower  sideband.  Note  that  the 
modulated  signal  spectrum  does  not  contain  the  modulation  spectrum  which 
we  frequently  refer  to  as  the  audio  signal.  It  is  interesting  to  note  that 
only  the  upper  and  lower  sidebands  contain  the  essential  modulating  signal 
information,  and  that  transmission  of  only  a  single  sideband  is  essential 
if  reinsertion  cf  the  carrier  is  performed  at  the  demodulator.  Figure  3.2 
illustrates  the  familiar  AM  signal  with  approximately  507.  modulation. 
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With  the  notation  defined  in  figure  3.2  the  modulation  coefficient  m 
may  be  written  as: 

A2  -  Ax 

m  - 

A2  +  Ai 

In  the  event  we  have  the  instantaneous  frequency  w  as 


w  =  wct  +  Aw 

cos  Wmt 
sin  Wnjt 

3.5 

and 

/*N 

ri¬ 

ll 

• 

3.6 

the  resulting  modulated  output  becomes 

cos  (wc~wm)  t  -  cos(wc-Hwm)t 
sinCwc-Wjjj)  t  +  sin(wc-h%)t 

3.7 

with  Si  =  frequency  modulation  coefficient 

J7.  -  A  w  where  we  have  assumed  Q  Q  3.8 

which  is  the  representation  of  single-tone  frequency  modulation. 

Figure  3.3  illustrates  the  familiar  FM  signal  and  defines  the  symbols 
used  in  evaluating  the  modulation  coefficient: 

n  -  T—  ~  7~- 

-T  'T'  3  9 

Figure  3.4  shows  the  disposition  of  the  FM  sidebands.  Equation  3.7  is 
similar  to  the  AM  represents tion(eq .  3.4)  in  that  the  signal  also  has 
upper  and  lower  sidebands.  On  the  other  hand,  the  upper  and  lower  side¬ 
bands  combine  to  form  a  component  which  is  in  phase  quadrature  with  the 
unmodulated  carrier  whereas  for  AM  the  sidebands  form  a  component  in 
phase  with  the  unmodulated  carrier.  This  phase  shift  must  be  taken  into 
account  when  superimposing  AM  and  FM  signals  which  may  be  useful  in  cer¬ 
tain  applications. 

Although  we  have  considered  only  systems  with  a  single  carrier 
frequency,  it  is  possible  to  modulate  a  noise  carrier.  On  the  other  hand, 
bandwidth  constraints  and  the  ability  to  obtain  relatively  high  efficien¬ 
cies  with  single  frequency  resonant  type  modulators  leaves  the  3cheme  of 
noise  modulation  at  a  disadvantage  for  practical  fluid  systems. 


Pc(t)  =  P0Y  cos  wet 


+  4 
2 

+  n. 


?m 


Fluid  Oscillators 

The  fluid  modulators  discussed  in  this  paper  are  oscillators  whose 
output  is  controlled  by  an  input  modulating  signal.  The  two  basic  types 
of  fluid  oscillators  are  the  relaxation  oscillator  and  the  feedback 
oscillator  (12).  We  are  interested  in  the  latter  which  are  well  known. 

The  edgetone  generator  is  well  known  for  its  applications  in  musical 
instruments  as  well  as  being  the  most  common  type  of  whistle  that  chil¬ 
dren  encounter.  The  "bird  call"(l)  generator,  recently  labeled  the 
"hole  tone" (2),  is  found  in  many  tea  kettles.  Both  of  these  tone  gener¬ 
ators,  or  oscillators,  are  basically  fluid  amplifiers  with  positive 
feedback.  Lord  Rayleigh (3)  was  the  first  to  show  an  understanding  of 
the  important  roll  played  by  sound  sensitive  jets,  their  ability  to 
amplify  small  disturbances,  and  the  inclusion  of  acoustic  feedback  to 
form  a  fluid  oscillator*  and  A.  Powell (A)  has  greatly  furthered  the 
scientific  understanding  of  these  topics  as  is  exemplified  by  his  work 
on  the  edgetone. 

Tire  edgetone  and  bird  call  generators  have  much  in  common  although 
the  edgetone  is  a  device  with  a  plane  jet  primarily  sensitive  to  trans¬ 
verse  pressure  gradients  with  respect  to  the  jet  axis  and  flow  disturb¬ 
ances  growing  into  an  asymmetrical  vortex  pattern;while  the  bird  call 
employs  a  circular  jet  which  is  generally  sensitive  to  an  axial  pressure 
gradient  and  with  flow  disturbances  developing  in  a  symmetrical  vortex 
flow.  Figures  3.5  and  3.6  sho\  the  region  of  flow  instability  to  small 
disturbances  for  free  plane  and  circular  je ts, respectively.  Figure  3.5 
comes  from  a  large  amount  of  edgetone  data  taken  by  this  author  while 
at  the  Aerosonics  Laboratory  under  the  direction  of  Professor  Powell. 

This  data  were  published  in  references  (A)  and  (5).  The  assumed  region 
of  maximum  sensitivity  is  shown  by  the  solid  line, with  increasing  insta¬ 
bility  occurring  for  increasing  values  of  Reynolds  and  Strouhal  numbers. 

For  a  fluid  device  employing  a  plane  jet,  its  operating  region  should 
fall  within  the  designated  region  of  operation  if  it  is  intended  for  the 
device  to  be  unstable  to  small  disturbances.  On  the  other  hand,  if 
instability  is  a  problem,  the  relationship  between  the  spectrum  of  the 
noise  disturbance  and  the  Reynolds  number  should  be  adjusted  above  or 
well  below  the  region  of  operation  shown  in  figure  3.5.  Note  that  the 
assumed  line  of  maximum  sensitivity  does  not  lie  in  the  middle  of  the 
region  of  instability.  This  is  because  the  spacial  gain  of  the  free  jet 
falls  off  very  fast  in  the  upper  region  of  instability  as  compared  to  the 
slowly  varying  spacial  gain  for  lower  frequencies.  The  physical  reasoning 
is  that  the  jet  becomes  stable  as  the  disturbance  wavelength  (in  the  flow) 
reaches  the  order  of  magnitude  of  the  jet  dimension,  the  induced  velocity 
effect  becomes  incoherent,  and  the  process  of  vortex  coalescence,  which  is 
fundamentally  the  mechanism  for  the  spacial  gain,  is  reduced.  For  small 
R-S  numbers  the  spacial  gain  is  reduced  by  the  increasing  action  of  viscosity 
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and  for  large  R  but  small  S  the  spacial  gain  falls  off  primarily  because 
the  disturbance  wavelength  is  sufficiently  long  that  the  disturbance  is 
convected  away  from  the  region  of  interest  before  any  gross  amplification 
can  take  place. 

Figure  3.6  illustrates  the  region  of  operation  for  circular  laminar 
jets.  Data  taken  from  the  work  of  A.B.C.  Anderson  (6)  were  initially 
reduced  and  plotted  on  the  R-S  plan.  Then  this  author  performed  studies 
on  a  1-mm  diameter  smoke-laden  air  jet  in  a  small  anechoic  chamber.  The 
jet  issued  from  a  10-cm  long  tube  and  was  excited  by  the  sound  from  a 
loudspeaker.  With  the  velocity  set  and  sound  amplitude  held  relatively 
constant  the  frequency  would  be  adjusted  until  maximum  flaring  of  the  jet 
existed.  The  locus  of  these  points  appears  in  figure  3.6.  The  data 
given  as  figure  6  in  the  recent  paper  by  Chanaud(2)  and  Powell  has  also 
been  added  to  figure  3.6. 

The  inclusion  of  a  resonator  to  the  edgetone  improves  the  acoustic 
radiation  from  dipole  to  monopole  source  characteristics,  enhances  the 
feedback  thereby  stabilizing  the  frequency  and  increasing  acoustic  out¬ 
put.  Figure  3.7  is  a  sketch  of  a  simple  resonator-coupled  edgetone-type 
oscillator.  Under  some  circumstances  the  operation  can  be  further 
improved  by  including  a  horn  as  an  additional  impedance  coupler  to  the 
radiation  load. 

The  bird  call  or  circular  jet  oscillator  is  shown  in  figures  3.8 
and  3.9.  Both  the  longitudinal  and  the  radial  mode  resonators  increase 
the  axial  pressure  gradient  across  the  nozzle  or  first  orifice  and  hence 
augments  the  flow  pulsations  responsible  for  the  generation  of  symmet- 
trical  ring  vortices.  When  using  the  longitudinal  resonator,  the  fluid 
supply  enters  at  an  acoustic  quarter  wavelength  from  the  rigid  end 
(a  low  acoustic  impedance  location)  thus  minimizing  influence  of  the 
input  port  on  acoustic  resonator  operation.  For  the  radial  mode  resonator 
the  normal  mode  equation  given  by  Morse  (7)  has  been  used.  The  frequency 
calculated  using  this  equation  generally  yields  values  on  the  order  of 
57.  higher  than  found  in  the  laboratory  models.  Note  that  our  resonators 
have  a  small  hole  at  the  center  of  the.  resonator  which  is  a  high  impedance 
region  for  the  radial  modes  and  hence  a  critical  location  for  a  hole. 

f  =  c  (cps) 

D 

c  =  speed  of  sound 

characteristic  value  =  1.219  for  first  radial  mode 

D  =  diameter  of  cylinder 
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Fluid  Modulators 

Since  the  oscillators  described  are  essentially  regenerative  amplifiers 
operating  in  a  saturated  state,  a  reasonable  way  to  modulate  the  carrier 
would  be  to  modulate  the  feedback.  For  all  three  oscillators  illustrated 
it  is  possible  to  modulate  the  carrier  merely  by  introducing  the  modulating 
signal  in  the  vicinity  of  the  jet  orifice.  In  practice  this  is  found  to 
be  a  relatively  ineffective  approach  since  the  acoustic  modulating  signal 
must  be  on  the  order  of  magnitude  cf  the  feedback  pressure  to  accomplish 
large  percentage  modulation. 

Another  approach,  and  an  extremely  effective  one,  is  to  disturb  the 
jet  initially  with  the  modulating  signal.  Then  let  this  disturbance  grow 
as  it  is  convected  downstream  toward  the  oscillator  stage  and  allow  the 
induced  vorticity  from  the  modulating  disturbance  to  partially  augment  or 
cancel  the  redistribution  of  the  jets  vorticity  by  the  oscillator  feed¬ 
back  signal.  This  approach  has  the  added  advantage  that  the  modulating  sig¬ 
nal  is  effectively  hydrodynamically  amplified  before  it  reaches  the 
oscillator  section.  We  refer  to  this  type  of  modulator  as  a  single-jet 
two-stage  modulator.  Figure  3.10  illustrates  the  two-stage  modulator  for 
the  radial  mode  coupled  resonator  oscillator.  Similarly,  the  same  approach 
works  for  the  longitudinal  resonator  coupled  circular  jet  oscillator  and 
the  resonctor  coupled  edgetone  oscillator. 

Now  let  us  look  at  some  typical  modulator  characteristics.  Figures 
3.11a  and  3.11b  show  the  unmodulated  carrier;  and  the  modulated  carrier 
compared  to  the  electrically  demodulated  modulated  carrier  for  a  typical 
two-stage  mo^’.  lator  operating  at  12.5  kcps.  The  modulating  signal  is  at 
1  kcps.  The  carrier  and  modulated  carrier  are  signals  from  a  B  &  K  4134 
condenser  microphone,  which  was  placed  several  feet  away,  but  along  the 
axis  of  the  circular  jet  modulator. (All  measurements  taken  in  an  anechoic 
chamber.)  The  modulating  signal  is  from  a  probed  B  &  K  type  4134  micro¬ 
phone  located  in  the  modulating  stage  cavity. 

Figure  3.12  illustrates  a  17.6-kcps  modulator  response.  The  solid 
curve  is  the  modulating  signal  pressure  in  the  modulating  stage  cavity, 
whereas  the  dashed  curve  is  an  electrical  demodulation  of  the  modulated 
carrier.  The  amplitudes  are  only  relative  and  the  curves  have  been  ad¬ 
justed  to  coincide  at  the  low  frequency  end.  The  curves  show  a  low  fre¬ 
quency  cutoff  at  about  400  cps, which  is  the  characteristic  of  the  Altec 
804A  horn  driver.  The  modulator  response  is  quite  good  down  another 
octave.  The  solid  curve  has  been  corrected  for  the  probe  microphone  re¬ 
sponse,  which  is  well  behaved  up  to  5  kcps.  At  higher  frequencies  the 
correction  factor  can  be  doubted.  The  probe  microphone  was  calibrated 
using  the  B  &  K  probe  microphone  kit. 
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Figure  3.14  indicates  operation  in  the  R-S  plane.  Note  how  the  oper¬ 
ating  point  for  the  carrier  was  selected  well  above  the  region  of  maximum 
sensitivity.  Furthermore,  the  oscillator,  although  operating  at  17.6  kcps, 
is  near  a  condition  of  instability  (but  not  too  near  since  we  want  a 
quiet  carrier)  where  it  could  jump  to  a  lower  "stage"  at  14  kcps  and  oper¬ 
ate  as  a  more  stable  oscillator  for  its  operating  Reynolds  number.  It 
has  been  found,  as  would  be  expected,  that  the  best  modulating  sensitivity 
as  well  as  amplitude  linearity  are  obtained  when  the  modulator  Is  in  a 
"weak  condition"  of  oscillation  which  is  found  just  before  or  after  a 
frequency  jump  from  one  jet  stage  to  another. 

The  ratio  of  radiated  modulator  power  to  input  acoustic  power  can 
range  from  1  to  50,  with  a  typical  well  behaved  modulator  operating 
around  a  ratio  of  30:1  for  50  °L  single-tone  modulation.  This  means  that 
a  power  gain  of  9.6  from  the  modulator  stage  is  possible.  Additional  gain 
from  the  demodulator  is  also  possible  as  is  described  later.  As  the 
sensitivity  and  power  gain  of  the  modulator  are  increased,  the  operating 
conditions  become  more  critical.  For  the  most  sensitive  modulators  tested, 
the  tolerable  supply  pressure  variations  could  not  exceed  7%, whereas 
variations  on  the  order  of  20 %  were  tolerable  for  modulators  having  pow¬ 
er  gains  as  low  as  4. 

DEMODULATION 

Brief  Theory  of  Jet  Demodulation 

The  jet  demodulator  is  basically  a  sound  sensitive  jet  with  certain 
aspects  of  the  developed  vortex  flow  separated.  First,  the  fluid  jet  is 
adjusted  so  that  the  Reynolds  number  and  Strouhal  number  are  such  that 
the  stream  is  unstable  to  acoustic  disturbances  at  the  carrier  frequency. 
Second,  the  induced  stream  disturbance  is  allowed  to  develop  into  its 
natural  vortex  flow  pattern  using  the  inherent  hydrodynamic  traveling- 
wave  amplification  characteristics  of  the  jet.  Thirdly,  the  developed 
vortex  flow  is  suitably  clipped  thereby  producing  the  desired  results  of 
sound  amplification  and  demodulation.  The  jet  demodulator  can  be  either 
a  plane  jet  or  a  circular  jet.  A  circular  jet  having  the  same  character¬ 
istic  dimension  as  a  plane  jet  has  greater  sensitivity  to  sound,  and  oper¬ 
ates  at  slightly  higher  frequencies  for  the  same  average  velocity.  The 
plane  jet  has  the  advantage  that  its  total  power  output  can  greatly  exceed 
that  of  the  circular  jet.  To  overcome  this  disadvantage,  circular  jets 
can  be  operated  in  parallel. 

Let  us  now  describe  the  presumed  mechanism  for  jet  demodulation. 
Operation  of  a  circular  jet  device  is  given  below  and  the  general  approach 
also  holds  for  the  plane  jet  demodulator,  withjOf  course,  suitable  changes 
in  the  separation  plate  design  and  location.  In  figure  4.1  we  illustrate 
the  outline  of  the  free  jet  when  it  is  disturbed  by  a  periodic  signal  such 
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as  the  carrier  frequency.  Note  that  the  jet  is  circular  and  that  the  dis¬ 
turbances  are  symmetrical  with  respect  to  the  axis  of  the  jet  and  further¬ 
more  that  the  developed  flow  saturates  in  vortex  rings.  Now  let  us  con¬ 
sider  the  flow  as  seen  by  an  observer  located  at  some  location  x  =  h  down¬ 
stream  from  the  nozzle.  Here  we  assume  that  the  flow  is  not  saturated  at 
h  (that  is,  the  vortices  have  not  reached  their  maximum  size).  Figures  4.2a 
and  4.3a  illustrate  the  applied  disturbance  at  x  ■  0  without  modulation 
and  with  single-tone  modulation.  Figures  4.2b  and  4.3b  illustrate  the  flow 
as  seen  by  an  observer  at  x  =  h  when  the  jet  is  subjected  to  the  respective 
disturbances.  Savic  (8)  illustrates  that  for  a  plane  jet  undergoing  asym¬ 
metrical  disturbances  that  the  locus  of  points  describing  the  center  of 
vortex  filaments  coincides  with  the  line  (or  surface)  defining  the  region 
of  maximim  vorticity  for  the  undisturbed  jet.  If  we  assume  that  a  similar 
condition  exists  for  the  circular  jet,  then  a  cone  describes  the  locus  of 
circular  vortex  filaments,  and  the  center  of  the  vortices  as  they  are  con- 
vected  past  the  location  x  ■  h  lie  on  a  circle  with  a  diameter  D  which  is 
independent  of  the  size  of  the  vortex.  Note  that  this  condition,  if  valid 
in  the  highly  nonlinear  vortex  flow  development,  puts  a  certain  limiting 
size  on  the  vortex.  If  we  use  the  velocity  profile  given  by  Schlichting 
(9),  insert  the  momentum  flow  rate  for  a  parabolic  stream  ( /*i  -  HjL  f  ^  ), 

apply  an  end  correction  which  satisfies  volume  flow  rates  (-y.  -  **  ^ ) .  and 
differentiate  twice  over,  we  obtain  the  surprisingly  simple  expression 
given  as  eq.  4.1  which  relates  the  locus  of  vorticity  to  the  Reynolds  num¬ 
ber,  at  the  orifice,  and  the  dimensionless  distance  downstream. 
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Figure  4.4  is  an  illustration  of  the  use  of  this  equation. 


Now  the  developed  vortex  flow  of  the  free  jet,  to  a  second-order 
approximation,  generates  no  sound.  But,  if  the  flow  confined  within  the 
circle  defined  by  the  locus  of  vorticity  could  be  separated  from  the  flow 
outside  the  circle,  the  mass  flow  rate  would  be  time  dependent  (thus  sound 
generation)  and  is  illustrated  in  figures  4.2c  and  4.3c.  Of  major  impor¬ 
tance  is  figure  4.3c,  where  it  is  immediately  obvious  that  the  frequency 
spectrum  of  the  mass  flow  rate  within  the  circle  contains  a  large  component 
at  the  modulation  frequency.  It  also  contains  the  carrier  frequency  and  its 
sidebands  as  well  as  harmonics  thereof.  Since  the  carrier  frequency  is 
assumed  to  be  well  above  the  modulation  frequencyj the  harmonic  distortion 
of  the  carrier  is  of  no  consequence.  Interestingly  enough,  there  is  little 
harmonic  distortion  of  the  modulation  signal  if  vortex  saturation  is  not 
reached.  Of  course  if  the  applied  disturbance  is  sufficiently  large,  or  if 
the  applied  signal  is  over-modulated, then  harmonic  distortion  can  become 
significant.  Ampitude  linearity  is  in  general  not  preserved  due  to  the  high 
ly  nonlinear  spacie.l  gain  characteristics  of  the  free  jet.  Under  various 
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operating  conditions  it  is  possible  to  obtain  augmentation  or  compression 
of  the  signal.  This  point  is  discussed  later. 

To  accomplish  demodulation  we  use  a  flow  divider  as  shown  in  figure 
4.4.  When  the  upstream  side  of  the  flow  divider  is  isolated  from  the  down¬ 
stream  side,  with  the  exception  of  the  hole,  the  mass  flow  fluctuations 
through  the  orifice  produce  sound  wilh  the  spectrum  previously  described. 
The  sound  source  is  effectively  dipole  in  nature  but  with  the  infinite  baf¬ 
fle  it  appears  as  a  monopole  from  either  side.  Hence,  the  demodulated 
sound  signal  exists  on  either  side  of  the  flow  divider  although  the  two 
effective  sources  are  160  degrees  out  of  phase.  This  phase  inverted  out¬ 
put  signal  is  useful  in  feedback  circuits. 

Up  to  now  we  have  described  the  demodulation  phenomenon  with  the 
idea  that  the  free  jet  flow  is  not  influenced  by  the  presence  of  the  flow 
divider,  which  in  fact  is  not  true.  If  the  surface  of  the  flow  divider  was 
contoured  to  that  of  the  jet  streamlines,  then  its  presence  would  not  alter 
the  flow.  On  the  other  hand,  the  streamlines  are  a  function  of  the  dis¬ 
turbance  amplitude  so  that  in  general  this  criterion  cannot  be  met.  For¬ 
tunately,  we  have  found  that  a  sharp  contoured  flow  divider  as  illustrated, 
works  astonishingly  well.  The  previous  presumed  description  of  jet  demod¬ 
ulation  also  holds  for  a  circular  jet  having  an  asymmetrical  vortex  flow 
as  well  as  for  a  plane  jet, although  in  such  cases  the  action  is  analogous 
to  full-wave  rectification. 

The  illustrations  of  the  jet  with  well  developed  vortex  flow  have 
been  rather  idealistic.  Flow  patterns(lO)  of  this  sort  probably  will  not 
be  observed  in  the  laboratory  except  in  a  fluid  with  extremely  low  kin¬ 
ematic  viscosity.  In  reality  the  vortices  corresponding  to  each  wave  of  the 
carrier  diffuse  rather  rapidly,  but  the  overall  modulation, which  is  an 
order  of  magnitude  larger  in  wavelength^seems  to  withstand  the  diffusion 
of  the  individual  vortices.  As  a  result,  the  amplified  carrier  signal  is 
at  a  much  lower  level  than  expected  and  in  general  at  a  level  well  below 
the  reproduced  modulating  wave.  Fortunately  this  is  an  advantage,  thus 
requiring  less  filtering  or  attenuation  of  the  carrier  frequency  in  the 
event  that  it  is  troublesome. 

Jet  Demodulator  Characteris  tics 

Consider  the  carrier  wave  driving  the  jet  demodulator  to  be  of  the 
form  give',  in  eq.  3.2.  Full  wave  rectification  of  this  signal  results  in. 

-y  ^  -h  cos  4 . 2 

plus  higher  ori'^r  harmonics  of  carrier,  and 
sum  and  difference  frequencies. 

The  desired  signal  is  — 

Figure  4.5  illustrates  typical  response  of  a  jet  demodulator  to  a  15-kcps 
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carrier  507=  modulated  at  1  kcps.  The  unmodulated  carrier  level  was  85 
db  SPL.  Hence,  with  ideal  full-wave  rectification  the  acoustic  output 
would  reach  approximately  75  db.  The  knee  in  the  curve  is  typical  of 
the  transition  in  the  flow  where  the  amplitude  response  for  larger  Rey¬ 
nolds  numbers  is  highly  nonlinear.  The  input  and  output  pressure  measure¬ 
ments  were  taken  in  tubes  having  the  same  diameter.  It  is  obvious  that 
considerable  pressure  gain  is  possible  (greater  than  40  db)  in  addition  to 
effective  rectification.  This  particular  example  illustrates  the  maximum 
practical  gain.  Larger  gains  result  in  se 1 f-sus tained  oscillation.  To 
prevent  the  early  onset  of  such  oscillation  due  to  acoustic  feedback , this 
demodulator  has  an  antifeedback  plate  which  tends  to  keep  the  sound  gen¬ 
erated  at  the  flow  divider  or  separation  plate  from  disturbing  the  jet  at 
the  orifice  where  it  is  most  sensitive.  Such  a  contrivance  allows  about 
10  db  more  gain  without  oscillation.  By  adjustment  of  separation  plate 
orifice  diameter  and  Reynolds  number  it  is  possible  to  develop  a  variety 
of  output  vs.  input  characteristics.  If  operated  above  the  knee  in  the 
curve,  a  square  law  detector  is  very  closely  approximated.  Hence,  for  double 
sideband  modulation  there  will  be  harmonic  distortion  which  increases  with 
the  percentage  modulation.  On  the  otherhand,  if  single  sideband  plus 
carrier  operation  were  employed,  the  output  would  be  virtually  free  of 
harmonic  distortion. 

Superimposed  on  the  same  graph  is  another  curve  which  represents  a 
jet  demodulator  response  to  a  10-kcps  carrier  507=  modulated  at  2  kcps. 

Here  the  carrier  level  is  70  db  SPL*,  the  pressure  gain  was  not  intended  to 
to  be  very  large  although  it  approaches  40  db.  This  example  includes  an 
antifeedback  plate  along  with  acoustic  absorbing  material  to  help  suppress 
oscillation.  There  is  no  sign  of  impending  oscillation  and  the  amplitude 
response  is  one  which  shows  a  great  deal  of  signal  compression.  This  is 
shown  in  figure  4.6.  For  some  applications  a  response  of  this  sort  would 
be  detrimental,  but  for  signals  of  varying  strength  such  as  speech,  ampli¬ 
tude  compression  can  contribute  a  great  deal  in  improving  intelligibility. 
Note  that  amplitude  compression  is  not  directly  related  to  frequency  dis¬ 
tortion. 

Figure  4.7  illustrates  the  demodulated  frequency  response  for  a  17.6" 
kcps  carrier  which  also  has  507=  modulation.  The  peak  at  3  kcps  is  associ¬ 
ated  with  the  input  waveguides  as  well  as  are  many  other  peaks.  Beyond 
4  kcps  the  accuracy  of  the  curve  is  on  the  order  of  +  3  db  .  The  frequency 
response,  in  general,  seems  to  depend  more  on  the  acoustic  coupling  and 
terminations  than  on  any  peculiar  response  due  to  the  jet  itself;  there¬ 
fore,  with  sufficient  care  and  experimentation  one  might  expect  to  ootain 
a  much  improved  response  with  a  probable  decrease  in  gain  resulting  from 
the  inclusion  of  acoustic  resistances  and  well  terminated  waveguides. 
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SlTiMARY 

An  approach  to  acoustic  amplification  using  laminar  sound  sensitive 
jets  has  been  outlined.  The  approach  is  somewhat  analogous  to  rudimen¬ 
tary  AM  transmission  and  reception  as  practiced  in  radio  communication.  An 
attempt  has  been  made  to  explain  jet  modulation  and  jet  demodulation  on  a 
physical  basis  and  some  of  the  more  irteresting  characteristics  of  the 
experimental  system, such  as  modulator  linearity  and  response,  demodulator 
signal  compression  and  response,  and  gain  per  jet  stage, were  discussed. 
Speech  reproduction  is  generally  considered  good  if  not  1007„  intelligible. 
The  device  in  its  present  form  is  not  meant  to  be  a  power  amplifier 
although  potential  for  low  level  input  acoustic  power  amplification  exists. 
It  seems  best  suited  for  communications  or  control  circuitry  involving 
signal  or  information  transmission  and  reception.  Applications  in  control 
circuitry  including  the  incorporation  of  the  Acoustically  Activated 
Fluid  Dynamic  Switch(ll),  which  is  a  frequency  selective  device  that  can 
be  activated  by  the  demodulator  output,  with  the  combination  of  the  jet 
modulator  and  jet  demodulator  are  expected  where  coding  or  information 
transmission  through  a  noisy  environment  is  required. 
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ABSTRACT 

Open  loop  frequency  response  measurements  were 
made  on  a  loaded  fluid  amplifier.  The  measurements 
showed  frequency  response  resonance  peaks  up  to 
0000  cps.  Using  the  Nyquist  criteria,  the  stability 
of  the  closed  loop  system  is  predicted.  The  oscil¬ 
lation  frequency  of  unstable  systems  is  also  dis¬ 
cussed  . 
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1.  ILTROTYITO: 


The  static  characteristics  of  proportional  fluid  amplifiers  have 
received  considerable  attention.  However,  before  fluid  amplifiers  can 
be  used  in  control  systems,  a  knowledge  of  their  dynamic  characteristics 
is  necessary.  At  present,  only  a  few  studies  have  been  made  of  the  dy¬ 
namic  characteristics  of  jet  deflection  fluid  amplifiers,  Belsterling 
and  Tsui  (ref  l)  have  developed  an  equivalent  electrical  circuit  repre¬ 
sentation  for  the  jet  deflection  fluid  amplifier.  From  this  circuit, 
the  response  of  the  amplifier  has  been  predicted,  and  these  predictions 
have  been  confirmed  by  experiments  at  frequencies  up  to  300  cps.  Poothe 
(ref  2)  has  introduced  a  similar  method  using  lumped  parameter  circuit 
theory  and  has  some  experimental  verification  up  to  1000  cps. 

On  the  basis  of  present  theories  and  measurements,  the  stability 
of  closed  loop  fluid  amplifier  control  systems  has  not  always  been  pre¬ 
dictable.  When  these  theories  fail  at  high  frequencies,  it  is  primarily 
because  the  jet  deflection  amplifier  cannot  be  adequately  described  by 
lumped  parameter  theory. 

The  purpose  of  this  investigation  is  to  present  the  experimental 
open  loop  frequency  response  of  a  jet  deflection  fluid  amplifier  over  a 
wide  range  of  frequencies  and  to  show  how  these  characteristics  can 
be  applied  to  predict  the  closed  loop  stability  of  the  amplifier  with 
feedback.  In  those  cases  where  the  closed  loop  system  is  unstable,  a 
sustained  oscillation  results.  Standard  compensation  circuits  can  then 
be  used  to  stabilize  the  system.  However,  if  an  oscillator  is  desired, 
the  open  loop  frequency  response  can  also  be  used  to  predict  the  fre¬ 
quency  of  oscillation. 

2.  STABILITY  CRITERIA 


A  vast  body  of  information  on  the  stability  of  linear  feedback 
systems  exists  in  the  fields  of  control  systems  and  electronics.  The 
criteria  for  stability  are  well  established  and  these  criteria  are 
applicable  to  fluid  amplifiers. 

Consider  a  proportional  fluid  emplifier  and  its  load  impedance 
as  a  linear  "black  box"  whose  dynamic  characteristics  are  desired 
(fig.l).  Although  the  load  impedance  may  be  treated  separately,  it 
is  more  convenient  to  combine  it  with  the  amplifier.  The  amplifier 
used  has  bleeds;  therefore,  it  can  be  represented  by  a  simple  transfer 
function  rather  than  a  matrix.  The  effect  of  the  bleeds  is  to  decouple 
the  input  from  the  output.  The  response  of  a  black  box  to  a  sine 
wave  input,  Gp  (jw),  may  then  be  expressed  as 
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(a)  PHYSICAL  REPRESENTATION 


(b)  'BLACK  BOX'  REPRESENTATION 


PROPORTIONAL  AMPLIFIER  WITH  LOAD  IMPEDANCE  . 


300 


FIGURE  I 


1 


Jp 


( JW 


where 


and 


p0  ju,  =  output  pressure  magnitude  at  the  frequency  w 
pressure  difference  between  left  and  right 
outputs) 

P-j_  j*^)  =  input  pressure  magnitude  at  the  frequency  w 
pressure  difference  between  left  and  right 
inputs ) 

i  = 

x  =  angular  frequency,  rad/sec 


Because  the  Jet  deflection  proportional  fluid  amplifier  is  a 
differential  amplifier,  either  positive  or  negative  gain  may  be  ob¬ 
tained  from  one  stage.  That  is,  the  output  for  d-c  input  signals 
may  be  in  phase  or  180  deg  out  of  phase  with  the  input,  'when  this 
amplifier  is  used  with  feedback,  the  feedback  can  be  positive  (in 
phase)  or  negative  out  of  phase)  even  at  very  low  freque.  cies.  In 
the  present  case  the  feedback  is  always  connected  in  a  negative  sense. 
A  fluid  amplifier  is  shown  with  negative  feedback  in  figure  2.  The 
closed  loop  transfer  function  T(.jw)  is 


where 


T  (  Jw) 


1  +  H  (  jw) 


n 

Jr 


jw  ^ 


(2) 


and 


H  (  jw)  =  transfer  function  of  the  feedback  loop 

H  (  jou )  Gp  (jw)  =  open  loop  transfer  function 

A  Bode  plot  of  the  open  loop  transfer  function,  H  ( Jw)  Gp 
ften  used  to  present  frequency  response  characteristics  of 


(  Ju), 

compo- 

(  j  w  ) 

o  ) 


is  often  used  to  present  frequency  response 

nents.  In  this  plot  the  log  of  the  magnitude,  log  H  j*. ,  Gp 
and  the  phase  of  H(  jw)  G  (jw^  are  given  in  terms  of  log  w.  '//hen 
the  equation  of  the  transfer  function  is  not  known,  which  is  often  the 
case,  a  Bode  plot  can  be  found  experimentally.  On  this  plot  the  magni¬ 
tude  appears  in  decibels  [20  log  H  (  jw)  Gp  (Jw)]  and  the  phase  angle  in 
degrees.  In  these  units  a  gain  of  unity  is  equivalent  to  0  db.  A 
typical  frequency  response  plot  is  shown  in  figure  3. 
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PHASE  ANGLE  OF  G(joj)H(ju>)  DE 


To  predict  stability  from  the  bode  plot,  It  is  convenient  to 
consider  the  Nyquist  criteria.  Nyquist  has  shown  ref  3  that  a 
necessary  condition  for  a  closed  loop  system  to  be  unstable  is  that 


H  (  Jx)  Gp  (  JX)  ■=  -  180  '  (2n  -  1) 

where 

n  -  0,  1,  2,  3,  . 

Using  these  criteria,  the  close!  loop  stability  of  man;/  systems 
can  be  determined  directly  from  the  Pode  plot.  That  is,  if  the  mag¬ 
nitude  is  gTeater  than  0  db  at  a  frequency  where  the  phase  is  -  18C 
deg  ( 2n  +  1),  the  closed  loop  system  will  be  unstable.  These  criteria 
are  usually  both  necessary  and  sufficient  for  most  fluid  systems  be¬ 
cause  in  these  systems  the  phase  decreases  monotonically  with  increas¬ 
ing  frequency. 

A  physical  interpretation  of  the  Nyquist  criteria  is  that  when 
the  phase  changes  by  180  deg  or  540  deg,  900  ieg,  .  .  .  ,  negative 
feedback  becomes  positive  feedback.  The  output  signals  are  thus 
returned  to  the  input  in  phase  with  the  input  signals.  If,  in  addi¬ 
tion,  this  happens  when  tie  gain  is  greater  than  0  db,  a  regenerative 
escalation  takes  place,  tending  to  drive  the  output  toward  infinity. 
However,  as  the  output  increases,  nonlinearities  reduce  the  gain  until 
a  magnitude  is  reached  at  which  the  gain  is  unity,  after  which  the 
system  will  oscillate  at  a  constant  frequency  and  magnitude. 

3.  EXPERIMENTAL  TEST  SETUP 

The  experimental  setup  used  to  measure  the  frequency  response  of 
the  amplifier  and  load  combination  is  shown  schematically  in  figure  4. 

The  variable-frequency  sinusoidal  signal  is  generated  by  using 
either  of  two  specially  slo4ted  rotating  disks  to  interrupt  a  jet  of 
air.  One  disk  had  24  slots  and  the  other  had  300  slots.  The  inter¬ 
rupter  disk  method  was  adoptee  because  high  frequency  signals  up  to 
8000  cps)  were  desired.  Using  the  disk  with  300  slots,  these  fre¬ 
quencies  could  be  obtained  at  relatively  lew  rotational  speeds  1800 
rpm) . 
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FREQUENCY  RESPONSE  EXPERIMENTAL  SET-UP 


30  b 


FIGURE  4 


The  signal  passing  through  the  disk  was  a  distorted  sinusoid. 
Attenuation  of  the  undesired  frequencies  present  in  this  distorted 
wave  was  accomplished  with  variable  tanks  and  orifices,  as  well  as  by 
adjusting  the  length  of  the  Input  line. 


The  signal  was  then  applied  to  one  control  of  a  jet  deflection 
typ^  proportional  fluid  amplifier  while  the  other  control  was  main¬ 
tained  at  constant  pressure .  This  pressure  or  bias  level  was  set  at 
the  same  value  as  the  pressure  recovered  at  the  output  legs  under 
static  conditions,  when  the  load  was  another  identical  amplifier. 

This  particular  bias  pressure  was  selected  to  insure  that  the  open 
loop  frequency  response  would  not  be  altered  under  closed  loop  condi¬ 
tions  except,  of  course,  if  the  combination  became  unstable.  The  bias 
level  was  approximately  30  percent  of  the  power  jet  pressure.  Tn 
these  tests  the  power  Jet  pressure  was  41  kN/m2  (6  psi). 

The  amplifier  tested  had  a  power  jet  0,025  cm  (0.010  in.)  wide 
and  0,063  cm  (0.025  in.)  deep.  The  control  output  apertures  were 
0.03P  cm  (0.15  in.)  by  0.063  cm  (0.025  in.)  and  the  overall  size  of  the 
amplifiers  was  2.5  cm  (l  in.)  by  5  cm  ( 2  in.).  Each  output  was  con¬ 
nected  to  the  controls  of  an  identical  amplifier  through  a  0.4-cm 
(0.156- in.)  I.D.  tubing.  In  these  tests  three  different  lengths  of 
connecting  line  were  used  (10  cm,  30  cm,  and  45  cm). 

Piezoelectric  transducers  were  used  to  measure  the  input  and 
output  signals.  The  transducers  themselves  had  no  inclosed  volume. 

They  were,  however,  mounted  in  the  perpendicular  branch  of  a  small 
tee-fitting  so  that  a  small  additional  volume  was  added.  The  input¬ 
measuring  transducer  was  positioned  lose  to  the  input  of  the  ampli¬ 
fier  under  test.  The  output-measuring  transducer  was  positioned  at 
the  end  of  the  connecting  line,  close  to  the  input  of  the  load  ampli¬ 
fier.  Since  only  the  pressure  ratio  is  important,  these  transducers 
were  not  calibrated  absolutely.  Rather  they  were  tested  against  each 
other.  They  were  found  to  be  linear  in  the  range  of  pressure  used  and 
for  the  same  input  gave  readings  almost  equal  in  magnitude.  Often, 
during  a  test,  the  transducer  positions  were  reversed  co  determine  if 
any  changes  had  taken  place.  At  these  times,  no  appreciable  differences 
were  noted.  The  output  of  the  transducers  was  displayed  on  an  oscil¬ 
loscope,  and  the  data  were  taken  directly  from  this. 

To  obtain  the  magnitude  of  the  open  loop  frequency  response, 
the  reading  of  the  transducer  in  the  output  leg  had  to  be  doubled, 
because  with  the  experimental  setup  used  the  input  transducer  road 
the  whole  input  signal  amplitude  while  the  output  transducer,  in  one 
leg  of  the  differential  amplifier,  read  only  half  the  output  signal. 
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4.  FREQUENCY  RESPONSE  TEST  RESULTS 

The  amplifier  was  tested  with  10-,  3C-,  and  45~em  lengths  of 
tubing.  The  results  plotted  in  f igures  5,  t,  and  7  do  not  per¬ 
mit  a  smooth  curve  to  be  drawn  through  the  date.  Repeat  tests  often 
produced  widely  different  results.  This  occurred  primarily  b^ ^ause 
of  the  signal  generator  used.  Usually  the  wave  generated  showed  con¬ 
siderable  distortion,  which  made  it  difficult  to  obtain  accurate 
measurements.  However,  while  no  great  accuracy  can  be  claimed  for  a 
single  test,  the  overall  frequency  response  pattern  is  clear;  large 
gains  appear  at  discrete  frequencies  after  the  gain  initially  drops 
below  0  db.  These  peaks  cannot  be  explained  by  lumped  parameter  theory, 
but  are  due  to  the  presence  of  the  cavities  (ref  4)  and  to  the  length 
of  connecting  line.  Reflections  are  returned  from  the  sides  of  these 
cavities  to  produce  an  internal  feedback  effect. 

Three  distinct  frequency  ranges  showed  considerable  peaks  for 
the  tests  performed.  For  example,  on  figure  5,  peaks  occurred  at 
480,  820  and  5000  cps.  In  addition,  weak  peaks  were  noticed  at  about 
1250  and  2500  cps.  The  dashed  lines  on  the  figure  indicate  that  the 
output  signal  was  too  small  to  measure  between  1000  and  3000  cps. 

The  magnitude  of  the  peak  depended  on  the  response  of  the  con¬ 

necting  line  at  the  outputs.  The  10-cm  line  produced  low  gain  peaks 
in  the  lower  range  and  a  high  gain  peak  around  5000  cps.  The  30-cm 
line  produced  considerable  peaks  in  both  the  high  and  low  ranges. 

The  45-cm  line  sh  ved  high  peaks  in  the  low  range  and  low  gain  peaks 
in  the  high  range. 

Figure  8  shows  the  oscilloscope  traces  of  the  amplifier  respond¬ 
ing  to  a  5000-cps  input  signal  generated  by  an  identical  amplifier 
used  as  an  oscillator.  These  wave  forms  are  more  nearly  sinusoidal 
than  the  signals  produced  by  the  slotted  discs,  but,  it  was  possible 
to  produce  oscillations  only  at  a  few  frequencies  sect.  5).  Here 
the  amplitude  increased  as  the  length  of  the  connecting  line  decreased. 

As  indicated  in  equation  3),  the  phase  angle  must  also  be  con¬ 

sidered.  The  phase  angle  is  a  function  of  the  transport  delay  as  well 
as  the  properties  of  the  lines.  At  the  high  frequencies  the  phase 
angles  are  very  large  (>380°  .  Since  there  were  regions  of  response 
too  low  to  measure,  it  was  not  possible  to  follow  the  phase  step  by 
step.  Thus  the  absolute  phase  shift  is  lost  at  the  high  frequencies. 
However,  in  the  vicinity  of  a  peak  the  phase  changes  rapidly  and  be¬ 
comes  an  odd  multiple  of  -180  deg  even  within  the  narrow  frequency 
range  of  the  peak,  thereby  satisfying  the  criteria  for  instability. 
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Figure  8.  Response  to  5-KC  signal  from  fluid  oscillator. 


5.  CLOSED  LOOP  STABILITY 


In  these  tests  the  outputs  of  the  amplifier  were  connected 
directly  to  the  inputs  through  the  same  lengths  of  line  with  which 
the  amplifier  was  tested  open  loop  (10,  30  and  o  cm). 

From  figure  5,  the  open  loop  data  for  the  10-cm  line  show  that 
the  gain  is  above  0  db  below  200  cps  and  between  5  and  8  kc.  To  de¬ 
termine  the  stability  (equation  3)  the  phase  angle  at  these  frequencies 
must  be  examined.  At  the  low  frequencies,  the  phase  angle  is  never 
greater  than  -120  deg;  at  the  high  frequency  peak,  the  phase  is  greater 
than  -180  deg  and  probably  goes  through  an  odd  multiple  of  -180  deg 
when  the  gain  is  above  0  db.  The  open  loop  data  predict  that  the  system 
will  be  unstable  and  will  oscillate  at  a  frequency  between  5  and  8  kc. 
When  the  loop  was  closed,  a  sustained  oscillation  at  7100  cps  occurred. 
The  phase  may  pass  through  several  odd  multiples  of  -180  deg  between 
5000  and  8000  cps  when  the  gain  is  greater  than  0  db.  It  was  found  that 
by  pinching  and  releasing  the  line  the  system  would  oscillate  at  6  kc. 
This  suggests  that  more  than  one  peak  exists  in  the  range  between  5 
and  8  kc. 

The  open  loop  data  for  the  30-cm  line  (fig.  6)  show  gains  greater 
than  0  db  below  150  cps,  between  400-550  cps  and  about  5  kc.  Examina¬ 
tion  of  the  phase  shows  that  below  150  cps  it  was  less  than  -180  deg. 

The  phase  angle  in  the  500-cps  range  was  about  -180  deg.  The  phase 
was  greater  than  -180  deg  in  the  5-kc  range  and  as  before  changed 
rapidly  near  the  peak.  The  open  loop  data  therefore  predict  an  oscil¬ 
lation  at  both  500  cps  and  5  kc.  Closing  the  loop  resulted  in  an  os¬ 
cillation  at  425  cps,  but  a  slight  disturbance  of  the  feedback  lines 
changed  the  frequency  to  4750  cps.  By  disturbing  the  line  again,  the 
oscillation  returned  to  425  cps. 

The  open  loop  data  given  in  figure  7  for  the  45-cm  line  show  that 
it  has  gains  greater  than  0  db  below  100  cps  and  between  300  and  350 
cps.  The  high  frequency  peak  at  5  kc  was  lowered  by  the  line.  In 
this  case  only  the  300-cps  range  has  the  gain  and  phase  for  instability 
and  the  oscillation  is  expected  only  in  this  range  for  the  closed  loop 
system.  When  the  loop  was  closed,  an  oscillation  of  300  cps  was  pro¬ 
duced.  No  amount  of  disturbance  to  the  line  shifted  the  frequency. 

The  open  loop  frequency  tests  were  performed  only  at  a  power- jet 
pressure  of  41  kN/m^ .  The  power-jet  pressure  was  varied  when  the  loop 
was  closed,  and  the  effect  on  the  oscillation  was  noted.  For  the  low 
frequency  oscillation,  the  frequency  was  constant  and  the  magnitude 
varied  directly  with  the  power-jet  pressure  for  pressures  from 
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14  to  97  kN  nr  .  This  shows  that  the  phase  of  the  open  loop  system 
does  not  vary  much  with  power- jet  pressure  in  the  range  tested.  A 
gain  of  unity  is  required  for  constant  amplitude  oscillation  and,  due 
to  the  nonlinearity  of  the  amplifier,  this  was  achieved  with  larger 
amplitude  signals  at  the  higher  power-jet  pressures. 

The  high  frequency  oscillation  (5  kc)  changed  abruptly  in  both 
frequency  and  magnitude  as  the  power- jet  pressure  was  charged.  The 
frequency  change  was  small;  the  magnitude  change  was  great.  Once  a 
new  mode  occurred  it  remained  if  the  pressure  was  reduced,  but  the 
previous  mode  could  be  made  to  return  by  disturbing  the  tubing.  This 
effect  was  noted  before,  where  disturbing  the  lines  caused  a  charge  in 
the  frequency  of  oscillation.  The  changing  of  the  power- jet  pressure 
made  oscillation  at  one  frequency  more  likely  than  oscillation  at 
another  frequei cy  where  the  phase  differs  by  300  deg. 

6.  SUMMARY  AUD  CONCLUSIONS 


Open  loop  frequency  response  measurements  were  made  on  a  propor¬ 
tional  amplifier  and  load  combination.  The  load  was  another  identical 
amplifier  connected  to  the  test  amplifier  by  different  lengths  of 
tubing.  The  measurements  showed  gain  peaks  at  regular  Intervals  up 
to  8000  cps.  The  magnitude  of  the  peaks  depends  on  the  length  of  the 
connecting  line,  whereas  the  frequency  at  which  the  peaks  occur  de¬ 
pends  on  the  internal  cavities  of  the  amplifier. 

From  the  open  loop  measurements,  the  stability  of  the  closed  loop 
system  was  predicted  using  the  Nyquist  criteria.  These  predictions 
were  confirmed  by  closed  loop  experiments.  When  the  system  was  unstable 
it  was  also  possible  to  predict  the  frequency  of  its  oscillation.  In 
some  cases  two  or  more  oscillating  frequencies  are  possible. 

Compensating  circuits  can  be  used  to  stabilize  the  system  or  to 
shift  the  frequency  of  the  oscillation.  However,  it  is  always  impor¬ 
tant  to  know  the  characteristics  over  a  wide  frequency  range  because 
of  resonance  effects. 
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ABSTRACT 


The  problem  of  intrinsic  instability  in  fluid  jet  amplifiers  is 
examined.  Both  linear  and  nonlinear  oscillations  are  discussed. 
Various  pertinent  aspects  of  the  acoustic  feedback  loop  theory 
for  sustained  oscillations  in  a  jet-edge  system  are  conceptually 
applied  to  the  stability  of  beam  amplifiers.  Some  experimental 
data  showing  self-induced  high  frequency  oscillations  in  a  vented 
proportional  beam  amplifier  are  presented. 

The  basically  nonlinear  acoustic-flow  interaction  is  suggested  as 
the  possible  cause  of  many  low  frequency  blocked  load  instabilities. 
Experimental  evidence  of  a  load -resonance -sens i t ive  blocked  load 
instability  is  presented  for  a  proportional  device  utilizing 
boundary  layer  separation.  Semiana ly t ica 1  stability  prediction 
techniques  for  amplifiers  and  circuits  are  discussed. 

INTRODUCTION 


In  the  past  four  years,  a  great  deal  of  effort  has  been  directed 
toward  the  development  of  proprietary  pure  fluid  amplifiers  and 
specific  pneumatic  sensors  and  circuits  employing  these  devices.  As 
with  any  promising  new  technology,  and  especially  om  which  is 
largely  empirical,  there  have  been  many  attempts  at  cut-and-try 
solutions  to  a  wide  variety  of  application  problems.  Some  of  these 
investigations  have  been  fruitful,  yielding  both  usable  hardware  and 
a  basic  understanding  (phenomenological  and/or  analytical)  of  the 
principles  and  techniques  employed  therein.  However,  many  of  these 
studies  have  resulted  in  highly  tailored,  one-of-a-kind  laboratory 
hardware,  sometimes  meeting  the  original  performance  specifications, 
and  sometimes  not;  but  generally  suffering  from  the  lack  of  a  sound 
phenomenological  understanding. 

The  engineering  situation  is  quite  complex,  since  continuous  fluid 
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amplifier  designs  at  present  make  use  of  a  wide  variety  of  operating 
phenomena,  c.f.  jet  momentum  interaction,  pressure  controlled  jet 
deflection,  knife  edge  jet  deflection,  eugetone  modulation,  laminar- 
turbulent  jet  transition  control,  ax i - symme t r  ic  jet  impact,  boundary 
layer  controlled  jet  deflection,  curved  elbow  flow  acceleration  con¬ 
trol,  and  vortex  control.  Of  these  fluid  flow  phenomena,  only  the 
two-dimensional  high  aspect  ratio  and  the  ax i -symmetr ic  momentum- 
interaction  devices  appear  amenable  to  meaningful  static  analysis. 
This  is  not  to  say  that  analytical  models  cannot  be  constructed  for 
the  other  devices,  but  rather  that,  to  the  author's  knowledge,  the 
success  of  any  such  attempts  has  been  limited  to  very  small  oper¬ 
ating  ranges  under  assumed  idealized  operating  conditions.  As  a 
result,  two  major  engineering  problems  arise.  First,  it  is  quite 
difficult  to  "scale"  a  given  device,  or  determine  its  limits  of 
application  with  only  a  meager  analytical  description.  This  is  a 
rluid  mechanical  problem  and  its  solution  involves  careful  analytic 
approaches  to  each  type  of  device,  coupled  with  intelligent  testing 
under  selected  similitude  considerations. 

The  second,  and  possibly  more  significant,  problem  is  the  inter¬ 
connection  of  several  devices  in  a  useful  circuit  configuration.  The 
usual  technique  employed  is  a  combination  of  quasi-static  graphical 
impedance  matching  and  substantial  amounts  of  circuit  "tuning".  It 
is  implicitly  assumed  that  the  individual  devices  are  stable,  i.e., 
that  the  actual  static  circuit  behavior  will  be  approximated  by  the 
aggregate  behavior  of  its  components  as  described  by  static  loading 
curves,  etc.  This  assumption  appears  to  hold  for  simple  circuits 
with  weak  feedback  paths  and  relatively  "quiet"  devices  (high  signal- 
to-noise  ratio).  It  can  even  be  employed  in  an  intuitive  manner  to 
produce  the  linearized  dynamic  response  (transfer  function)  of 
certain  fluid  amplifier  circuits  subject  to  time  varying  inputs. 

When  this  is  done,  the  amplifier  itself  must  be  treated  quasi-stati- 
cally,  using  the  static  loading  curves,  jet  transport  lags,  etc.,  in 
conjunction  with  experimentally  or  analytically  determined  sinusoidal 
response  characteristics  of  the  passive  circuit  components  (amplifier 
inlet  and  outlet  ports,  connecting  lines,  restrictors,  volumes, 
etc  . )  . 

Tf  the  amplifier  is  intrinsically  stable,  has  a  high  s igna l-to-noise 
ratio,  and  has  negligible  terminal  interaction,  one  would  expect  to 
be  able  to  predict  the  small  signal  dynamic  behavior  satisfactorily. 
Unfortunately,  such  common  phenomena  as  blocked  load  instability, 
high  frequency  noise  transmission,  low  frequency  drift,  etc.  are  not 
explainable  by  this  quasi-static  approach.  However,  these  phenomena 
are  vitally  important  to  anyone  attempting  to  construct  control 
circuits  even  with  simple  momentum- interac t ion  amplifiers.  The 
problem  is  even  more  acute  with  many  proprietary  devices,  such  as 
vortex  and  boundary  Layer  separation  controlled  amplifiers. 

Instrtnsic  instabilities  and  dynamic  nonlinearities  can  obviously 


affect  the  circuit  response  to  a  imposed  signal,  producing  large 
discrepancies  between  the  quasi-static  transfer  function  model  and 
reality.  Whenever  elemental  instabilities  or  non  1  inear i t ies  are 
present,  circuit  design  for  static  stability,  minimum  noise,  etc. 
takes  precedence  over  any  other  design  criteria.  It  would  therefore 
be  desirable  to  have  semiana ly t ica 1  nonlinear  dynamic  models  of  the 
important  fluid  state  devices.  The  intent  of  this  paper  is  to 
realistically  appraise  the  problems  involved,  to  evaluate  proposed 
methods  of  formulating  dynamic  models,  and  to  show  preliminary 
experimental  evidence  of  important  fluid  element  non  1  inear  i  t  ies  and 
instabi lit ies . 


OBSERVED  INSTABILITIES  AND  NONLINEARITIES 


Edge  Tones 

Fluid  jet  amplifiers  often  exhibit  high  frequency  oscillatory 
instabilities.  Over  the  range  of  frequencies  usually  encountered, 
passive  elements  such  as  flow  restrictors,  amplifier  receivers,  and 
connecting  lines  are  predominantly  influenced  by  acoustic  wave 
phenomena.  Further,  any  meaningful  dynamical  description  of  the 
active  elements  must  take  into  consideration  transverse  and 
longitudinal  wave  effects  and  edge  vortex  formation  in  the  power 
jet.  It  may  be  reasoned  that  an  acoustic  mode  must  exist  in  either 
the  power  jet  or  the  region  immediately  surrounding  it  to  produce 
output  -  load-sens itive  oscillations,  especially  in  "open  vented" 
devices.  This  intuitively  provides  the  only  feasible  mechanism  for 
transmitting  the  load-induced  flow  disturbances  back  "upstream" 
to  the  power  jet  origin. 

Considerable  attention  has  been  directed  to  the  production  of  both 
symmetric  and  asymmetric  transverse  jet  oscillations  by  means  of  an 
obstacle  placed  several  jet  widths  downstream  from  the  jet  origin  as 
in  Figure  1  (e.g.  the  edgetone,  hole  tone,  ringtone,  etc. 

Sound  sensitive  jets  and  flames  were  observed  over  a  hundred  years 
ago  (see  Rayleigh,  Theory  of  Sound,  Vol.  2,  Chapter  21),  with  a 
considerable  accumulation  of  experimental  evidence  indicating  that 
i_he  jet  flow  fields  could  be  strongly  affected  by  a  contiguous 
acoustic  field.  However,  the  concept  that  an  acoustic  field  could 
be  generated  by  a  jet  impinging  on  a  stationary  downstream  obstacle 
and  that  this  acoustic  field  could  disturb  the  jet  (i.e.  cause 
vortex  formation  and/or  lateral  displacement)  as  the  jet  issues 
from  the  nozzle  was  not  experimentally  verified  until  recently  by 
Powell^.  Although  the  notion  of  such  an  "acoustic  feedback  loop" 
had  been  introduced  much  earlier  by  Rayleigh  and  others,  its  actual 
physical  existence  was,  and  in  some  cases  still  is,  a  very 
controversial  topic.  Nyborg^  and  others  have  proposed  a  variety  of 
acoustic  and  hydrodynamic  feedback  mechanisms,  such  as  the  generation 
of  an  alternating  pressure  gradient  across  the  entire  jet  length. 
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Whether  the  feedback  is  viewed  as  purely  acoustic  (perhaps  audible) 
as  with  high  speed  edgetones'-;  hydrodynamic— acous  t  ic  as  in  the  cast'  of 
low  speed  ed ge t ones > ' ;  or  purely  hydrodynamic  ^ > 8 ;  the  concept  of  a 
nonlinear  feedback  loop  is  now  rather  1  irmly  entrenched  in  t  h* 
theory  of  oscillations  of  a  free  jet  impinging  on  a  downstream 
obs  tac  le  . 

It  is  apparent,  therefore,  that  an  attack  on  the  high  frequency 
instability  problem  using  the  mathematical  tools  of  either  classical 
or  modern  feedbacl  systems  theory  is  in  order.  Powell  has  used  a 
simplified  version  of  this  approach  in  predicting  the  modes  of  a  tree 
jet-edge  system'*.  The  latter's  method  is  semiemp  ir  ica  1  ,  utilizing 
operating  point  1  i near i zat i on  to  achieve  a  simple  criterion  for 
sustained  oscillations.  An  extended  application  of  this  linearised 
acoustic  feedback  method  to  the  elimination  of  audible  noise  in  beam 
amplifiers  has  not,  to  this  author's  knowledge,  been  attempted. 
Pursuing  such  an  investigation  with  a  plurality  of  feedbacK  loops 
could  very  well  lead  to  a  valuable  insight  into  the  so-called  signal- 
to-noise  ratio  problem.  It  is  entirely  possible  that  much  of  what  is 
casuallv  dismissed  as  "high  frequency  noise"  is  in  reality  the  high 
frequency  instability  of  a  complex  system  with  a  large  number  of 
modes . 


Edgetone  -  Resonator  Systems 

In  a  two-dimensional  propor t  ione  1  fluid  jet  amplifier,  the  edgetone 
type  of  instability  would  most  likely  occur  for  relatively  low  load 
impedances,  causing  the  receiver  (s)  to  act  essentially  as  a  group  of 
closely  spaced  "edges"  or  splitters.  Not  surprisingly,  many  early 
amplifier  designs  behaved  instead  as  edgetone  oscillators.  This 
design  problem  has  been  partially  eliminated  (not  solved)  by  tedious 
cjt-and-try  changes  in  the  interaction  region  and  venting  designs. 
Also,  the  trend  to  smaller  nozzle  sizes  lias,  in  most  cases,  elevated 
the  frequencies  outside  the  audible  range. 

Experimental  frequency-velocity  data  on  a  typical  momentum-inter¬ 
action  beam  amplifier  are  presented  in  Figure  2.  In  this  case,  the 
total  pressure  of  the  supply  jet  is  given  as  the  velocity  variable. 

It  is  rather  surprising  that  once  a  mode  has  been  established,  the 
frequency  remains  constant  over  a  wide  range  of  jet  velocities. 

It  was  observed  that  amplifier  oscillation  could  be  induced  by 
manipulating  a  flat  plate  in  the  vicinity  of  the  vent  holes.  If  a 
plate  covering  one  of  the  vent  holes  was  lilted  away  to  a  distance 
on  the  order  of  an  inch,  the  audible  noise  level  would  become  painful 
to  the  unprotected  ear.  Also,  no  matter  what  the  control  pressure 
differential  was  (within  a  very  wide  range),  the  output  pressures 
(measured  on  manometers)  would  become  equal,  reaching  a  value  very 
much  in  excess  of  the  norma  1  null  value. 
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BEAM  AMPLIFIER  INSTABILITY  MODES 
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It  was  further  found  that  there  were  several  critical  spacings,  each 
of  which  corresponded  to  a  sharp  audible  sound  intensity  maximum. 

The  largest  of  these  spacings  was  several  inches  at  the  higher  jet 
velocities.  By  setting  the  supply  pressure  at  values  which  corre¬ 
sponded  to  frequency  jumps  (e.g.  5.5  to  6.0,  or  10.4  to  12.0  in. 

Hg . ) ,  it  was  found  that  either  of  the  modes  could  be  established, 
depending  on  the  plate  location. 

This  experiment  was  only  of  a  preliminary  nature,  bu.  it  supported 
the  validity  of  the  acoustic  feedback  theory,  as  applied  to  fluid 
amplifiers.  The  strong  coupling  of  the  D.C.  value  cf  the  output 
pressures  with  the  amplitude  of  oscillation  emphasizes  the  essential 
role  of  non  1  inear  it ies  in  these  cases.  It  is  believed  due  to  the 
"acoustic  pumping"  action  described  in  the  next  section. 

Nyborg^  has  experimentally  investigated  the  coupled  modes  of  a  two- 
dimensional  jet-edge  system  and  an  "organ  pipe"  resonator  positioned 
normal  to  the  jet  axis,  as  shown  in  Figure  3.  His  results  show  the 
expected  modal  coalescence  with  strong  sound  intensity  maxima  near 
the  coalescent  points.  The  coalescent  points  in  this  case  were,  of 
course,  those  at  which  the  velocity-dependent  edgetone  frequency  was 
equal  to  one  of  the  harmonics  of  the  resonator.  Gottron^  experi¬ 
mentally  investigated  a  jet-edge  system  coupled  to  a  pair  of 
resonators  diametrically  opposed  and  normal  to  the  jet  axis.  While 
the  results  in  the  latter  paper  indicated  relative  changes  in  the 
sound  intensity  as  the  jet  velocity  was  increased,  no  data  was 
presented  for  the  jet-edge  system  alone,  and  thus  it  is  difficult 
to  see  whether  the  edgetone  intensity  was  actually  reduced  or 
increased.  Gottron's  frequency  spectra  are  interesting,  in  that 
they  depict  quite  dramatically  the  wide  band  frequency  mix  one  often 
encounters  in  fluid  amplifier  work,  and  which  one  equally  often 
dismisses  as  "noise". 

Nyborg  shows  the  presence  of  subharmonics  in  the  free  jet-edge- 
resonator  system,  while  some  of  Gottron's  data  for  the  confined  jet 
strongly  suggests  the  same.  The  subharmonic  behavior  is  of  special 
interest,  since  it  would  form  a  necessary  part  of  any  theory  which 
attempted  to  explain  the  familiar  low  frequency  blocked  load  amplifier 
instabilities  by  the  existence  of  an  acoustic  loop.  This  is  discussed 
in  the  next  section. 


Low  Frequency  Oscillations 

That  subharmonic  behavior  should  appear  in  fluid  jet  devices  is  not 
surprising,  due  to  the  fundamental  nonlinearities  in  the  equations 
of  fluid  motion.  Specifically,  the  convective  terms  in  the  velocity 
(e.g.  U-  "^V^x  )  couple  the  modes  from  zero  frequency  (D.C.)  up 
through  the  higher  Fourier  harmonics.  The  modal  interaction  is 
bilateral  (although  not  reciprocal),  in  that  energy  can  be  trans- 
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ACOUSTIC  PUMPING 


ferred  from  high  frequency  modes  to  lower  frequency  modes  (including 
D.C.);  as  well  as  from  a  fundamental  mode  to  the  high  harmonics. 
Physical  examples  of  the  high  f r equency - t o- D . C .  coupling  ("acoustic 
pumping")  are  the  motion  of  dust  particles  in  a  Kundt's  tube, 
acoustic  streaming  from  the  mouth  of  a  Helmholtz  resonator  (both 
described  by  Rayleigh  in  his  Theory  of  Sound  );  the  Quartz  Wind 
phenomenon  first  described  by  Eckar t 1 1 ,  and  utilization  of  the  latter 
effect  in  a  sound  absorption  coefficient  measuring  device  by 
Piercyl2-  and  finally,  the  breeze  one  feels  when  near  a  large  loud¬ 
speaker  operating  at  an  appreciable  sound  level.  These  phenomena 
essentially  involve  entrainment  of  stagnant  fluid  particles  by  a 
travelling  wave,  as  depicted  in  Figure  4. 

Dauphinee^  has  described  an  acoustic  pump  which  is  simply  a  long 
tube  held  in  front  of  a  loudspeaker.  Roleau^  describes  both  a 
modified  version  of  the  Dauphinee  pump,  and  a  Piercy  pump,  based  on 
Piercy's  original  absorption  measuring  device  with  a  crystal  driver. 

An  analysis  assuming  travelling  plane  waves  is  presented  for  the 
Piercy  pump,  with  numerical  results. 

In  an  amplifier  executing  low  frequency  blocked  load  oscillations, 
the  receiver  most  likely  embraces  a  standing  wave.  Thus,  instead  oi 
considering  plane  waves  in  a  tube,  the  analysis  must  of  necessity 
involve  the  transverse  oscillations  of  the  jet  and  the  appropriate 
entrainment  behavior.  Experimental  data  on  what  is  believed  to  be  a 
form  of  acoustic  pumping  as  observed  in  a  fluid  amplifier  of  the 
author's  design^  are  shown  in  Figures  5  and  6. 

The  mean  pressure  (manometer)  tap  was  located  at  a  fixed  position  in 
the  amplifier  output  channel.  k  Kistler  piezoelectric  pressure  pickup 
was  located  in  the  end  of  a  capped  adjustable  length  tube  connected  to 
the  amplifier  output  port.  Figure  5  shows  the  variation  of  the  mean 
output  pressure  with  tube  length  for  constant  supply  and  control 
settings.  The  maxima  of  the  mean  pressure  se  'med  to  roughlv 
correspond  to  the  maximum  oscillation  amplitudes  recorded  by  the 
pressure  pickup,  although  the  results  were  inconclusive.  The  large 
amplitude  oscillation  frequency  was  never  greater  than  the  euarter 
wave  length  frequency  for  the  tube  and  receiver  combination*^.  The 
latter  result,  precludes  the  possibility  that  the  pressure  tap  was 
situated  in  a  standing  wave  node  at  the  observed  minima  and  in  an 
antinode  at  the  observed  maxima,  since  only  the  fundamental  (at  best) 
occurred . 

It  appears  likely  that  the  explanation  of  this  amp  1  i f ier - load 
sensitivity  is  a  coupling  of  the  mode  of  the  receiver  with  that  of 
the  jet.  Since  the  device  utilized  boundary  layer  separation  from  a 
curved  surface,  the  intrinsic  separation  instability,  probably  of 
relatively  low  frequency,  could  explain  the  low  observed  output 
frequencies  (approximately  200-400  cps).  Figure  6  shows  typical 
dynamic  pressure  traces  obtained  for  a  given  tube  length  by 
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FIGURE  5  BOUNDARY  LAYER  AMPLIFIER  BLOCKED  LOAD  INSTABILITY 


FIGURE  6 


EFFECT  OF  CONTROL  PRESSURE  ON  B.L.  AMPLIFIER 
INSTABILITY  (TUBE  LENGTH  =  5.2") 


increasing  the  control  pressure.  Thert  are  two  distinct  modes,  one 
at  about  350  cps ,  and  the  other  at  about  2T>00  cps.  The  origin  and 
significance  oi  the  2000-cps  signal  is  somewhat  of  a  mystery,  since 
it  was  present  (at  various  levels)  over  virtually  the  entire  range  of 
control  pressures,  supply  pressures,  and  tube  lengths.  It  was  no t  a 
resonance  of  the  transducer  or  its  mount. 

Since  it  is  known  that  boundary  layer  separation  can  be  induced  by 
an  acous tic  fie  Id  1? ,  it  would  appear  that  the  coupling  of  the  load  and 
amplifier  described  is  amenable  to  the  acoustic  feedback  method  of 
stability  analysis.  The  combination  of  an  acoustic  (or  hydrodynamic) 
loop  with  the  nonlinear  modal  (subharmonic)  interaction  might  be  a 
valid  dynamical  model  for  many  low  frequency  blocked  load  instabili¬ 
ties.  A  conceptual  block  diagram  of  this  loop  is  given  in  Figure  7. 


DYNAMIC  TESTING  AND  STABILITY  PREDICTION 

If  a  physical  system  of  partially  indeterminate  structure  is  to  be 
studied,  experimental  techniques  can  be  quite  involved.  A  simple 
example  of  this  is  the  linear  dynamical  description  of  a  push-pull 
amplifier.  Due  to  the  uncertainty  as  to  transferences  and  couplings 
between  the  control  and  output  variables,  an  experimental  approach  is 
necessary.  Be  Ister  ling  ^ ,  Boothe^,  and  Brown^  have  experimen¬ 
tally  investigated  similar  momentum- interact  ion  beam  amplifiers. 

It  is  obviously  a  nontrivial  experimental  task  to  find  all  the 
elements  in  the  n  x  n  dynamic  admittance  (or  impedance)  matrix 
which  describes  an  active  r.  port  element.  The  general  technique 
involves  holding  flows  and/or  pressures  constant  (or  related  in 
known  fashion)  at  all  ports  except  one,  which  is  sinusoidally  driven. 
This  procedure  is  then  repeated  for  all  n  ports.  References  18 
and  19  assume  symmetry  and  zero  control  and  output  cross  coupling. 

They  thus  involve  the  determination  of  only  three  elements  in 
the  4x4  matrix  describing  the  four  port  amplifier.  The 
reduction  in  experimental  difficulty  is  obvious,  since  all  the  test 
data  can  be  obtained  by  driving  just  one  control  port.  The 
method  of  Reference  20  is  somewhat  more  realistic  (and  difficult 
to  implement),  as  an  attempt  is  made  to  determine  all  16  matrix 
elements.  Only  static  (zero  frequency)  data  is  presented,  however, 
and  thus  the  experimental  difficulties  encountered  in  actual  dynamic 
testing  are  not  known. 

None  of  these  methods  is  satisfactory  for  high  frequencies,  since 
wave  effects  in  t he  flow  measuring  apparata,  signal  generator 
circuit,  etc.  introduce  uncertainties  in  the  data  interpretation. 

It  is  further  evident  that  the  treatment  of  load  induced  instabilities 
(  especially  of  the  acoustic  feedback  variety)  is  totally  outside 
the  scope  of  these  procedures. 
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Nt  describes  the  subharmonic  generation  due  to  "acoustic 
pumping",  sound  sensitive  flow  phenomena,  etc. 

N,  describes  aerodynamic  sound  generation,  harmonic  distortion 
^  due  to  velocity  profile,  receiver  and  vent  resonances,  etc. 

IHl  is  a  linear  acoustic  transmission  matrix 


FIGURE  7  CONCEPTUAL  PICTURE  OF  NONLINEAR  ACOUSTIC  LOOP 
FOR  LOW  FREQUENCY  SUSTAINED  OSCILLATIONS 
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HIGH  FREQUENCY  LINEAR  SYSTEM  TESTING  (AFTER  BROWN20) 


20 

Brown  suggests  a  transformation  of  the  admittance  matrix  into  a 
form  more  convenient  for  high  frequency  testing.  Briefly,  the 
pressure  and  f  low  variables  at  a  given  port  are  transformed  into 
incident  and  reflected  pressure  waves.  The  idea,  then,  is  L  >  connect 
the  port  j  to  an  acoustic  signal  generator  with  a  line  whose 
standing  wave  amplitude  envelope  is  measurable.  This  yields  the 
complex  wave  reflects  coefficient  lor  that  port,  as  shown 

in  Figure  8.  By  connecting  a  travelling  wave  line  (one  terminated  in 
its  own  characteristic  impedance)  to  another  port  1  ,  and  measuring 

the  travelling  wave  amplitude  and  phase,  the  refraction  coefficient 
for  the  two  ports  is  determined.  The  general  relation 


between  the  incoming  waves  Li.  and  the  outgoing  waves 
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This  method  of  testing  appears  attractive  if  the  necessary  large 
amount  of  experimental  data  can  be  obtained. 


From  ^  ,  the  scattering  matrix  and  the  impedance  matrix  may  be 
constructed.  It  should  be  noted  that  retrieval  of  the  intrinsic 
impedance  matrix  of  the  n  port  requires  that  the  admittances  of  the 
testing  lines  themselves  be  "removed"  from  the  measured  admittance 
matrix.  At  the  relatively  high  frequencies  of  interest,  however, 
this  should  present  no  problem,  since  the  lines  are  sufficiently  well 
described  by  their  characteristic  admittances. 


CONCLUSIONS 


It  would  be  of  great  value  to  combine  the  experimental  scattering 
matrix  approach  (or  a  simplified  version)  with  the  physical  theory  of 
the  acoustic  feedback  loop  in  the  case  of  a  simple  beam  amplifier. 

The  quantitative  results  could  very  well  represent  a  breakthrough  in 
the  theory  of  lir.tar  stability  prediction  for  circuits  composed  of 
such  elements.  A  logical  extension  of  this  would  be  the  treatment  of 
the  supply  noxzle  and  vents  as  additional  ports  for  the  design  of 
optimal  (high  s igna  1-to-no ise )  beam  deflection  devices. 


A  similar  approach  could  be  used  for  prediction  of  low  frequency 
nonlinear  oscillations  in  systems  utilizing  more  complex  flow 
phenomena  (e.g.  boundary  layer  separation).  Since  systems  of  this 
sort  are  usually  characterized  by  strong  harmonic  distortion,  the 
structuring  becomes  more  difficult  (Figure  7),  but  not  impossible. 

Wider  dissemination  of  data  on  observed  instabilities  is  imper.it  r 
in  order  that  the  various  dynamical  theories  may  be  tested  and 
refined,  or  rejected.  Fluid  amplifier  instabilities  and/or  noise 
problems  exist  as  very  real  obstacles  to  the  design  of  optimal 
systems.  These  obstacles  should  be  removed  by  analytical  and 
experimental  methods,  and  not  simply  ignored. 
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Montreal,  Quebec,  Canada 


1.  INTRODUCTION 


The  use  of  fluid  amplifiers  in  circuits  requires  a  means  of 
matching  the  fluid  flow  output  to  the  applied  load  in  order 
to  accommodate  the  total  system  input  flow.  In  the  closed 
system  of  impedance  matching,  each  successive  amplifier 
is  made  larger  in  order  to  accommodate  the  total  flow  input 
to  all  previous  stages.  This  technique  generally  involves  the 
matching  of  the  non-linear  amplifier  characteristics  to  the 
load  by  a  graphical  solution  at  each  int e r  connec*  .on .  This 
approach  is  used  in  multi-stage  fluid  flow  and  ptessure 
amplification  in  which  optimum  power  efficiency  is 
es  s  entia  1 . 

Incorrect  matching  results  in  a  portion  of  the  fluid  input 
mass  flow  being  diverted  into  the  inactive  outlet  channel  as 
a  result  of  the  high  back  pressure  in  the  loaded  active  out 
channel . 

With  a  low  stability  fluid  amplifier,  the  power  jet  may  be 
switched  and  attach  to  the  opposite  adjacent  wall  under  large 
active  outlet  load  impedance  conu  'ions. 

*  Supervisor,  Fluid  State  Technology,  Aviation  Electric  Ltd.,  Montreal, 
Quebec,  Canada. 
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‘"Research  Engineer,  Fluid  State  Technology,  Aviation  Electric  Ltd., 
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In  the  vented  sys'em  of  impedance  matching,  the  excess  fluid  flow 
is  vented  or  bled  off  to  a  suitable  sink,  so  that  over  an  appre<  1  able 
operating  range,  each  fluid  amplifier  is  automatically  matched  to 
its  applied  load.  This  approach,  although  somewhat  inefficient  from 
input  fluid  power  considerations,  is  quite  adequate  in  many  circuit 
applications  in  which  the  total  fluid  power  input  per  amplifier  is  very 
1  ow . 

The  isolation  of  fluid  amplifiers  from  output  load  effects  has  been 
previously  achieved  with  a  vent  channel  positioned  perpendicularly 
to  the  amplifier  outlet  passage,  immediately  downstream  of  the 
attachment  bubble  region. 

The  conversion  of  power  jet  dynamic  pressure  to  static  pressure  at 
the  vent  passage  input  with  increasing  output  loading  (i.e.  decreasing 
the  element  output  mass  flow)  decreases  the  fluid  stream  momentum 
and  reduces  the  eff  ectiv  e  v  ent  "resistance",  thus  inducing  increased 
mass  flow  venting.  This  type  of  vent  may  be  made  effective  over  a 
load  range  up  to  infinite  impedance,  if  the  stability  level  in  the 
amplifier  is  capable  of  withstanding  the  static  pressure  realized  under 
high  load  conditions. 

The  second  phenomena)  associated  with  impedance  matching  relates 
to  the  disturbance  effects  of  acoustic  or  finite  pressure  wave 
disturbances,  and  involves  the  complex  interaction  between  fluid 
flow  and  acoustic  perturbations. 

The  acoustic  disturbances  are  propagated  out  through  the  circuit  lines, 
portions  of  the  acoustic  energy  being  reflected  at  circuit  discontinuities 
in  accordance  with  the  laws  for  wave  reflections.  If  not  s  ippressed  or 
by- pas  s  ed  ( such  disturbances,  in  the  form  of  reflected  compression 
waves,  can  cause  fluid  circuit  instability. 

There  is  evidence  that  in  the  perpendicular  channel  type  of  vent  con¬ 
figuration,  such  acoustic  disturbances  are  not  effectively  attenuated, 
the  vents  themselves  frequently  being  sources  of  acoustic  energies 
in  the  form  of  organ  pipe  oscillation  under  transient  operational 
conditions  . 

This  paper  discusses  a  different  vent  configuration,  called  the 
Latched  Vortex  Vent,  which  can  be  applied  to  both  proportional  and 
digital  fluid  amplifiers.  This  unique  configuration  attains  impedance 
matching  over  a  wide  range  of  load  conditions,  from  zero  load  up  to  and 
including  large  negative  loads  (i.  e.  reverse  flow  into  the  amplifier). 
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A  pp  r  e  c  iub  1  e  pressure  recovery  capabilities  tan  be  maintained 
while  compression  pulses  propagated  back  into  the  an  plilier  intt  r- 
action  region  are  largely  attenuated. 

2 .  PR1NCIPI.F  Oh  LA'l  Git  D  VOR'I  hX  VI  N'l 

1  he  latched  vortex  vent  is  a  pure  fluid  device  (no  moving  parts) 
consisting  of  a  circular  vent  orifice  positioned  adjacent  to  a  fluid 
stream,  with  the  orifice  axis  perpendicular  to  the  fluid  stream 
velocity  vector.  An  associated  fluid  channel  configuration  used 
in  conjunction  with  the  vent  induces  and  maintains  a  vortex  swirl 
flow,  the  core  of  which  is  coincident  with  the  orifice  axis 
( Figure  1  ) . 

Consideration  of  vortex  vent  flow  patterns  associated  witn  in¬ 
creasing  downstream  impedance  loading  conditions  indicates  the 
principle  of  opera'ion  of  the  vent,  as  illustrated  in  Figure  2. 

Case  1:  Low  load  impedance  (unrestricted  output  flow). 

Substantially,  no  flow  occurs  within  the  swirl  chamber 
or  through  the  vent  orifice. 

Case  2:  Moderate  load  impedance  (restricted  output  flow). 

A  substantial  portion  of  the  input  fluid  flow  is  diverted 
or  vented  out  through  the  vent  orifice  via  a  swirl 
motion  within  the  vortex  inducing  chamber. 

Case  3:  Infinite  impedance  load  (completely  blocked  output). 

All  the  input  flows  out  through  the  vent  orifice  via  a 
swirl  motion  within  the  vortex  inducing  chamber. 

As  is  evident  from  the  diagram  for  both  Cases  2  and  3,  a 
segment  of  the  outer  periphery  of  the  fluid  swurl  flow 
which  is  exposed  to  the  fluid  flow  in  the  main  stream  forms, 
in  effect,  a  moving  wall  for  the  diffusion  process  as  applied 
to  the  portion  of  the  fluid  flowing  into  the  load.  By  this 
means,  the  vortex  vent  flow  is  used  to  provide  increased 
diffusion  efficiency  or  pressure  recovery  of  the  output 
flow. 

Case  4:  Negative  impedance  load  (reversed  flow  into  active  outlet). 

All  the  input  flow  plus  all  the  load  reverse  flow  exits  out 
through  the  vent  orifice,  the  load  reverse  flow  fluid  being 
induced  into  the  vortex  vent  swirl  flow,  through  viscous 
entrainment. 

V  V  V 
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3.  THEORETICAL  CONSIDERATIONS 


High  pressure  recovery  characteristics  may  be  attained  in  fluid 
amplifiers  which  incorporate  latched  vortex  vents  by  adaptation 
of  the  vortex  "moving  wall"  diffusion  process,  and  by 
optimization  of  the  variable  ven*  impedance  inherent  in  the  vent 
viscous  swirl  flow.  The  vent  variable  impedance  or  vent  flow 
resistance  results  from  the  pressure  drop  across  the  swirl  flow 
within  the  vortex  inducing  chamber,  this  pressure  drop  resulting 
in  turn  from  two  flow  phenomena: 

(a)  Pressure  drop  due  to  viscous  drag  and  turbulent 
flow  energy  dissipation  (both  effects  are  included 
in  an  "apparent"  viscosity  number). 

(b)  Pressure  drop  associated  with  increasing  fluid  flow 
tangential  velocity  towards  the  vent  orifice, 
resulting  from  flow  angular  momentum  conservation 
considerations . 

Accordingly,  the  greater  the  degree  of  swirl  of  the  fluid  flow 
within  the  vortex  vent,  the  greater  the  effective  vent  flow 
"resistance".  The  degree  of  swirl  flow  is  dependent  primarily 
upon  the  ratio  between  vent  vortex  chan  'oer  effective  radius  and 
orifice  radius  (r^/r0)  and  upon  the  vent  mass  flow  (Qr). 

The  mathematical  model  of  the  latched  vortex  vent  flow  is  based 
on  a  flow  model  which  consists  of  a  thin  cylindrical  chamber  with 
the  tangential  injection  of  fluid  at  the  outer  edge  and  subsequent 
discharge  through  a  central  orifice,  as  illustrated  in  Figure  3. 

The  following  mathematical  analysis  is  unique  in  that  it  is 
based  on  the  flow  within  very  low  aspect  ratio  chambers.  Further¬ 
more,  the  analysis  takes  into  consideration  the  viscous  effects 
of  the  real  fluid,  being  a  particular  solution  of  the  Navier- 
Stokes  equations. 

3.1  Flow  Conditions  Initially  Assumed 


336 


Four  basic  assumptions  regarding  the  flow  conditions  are 
initially  established  in  order  to  facilitate  simplification  of 
the  Navier -Stokes  differential  equations  to  a  soluble  form: 


H  udi 


Figure  3 


Model  for  Vortex  Vent  Mathematical  Flow 
Ajialy* 1» 
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3.1.1 


It  is  assumed  that  the  fluid  flow  within  the  vortex 
chamber  is  incompressible. 


3.1.2  It  is  assumed  that  the  flow  is  symmetrical  with  re¬ 
spect  to  the  Z  axis  (i.  e.  -  0  and  =  0). 

This  assumption  implies  tne  symmetrical  injection 
of  fluid  about  the  Z-axis  into  the  vortex  chamber  as 
well  as  constant  axial  velocity  (V^  )  at  any  given 

radius  in  the  core  flow  region  bounded  by 

ro  >  r  >  °* 

Discrepancies  between  the  assumed  symmetrical  flow 
(JL,  -  o)  and  the  actual  non- symmetrical  flow  at  the 
outer  periphery,  due  to  the  tangential  injection  of 
fluid  into  the  chamber  over  a  limited  sector,  are 
rapidly  eliminated  as  a  result  of  the  viscous  effects 
of  the  real  fluid. 

3.1.3  It  is  assumed  that  the  flow  is  continuous  (i .  e.  steady 

state)rather  than  transient  (i.e.  -  0). 

3.1.4  It  is  assumed  that  fully  established  channel  flow  exists 
in  a  plane  defined  by  the  flow  velocity  vector  through¬ 
out  the  annular  region  bounded  by  rj  >  r  )>  rQ  as  a 
result  of  the  build  up  of  the  wall  boundary  layer  within 
the  low  aspect  ratio  vortex  chamber.  It  is  further 
assumed  that  the  non-dimensional  velocity  profile 
(i.e.  local  velocity  'u'  divided  by  maximum  velocity 
'V')  for  the  assumed  fully  established  two-dimensional 
channel  flow  is  identical  at  all  points  in  the  specified 
bounded  flow  region  (i.e.  non-dimensional  velocity 
profile  is  independent  of  Reynold's  No.),  an  assumption 
which  closely  approximates  the  experimental  data. 

Accordingly,  for  purposes  of  the  analysis  it  is  justified, 
on  the  basis  of  the  fully  developed  channel  flow 
assumption,  to  consider  the  fluid  tangential  and  radial 
velocities  (V^  and  Vr)  as  average  velocities,  con¬ 
stant  with  respect  to  Z  at  any  given  location  in  the 
r  -  t>  plane. 
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3.  2  Mathematic  1  Flov  Analysis 


3.2.1  Basic  Flow  Equations :  On  the  basis  of  the  assumed 
axially  symmetrical  incompressible  flow  within  the 
vortex  chamber  (reference  assumptions  3.1.1  and 
3.  1 . 2),  it  is  convenient  from  analysis  considerations 
to  utilize  the  Navier -Stokes  equations  for  three- 
dimensional  incompressible  flow  expressed  in  terms 
of  cylindrical  co-ordinates,  as  indicated  below: 


1° 


a.  JA  j&JL  „  +  V, 

+  r  If  r  +  d2. 


+- 


J_  ML  _  Jt  +  J_  £& 
r  dr  r'  r 


■2  dv4  .  $Vr 


) 


(i) 


4  yr  4. 

dr  ^  r  d*> 


VcY*  J.  y 

r  f  V2  az  J 


F/H 


^4 

dr1 


i_^Vf 

r  dr 


(2) 


where  the  Z,  r  and  i>  co-ordinates  and  the  associated 
sign  are  defined  as  in  Figure  3,  (i.  e.  Vr,  V<S  and 
denote  radial,  tangential  and  axial  velocity 
respectively) . 
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3.2.1  (continued) 

It  is  required  to  solve  the  tangential  velocity  variation 
(V  and  the  static  pressure  variation  (p)  with  respect 
to  the  chamber  radius  1  r'. 


3.2.2  Pressure  and  Tangential  Velocity  Equations  for  Outer 
Annulus  Flow  Region  Consider  the  steady  state 
swirl  flow  within  th^  vortex  chamber  in  the  annular 
region  bounded  by  rQ  and  r  j. 

But  -  0,  =  0  and  -  0  as  a  result  of  the 

axial  flow  symmetry  a s sumption  (3.1.1)  and  the  steady 

state  flow  assumption  (3.1.3)  respectively. 


Accordingly,  differential  equation  (1)  may  be  simplified 
to  the  readily  soluble  one-dimensional  flow  case  as 
follows : 


Vr 


dVr  W 


ctr 


f  dr 


+  V 


_sL  (2k 
djr  \  r 


+■ 


AVir 
c  ir 


(3) 


From  mass  continuity  considerations  in  the  steady 
state  incompressible  flow,  the  volume  flow  rate  and 
radial  velocities  may  be  expressed  in  differential 
form  as: 


d  ^ 1  _  —  Vr  (4) 

dr  Xffr*  h  A 

(NOTE:  The  sign  of  Vr  is  negative  in  accordance 
with  the  defined  sign  convention  inFigure  3).  Sub¬ 
stituting  equation  (4)  into  equation  (3)  gives,  for 
steady  state  flow  conditions: 

Vri£  _  _&L  —  _  _l  *£_  (5) 

<ur  r  dr 
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3.2.2  (continued) 


Similarly  equation  (2)  may  be  simplified  to  the  form 

r*-^  +  r  0+.O  -  (i  —j.)yi  =  o  (6) 


where  the  >arameter  c<  is  defined  as 


u. 


__  __  Ol- 

2  t  k,  ^ 


With  the  application  of  boundary  conditions  (at  r  =  r  :  ; 

=  V  bi  and  at  r  =  r0  ;  V  b  -  V  bo  ).  the  re¬ 
quired  expression  for  the  tangential  velocity  distribution 
in  the  annular  flow  region  bounded  by 
rib  r  r  0  may  be  obtained: 


W.r.  n 


(7) 


The  required  static  pressure  drop  may  be  readily 
evaluated  by  integrating  equation  (5). 
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3.Z.2  (continued) 


where  the  constants  A  = 


r>  (2 r±) 


n 


(2-4) 


z 


B  = 


V*r.r.™ '} 


c  =  (V^n  -  Vh  r.) 

Equation  (7)  may  be  evaluated  for  limiting  values  of 

the  apparent  viscosity  (i.  e.  V  =  0  and  V  =  O  ) .  For 

the  case  of  V— *  ,  the  value  of  the  parameter  oC 

approaches  0  and  bv  applying  L' Hospital  Rule  for  this 

limiting  case,  Equation  (7)  reduces  to  V/ _  Vtyc 

r  ~  r  c 

which  is  the  equation  for  a  forced  vortex. 

For  the  case  of  )J— >0  ,  the  value  of  the  parameter 
approaches  ^  and  equation  (10)  reduces  to  V  ^r  = 
V^oro  which  is  the  equation  for  a  free  vortex. 

3.  2.  3  Pressure  and  Tangential  Velocity  Equations  for  Inner 
Core  Flow  Region:  Consider  the  steady  state  swirl 
flow  within  the  vortex  chamber  in  the  circular  core 
region  where  rQ  >  r  >  0. 

Based  on  the  mass  conservation  equation  for  steady 
state  three-dimensional  incompressible  flow,  the 
instantaneous  radial  velocity  within  the  vortex  core 
(rQ  }  r  y  0)  may  be  expressed  in  differential  form  as: 


dVr  _  -  Q. 

d~r  2, it  h  r0‘ 
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3.2.3  (continued) 


Similarly,  by  substituting  Equation  (9)  into  equation  (2), 
it  may  be  simplified  to  the  form 


+  r 


d.V+ 

dir 


(10) 


Equation  (10)  is  a  non-homogeneous  second-order  linear 
differential  equation,  and  can  be  solved  for  the  required 
tangential  velocity  distribution  V  far  by  the  substitution 

method  in  the  circular  core  flow  region  bounded  by 
rQ  y  r  y  0.  Applying  the  boundary  conditions  at 
r  =  rQ  where  V  ^  =  V  fa  Q  and  r  =  o  where  V  ^  Q  =  o, 
the  general  solution  of  Equation  (10)  becomes: 


v*  =  V*, 


where  the  parameter  o<  is  defined  as  previously. 


(11) 


The  required  static  pressure  drop  may  be  readily  evaluated, 
as  in  the  annular  flow  case,  by  integrating  equation  (5): 
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3.2.4  boundary  Conditions  Between  the  Outer  Annulus  and  the 
Core  Flow  Regions:  It  is  necessary,  in  order  to  solve 
equation  (11)  for  the  tangential  velocity  distribution 
within  the  core  flow  region,  to  evaluate  the  boundary 
velocity  V  £0  at  r  -  r  0  in  terms  of  the  known  input 
tangential  velocity  V^i  . 

The  necessary  equivalence  at  the  boundary  r  =  rQ  is 
that  the  fluid  shear  stress  is  equal  for  both  the  outer 
annulus  and  the  core  flow  regions.  The  tangential  shear, 
as  derived  from  the  Navier-Stokes  equations  for  in¬ 
compressible  flow,  is: 

+  ~b  (1 

Equation  (13)  may  be  simplified  as  a  result  of  the  flow 
symmetry  assumption  (  yj  =0)  to: 


Substituting  the  expression  of  equation  (14)  for  V^r  in  the 
outer  annulus  flow  region,  (reference  equation  (7))  and 
rearranging: 


r°  ^  ( 


(2**6) 


(A--b) 


a 


Cc i-z)  y*  n  r, 


*cro'  "  -  zri 

(1-eL)  _  ^  tl-JL,) 


To 
-U*0 


(15) 


n 


(l-u.) 


u--o 


Substituting  the  expression  of  equation  (14)  for  V^rinthe  core 
flow  region  (reference  equation  (11))  and  rearranging: 
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3.2.4  ( continued) 


Equating  equations  (15)  and  (16)  results  in  the  required 
expression  for  the  boundary  tangential  velocity  V 
in  terms  of  the  input  tangential  velocity  V 


V*  =  v+-*r‘  ( t  - 

T°  U-«0  - 


[•L- Z  +  ze'x  ]  -  oic'  A 


(Wj 
r-L 


(17) 


Accordingly,  V  6  Q  may  be  readily  evaluated  for  given 
geometric  and  operating  conditions  and  consequently  be 
used  in  the  evaluation  of  the  tangential  velocity  equation 
(11)  in  the  core  flow  region. 

3.2.5  Non-Dimensionalized  Flow  Equations:  It  is  advantageous, 
for  computational  considerations,  to  non-dimensionalize 
the  tangential  velocity  and  static  pressure  equations. 
Accordingly,  by  rearranging  equation  (17)  for  the  tangential 
velocity  at  the  flow  region  interface  into  non-dimensionalized 
fo;  n  gives: 

V+i  (%)(•<-- a —  oce 

The  equation  for  the  tangential  velocity  and  pressure  dis¬ 
tribution  in  the  outer  annulus  flew  region  may  be  non- 
dim  ensionalized  as  follows: 


m  * 
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3.2.5  ( continued) 


wher  e  a!  =  [T 

(  ^  ) 

n 

B 1  =  f  4&- 

L  Vft 

rL 

V  rt )  J 

C'  =  [I" 

Vt. 
V*  " 

tH 

The  equation  for  the  tangential  velocity  and  pressure 
distribution  in  the  core  flow  region  may  De  non- 
dim  ensionalized  as  follows: 


The  flow  characteristics  of  the  vortex  vent  may  be 
determined  through  the  numerical  evaluation  of  the 
derived  vent  flow  equations,  using  a  digital  computer. 
Typical  results  for  the  mathematically  predicted  vortex 
non-dimensional  pressure  drop  for  a  given  vent  con¬ 
figuration  and  various  apparent  viscosity  values  are 
plotted  in  Figure  4. 

The  dependency  of  the  computed  pressure  drop  across 
the  vent  upon  the  vent  chamber  radius  ratio  ^  l£  j  and 
upon  the  vent  mass  flow  may  be  graphically  illustrated 
as  in  Figures  5  and  6  respectively  for  typical  values  of  air 
apparent  viscosity  (  y  )  which  is  assumed  to  be  100  times 
the  laminar  kinematic  viscosity  and  vent  input  tangential 
velocity  (V  ^  ) . 
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Radius  Ratio  -  (R/Ri) 


■  V4m  Plre««ursi  D*ap> O&the*  aC  w*i«rl! 


3.2.5  { continued) 


It  is  necessary  to  "match"  the  resultant  non-linear  vent 
characteristics  w  ,th  the  fluid  amplifier  stability 
characteristics  to  obtain  the  desired  amplifier  stability 
limit  for  a  particular  application.  It  is  convenient  to 
"match"  the  vent  to  the  amplifier  by  experimental 
stability  performance  evaluation  of  the  complete 
amplifi er - v ent  combination  rather  than  by  analytical 
prediction,  in  that  accurate  evaluation  of  the  vent  flow 
apparent  viscosity  (y  )  and  input  tangential  velocity 
(  V  ^  i  )  involves  extensive  experimentation. 

Experimental  optimization  of  the  vortex  vent  configu¬ 
ration  on  the  basis  of  the  maximum  amplifier  impedance 
matching  capability  as  defined  by  the  amplifier  stability 
limit  results  in  a  vent  /amplifier  combination  which 
exhibits  substantial  reverse  flow  capability. 

The  stability  limit  is  defined  as  the  amplifier  operating 
point  at  which  flow  out  of  the  inactive  output  channel  is 
initially  detected.  This  stability  limit  does  not 
necessarily  coincide  with  the  switching  limit  of  a  digital 
amplifier  where  the  power  jet  attaches  to  the  alternate 
wall.  In  particular,  a  very  appreciable  flow  out  of  the 
inactive  leg  may  occur  prior  to  actual  switching  in  a  high 
stability  amplifier,  the  resulting  amplifier  flow/ 
pressure  performance  curves  having  the  general 
characteristic  as  illustrated  below: 


Active  Output 
Static 

Pressure  (PQ)~^ 

curvature  dis¬ 
continuity  occurs 
near  stability 
limit  for  det  ec  t  - 
able  flow  in 
inactive  leg 


amplifier  stability  switching  limit 
stability  limit  for  zero  inactive 


.increasing  power  jet 
pressure 

operating  line  for  constant 
power  jet  pressure 


Active  Output  Volume  Flow  (Q0) 
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4.  VORTEX  VENT  INTEGRATION  WITH  FLUID  AMPLIFIER 


It  is  essential  to  locate  the  vortex  vent  in  the  optimum  position 
relative  to  the  fluid  amplifier  power  jet  in  order  to  ensure  that 
the  vent  inflow  conditions  required  to  induce  swirl  flow  are 
attained.  Additionally,  it  is  advantageous  to  minimize  the 
flow  energy  dissipation  in  the  channels  adjacent  to  the  vent  in 
order  to  maintain  appreciable  amplifier  pressure  recovery 
under  high  load  conditions. 

The  detailed  design  of  the  vent/ amplifier  geometric  configu ration 
was  established  on  the  basis  of  qualitative  flow  visualization 
studies,  using  scaled-up  models  in  a  closed  water  tunnel.  The 
incompressible  air  flow  within  the  actual  fluid  amplifier  is 
simulated  in  the  water  tunnel  model  by  maintaining  Reynold's 
No.  equivalence.  The  flow  within  the  transparent  model  is 
visualized  by  observing  the  monochromatic  light  reflected 
from  aluminum  particles  suspended  in  the  water.  The  light 
source  is  a  narrow  beam  from  a  mercury  arc  lamp,  projected 
through  the  transparent  model  in  the  plane  of  the  amplifier 
profile.  The  flow  pattern  is  viewed  perpendicular  to  the  plane 
of  the  light  beam.  Steady  state  flow  patterns  are  readily 
recorded  by  time  exposure  photographs,  approximate 
quantitative  water  velocities  being  determined  from  the  photo¬ 
graphs  by  measurement  of  individual  particle  light  streak 
lengths,  as  related  to  the  film  exposure  time. 

A  typical  example  of  Aluminum  particle  light  reflection  flow 
visualization  within  a  vortex  vented  bistable  fluid  amplifier 
model  is  shown  in  Figure  7. 

Correlation  between  the  flow  qualitatively  assessed  in  the  scaled- 
up  models  and  the  performance  of  actual  fluid  amplifiers 
operating  with  air  has  been  consistently  attained  when  Reynold's 
No.  equivalence  has  been  maintained. 

Optimization  of  the  vented  fluid  amplifier  design  by  use  of  the 
flow  visualization  technique  was  carried  out  on  the  basis  of 
maximum  amplifier  fan-out  capability,  wherein  fan-out  to  one 
similar  amplifier  was  assumed  to  constitute  the  maximum 
applied  load. 
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Figure  7 


Bistable  Fluid  Amplifier  Flow  Visualization  with  Aluminium 

Light  Reflection 


Reynold's  No. 


approximately 


1  800  bas  ed  on 


nozzle  width. 


Moderate  impedance  at  outlet  channel  causes 
in  vortex  v ent . 


swirl  flow 
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4.  (continued) 


The  overall  performance  characteristics  of  the  resultant 
amplifier  design,  with  a  vortex  vent  "matched”  to  the  amplifier 
to  attain  substantial  reverse  flow  capabilities,  are  plotted 
in  Figures  8  and  9.  Figure  8  indicates  the  portion  of  the 
operational  range  from  active  leg  maximum  output  flow  to 
complete  output  flow  blockage.  The  operating  lines  corre- 
spondtc  fluid  amplifier  operation  with  the  control  jets  inactive 
and  open  to  the  atmosphere,  resulting  in  the  minimal  stability 
condition  likely  to  be  em  ountered  in  system  appli  cat  i  on  s  . 

Figure  9  indicates  the  magnitude  of  the  reverse  flow  back  into 
the  active  leg,  up  to  the  stability  limit  of  the  fluid  amplifier. 
Two  amiplifier  stability  limits  are  plotted.  The  lower 
stability  limit,  at  approximately  200%  reverse  flow,  is  the 
point  at  which  the  element  switches  out  of  the  load  when  the 
test  element  control  jet  input  polls  are  open  to  the  atmosphere; 
the  onset  of  detectable  flow  in  the  inactive  output  and  the 
switching  of  the  amplifier  occurring  simultaneously.  The  upper 
stability  limit,  at  approximately  400%  reverse  flow,  is  the 
point  at  which  the  onset  flow  in  the  inactive  leg  is  detected 
when  both  the  control  jet  input  ports  are  blocked;  the  actual 
amplifier  switching  limit  being  at  appreciably  higher  reverse 
flow  magnitudes. 

5.  REFLECTED  WAVE  ATTENUATION  CHARACTERISTICS  OF 
THE  LATCHED  VORTEX  VENT 


It  is  essential  to  isolate  fluid  amplifiers  from  the  detrimental 
effects  of  reflected  compression  waves,  to  the  extent  of 
obviating  fluid  circuit  instability,  as  indicated  in  Para.  L 

The  wave  disturbance  transmission  characteristics  of  the 
latched  vortex  vert  configuration  are  effective  to  a  large 
degree  in  attaining  the  desired  characteristics  of  reflected 
compression  wave  blockage. 

The  pulse  transmission  characteristics  of  the  vortex  vent  were 
experimentally  obtained  by  passing  externally  generated  short 
duration  pressure  pulses  through  an  isolated  plastic  vortex  vent 
model  while  monitoring  the  pressure  variation  with  high  response 
pressure  transducers,  as  illustrated  in  Figure  10. 
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Flow  Rate  scfm  x  10  (through  active  leg) 
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Figure  10 


Vortex  Vent  Reflected  Pulse  Attenuation  Experiment 


I 
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5.  (conUnued) 


Fluid  amplifier  infinite  impedance  load  was  simulated  by  a 
completely  blocked  or  "closed"  vent  outlet  passage.  Fluid 
amplifier  low  impedance  load  was  simulated  by  a  completely 
unrestricted  or  "open"  vent  outlet  passage.  Following  the 
input  of  the  c  h  nnner  -  generat  ed  smm-e  wave  pressure 
experimental  transient  pressure  variations  are  sensed  by  the 
two  transducers  and  are  recorded  as  oscilloscope  trace  photo¬ 
graphs  . 

Variations  in  transmission  line  lengths  between  the  trans¬ 
ducers  and  the  vortex  vent  allow  for  the  identification  of  each 
experimentally  observed  pressure  pulse  by  relating  the 
experimentally  observed  time  delays  to  the  calculated  distance 
travelled  by  the  pulse  at  theoretical  sonic  velocity. 

Extensive  experimentation,  including  the  time  delay  pulse 
identification  process,  indicates  that  the  vortex  vent  orifice 
functions  as  a  minor  transmission  line  discontinuity  for  input 
compression  pulses  and  as  an  open-ended  pipe  for  reflected 
puls  es . 

Accordingly,  in  a  vortex  vented  fluid  amplifier  the  major 
portion  of  the  incoming  compression  pulse  generated  by 
switching  is  transmitted  through  the  vent  region,  while  the 
remaining  small  portion  is  reflected  as  a  rarefaction  wave 
back  from  the  v  int  into  the  interaction  region.  This  vent  re¬ 
flected  rarefaction  wave  increases,  rather  than  decreases,  the 
amplifier  stability  in  that  it  has  the  effect  of  reducing  the  load 
impedance  (see  Case  1  of  Figure  2).  Subsequent  rarefaction  and 
compression  waves  reflected  from  downstream  circuit  line  dis¬ 
continuities  are  largely  reflected  by  the  vortex  vent  as  com¬ 
pression  and  rarefaction  waves,  res pectiv ely  (see  Cases  2  and  3 
of  Figure  2),  the  experimental  data  suggesting  a  vent  reflected 
compression  wave  blockage  capability  in  the  order  of  80%  to  90% 
effective . 

Hence,  circuit  line  discontinuity  generated  pressure  waves  are 
largely  contained  between  the  discontinuity  and  the  vent,  the 
wave  amplitude  being  attenuated  exponentially  with  repeated 
reflections . 
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6.  CONCLUSIONS 


It  has  been  shown  that  pure  fluid  amplifiers,  both  digital  and  pro¬ 
portional,  designed  to  incorporate  the  latched  vortex  vent,  can 
be  made  to  perform  independently  of  the  downstream  loading 
conditions.  Some  reasonably  high  stability  elements  with 
matched  vortex  vents  can  even  be  made  to  withstand  a  sub¬ 
stantial  amount  of  reverse  flow  through  the  active  leg  without 
false  switching.  The  outstanding  capability  of  the  vortex 
vent  in  attenuating  reflected  compression  pulses  minimizes 
malfunctions  likely  to  occur  in  integrated  fluid  logic  circuits. 
Fluid  elements,  especially  digital  elements,  are  automatically 
matched  to  their  particular  downstream  loading  conditions. 

The  mathematical  analysis  of  the  viscous  vortex  flow  provides 
an  indication  of  the  vortex  vent  performance  dependency  upon 
the  vent  geometric  configuration. 

This  analysis  also  gives  an  insight  into  the  mechanism  of 
viscous  swirl  flow  within  thin  cylindrical  chambers,  thereby 
providing  a  basis  for  the  analysis  of  the  flow  phenomena 
associated  with  other  types  of  fluid  devices. 
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